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Preface

1 Summary

The main part of my PhD thesis consists of two independent research projects, both on the
topic of operator theory. The results of the first of the projects, on certain integral operators
called generalized Cesàro operators, are contained in the following two articles.

[Paper I] B. Malman, Spectra of generalized Cesàro operators acting on growth spaces, Integral
Equations and Operator Theory, 90 (2018), p. 26.

[Paper II] A. Limani and B. Malman, Generalized Cesàro operators: geometry of spectra
and quasi-nilpotency, accepted for publication in International Mathematics Research
Notices (2020).

The efforts of the second project, on the backward shift operator, spawned the next two
articles.

[Paper III] A. Aleman and B. Malman, Density of disk algebra functions in de Branges–
Rovnyak spaces, Comptes Rendus Mathematique, 355 (2017), pp. 871–875.

[Paper IV] A. Aleman and B. Malman, Hilbert spaces of analytic functions with a contrac-
tive backward shift, Journal of Functional Analysis 277.1 (2019): 157-199.

Additionally, there is a short note on a topic different from the main theme of the two
above projects, with a result which I find interesting enough to include here.

[Paper V] B. Malman, Nearly invariant subspaces of de Branges spaces, arXiv:1805.11842,
(2019)

Here in this introduction I will present some background material and state most im-
portant results of my thesis. For convenience, in some cases the results will be presented in a
simplified form compared to what appears in the articles. I will also discuss some problems
that remain unsolved and possible directions for further work.
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2 Generalized Cesàro operators

2.1 Background My first research project pertains to a class of integral operators often
called generalized Cesàro operators, although in the literature the alternative name Volterra-
type operators also appears. The results are contained in [Paper I] and [Paper II], the second
written in collaboration with my colleague Adem Limani. The operators are of the form

Tgf(z) =

∫ z

0
g′(ζ)f(ζ) dζ,

where g and f are suitable analytic functions defined in the unit disk D. The function
g is said to be the symbol of the operator Tg, and the operator is to act on some space
of analytic functions which f is a member of. Some authors work with an essentially
equivalent normalized version of the operator which instead acts by f(z) 7→ z−1Tgf(z).
The two excellent survey articles [2] and [14] explain how this class of operators appears in
several problems of complex analysis and operator theory.

For a given space of analytic functions X , some relevant and often studied questions
concerning the generalized Cesàro operators are listed below.

(i) For what symbols g is the operator Tg : X → X bounded?

(ii) More generally, for what symbols g does the operator Tg belong to some specific
class of bounded operators, e.g. compact?

(iii) If Tg is bounded, can the spectrum of Tg on X be satisfactorily characterized? In
particular, how does the spectrum depend on properties of the symbol g?

Answers to the above questions have been obtained for some classical spaces of analytic
functions, and references to some of those works are available in the introductory section
of [Paper I]. My work in that paper is concerned with the action of Tg on the class of
so-called growth spaces A−α, α > 0, which is a family of Banach spaces each of which
consists of functions f : D → C that satisfy

‖f‖−α := sup
z∈D

(1− |z|2)α|f(z)| < ∞.

The class appears notably in the solutions to several famous problems of the theory of
Bergman spaces. Questions (i) and (ii) above are rather easily settled for the class of growth
spaces and the answers have been previously known. The boundedness and compactness
of the operator Tg on A−α is independent of α > 0, and the corresponding conditions are
that g is contained in the Bloch space B for boundedness, and in the little Bloch space B0

for compactness. The Bloch space B consists of functions satisfying

‖g‖B := sup
z∈D

(1− |z|2)|g′(z)| < ∞,
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while the little Bloch space B0 is the subspace consisting of functions satisfying

lim
r→1

sup
r<|z|<1

(1− |z|2)|g′(z)| = 0.

Thus [Paper I] is mainly exploring the last of the questions above. The method employed
originates in a very clever idea of Alexandru Aleman and Olivia Constantin from [3],
where they study the analogous problem of characterizing the spectrum of Tg acting on the
Bergman spaces by translating it into the task of characterizing positive weight functions
w : D → R+ with certain properties. In the case of growth spaces, an easy argument based
on their idea shows that a non-zero complex number λ ∈ C belongs to the complement of
the spectrum of Tg acting on A−α if and only if the weight

w(z) =
∣∣e g(z)

λ

∣∣(1− |z|2)α. (1)

has the property that for analytic functions f we have

sup
z∈D

w(z)|f(z)| ∼ sup
z∈D

w(z)(1− |z|2)|f ′(z)|+ |f(0)|. (2)

The meaning of ∼ here is that the two quantities are comparable, independently of f .
Such a restatement of the problem facilitates the use of tools of real and complex analysis.
Main part of [Paper I] is devoted to establishing a sufficiently useful characterization of
weightsw satisfying (2). Being equipped with such a weight characterization, and therefore
a spectrum characterization, some interesting facts on the behaviour of the spectra of Tg

operators acting on growth spaces can be derived. The rest of [Paper I] is devoted to this
task.

Building on similar ideas and similar spectrum characterizations of Tg acting on the
Hardy spaces [5] and the Bergman spaces [3], we take on the task to extend some of the
results on growth spaces from [Paper I] to a wider range of spaces in [Paper II]. We also
explore some completely new directions, and we find connections between the generalized
Cesàro operators and certain approximation problems.

2.2 Main results The main result of [Paper I] characterizes the spectrum σ(Tg|A−α)
of Tg acting on A−α. In the statement below ρ(Tg|A−α) is the resolvent set, i.e., the
complement of the spectrum.

Theorem A (Theorem 5.3 in [Paper I]). Assume that g ∈ B, λ ∈ C \ {0} and let

w(z) =
∣∣e g(z)

λ

∣∣(1− |z|2)α.

The following are equivalent:

(i) λ ∈ ρ(Tg|A−α).
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(ii) For some δ > −1, the weight w satisfies

sup
z∈D

w(z)

∫
D

1

w(ζ)

(1− |ζ|2)δ

|1− zζ|δ+2
dA(ζ) < ∞.

For weights of the form (1), the condition (2) is thus equivalent to the conditions stated
in the theorem. The condition (ii) allows for explicit description of the spectrum for certain
classes of symbols, for instance whenever g′ is a rational function.

The characterization of Theorem A above can be used to derive an interesting spec-
tral stability result. In fact, this same stability is present in Hardy and standard weighted
Bergman spaces, as is shown in [Paper II]. See the paper [Paper II] for precise definitions
of the spaces mentioned.

Theorem B (Theorem 5.4 in [Paper I], Theorem 2.1 in [Paper II]). Let X be one the growth
spaces A−α or, for p ∈ (0,∞), one of the Hardy spaces Hp or Bergman spaces Lp,α

a . Let g, h
induce bounded operators Tg and Th on X , and further assume that σ(Th|X) = {0}. Then

σ(Tg+h|X) = σ(Tg|X).

The result I think is interesting in its own right, and also makes it possible to find
the spectrum for a large class of symbols which arise as such perturbations of symbols
with known spectra, such as symbols with rational derivative. For instance, in the case of
growth spaces or the Bergman spaces, perturbations by bounded analytic functions in H∞

and functions in B0 do not change the spectrum, since symbols h belonging to these spaces
satisfy the condition of the above theorem. In the case of Hardy spaces, the boundedness
of the operator Tg is equivalent to g ∈ BMOA, the space of functions of bounded mean
oscillation, and it is known that σ(Th|Hp) = {0} whenever h ∈ VMOA, the space of
functions of vanishing mean oscillation. Our next result identifies an even larger class of
symbols for which the corresponding operator spectrum consists of point 0 alone.

Theorem C (Theorem 2.2 and Corollary 2.3 of [Paper II]). If g lies in the norm-closure of
H∞ in BMOA or in the norm-closure of H∞ in B, then we have that σ(Tg|Hp) = {0} and
that σ(Tg|Lp,α

a ) = σ(Tg|A−α) = {0}, respectively.

Theorem C of course extends the applicability of Theorem B, but it also suggests the
(perhaps naive at first sight) question of what can be said about the converse statement.
If the spectrum of Tg acting on some Hardy/Bergman/growth space consists of the point
zero alone, does then g lie in the norm-closure of H∞ in BMOA/B? As it turns out, this
question has a positive answer in the case of Hardy spaces and in the other cases it is related
to a long-standing open problem. For Hardy spaces, we established a slightly stronger result
which also sheds some light on the geometric structure of the spectrum.

Theorem D (Theorem 2.4 of [Paper II]). If g ∈ BMOA is such that for some 0 < p < ∞
the spectrum σ(Tg|Hp) does not contain non-zero points on the real or imaginary axes, then g
lies in the norm-closure of H∞ in BMOA.
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In conjunction with TheoremC we easily see that in the case of Hardy spaces whenever
there exist two orthogonal lines through the origin which do not intersect the spectrum in
more than the point 0, then actually the spectrum consists of this point alone.

2.3 Directions for further work The most intriguing question that has been left
unanswered is if there exists a Bergman/growth space version of TheoremD. Unfortunately,
our proof of TheoremD uses techniques which are very exclusive to the Hardy space setting,
and it cannot be adapted to a Bergman-like setting.

Problem. Can a function g ∈ B be approximated in the B-norm by a bounded function, given
that the spectrum of Tg on a Bergman space or a growth space equals {0}?

The question of characterizing the closure of H∞ in B has been stated in [7] and
remains open to this date. Note that if the problem stated above has an affirmative solution,
then a rather satisfying characterization of the closure of H∞ in B would be obtained in
terms of the condition (ii) of Theorem A, or in terms of the corresponding condition for
the Bergman spaces. That is, in the case of growth spaces, g ∈ B would lie in the closure of
H∞ if and only if the weights w(z) = wλ(z) =

∣∣e g(z)
λ

∣∣(1− |z|2)α satisfy condition (ii)
of Theorem A for all non-zero λ ∈ C (see [3] and [6], or [Paper II] for the exact condition
characterizing the spectrum of Tg on the Bergman spaces).

3 Hilbert spaces of analytic functions with a contractive backward shift

3.1 Background The results of the second project are contained in the papers [Paper
III] and [Paper IV], both written in collaboration with my advisor Alexandru Aleman. The
topic of our study is the so-called backward shift operator, denoted here by L, which acts
on analytic functions f : D → C by the formula

Lf(z) =
f(z)− f(0)

z
.

The backward shift is of major importance in operator theory for its operator modelling
properties. Under some very natural assumptions, for any operator T : X → X on a
Hilbert space X with operator norm bounded by 1, there exists a Hilbert space of analytic
functions H such that T is unitarily equivalent to L acting on H. In general the modelling
space H will consist of vector-valued functions. This result is a consequence of operator
model theories of de Branges-Rovnyak and of Sz.-Nagy-Foias (see [8] and [15]).

The setting for our study is a general Hilbert space H of analytic functions which sat-
isfies the following properties:

(A.1) the evaluation f 7→ f(λ) is a bounded linear functional on H for each λ ∈ D,
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(A.2) H is invariant under the backward shift operator L and

‖Lf‖H ≤ ‖f‖H, f ∈ H,

(A.3) the constant function 1 is contained in H and has the reproducing property〈
f, 1

〉
H = f(0), f ∈ H.

The class of spaces satisfying the above very general assumptions is vast. Up to inessen-
tial normalization to make (A.3) hold, it includes not only the classical operator model
spaces such as Kθ := H2 	 θH2 for θ inner function, and de Branges-Rovnyak spaces
H(b), but also classes of spaces usually not associated with model theories, such as for in-
stance Dirichlet-type spaces. Again, for precise definitions please see the corresponding
paper [Paper IV].

The motivation for our research is the observation that the above three assumptions
imply some non-trivial structural properties of the spaces in question, and allow for com-
putation of the norms in the space in a very special way. This is the content of the rather
technical Theorem 2.2 of [Paper IV], the precise statement of which I choose to omit in
this exposition. In essence however, to any space H in our class there exists an associated
analytic row operator B := (bi)

∞
i=1 such that the reproducing kernel kH of H can be

expressed as

kH(z, λ) =
1−

∑
i≥1 bi(λ)bi(z)

1− λz
=

1− B(z)B(λ)∗

1− λz
(3)

We will denote H by H[B] if the kernel is given by (3). Based on the structure of the
kernel, we construct a special isometric embedding operator J : H → H2 ⊕∆L2 of the
form Jf = (f, g), where ∆ = B∗B and L2 is the space of square summable functions
on the unit circle T which take values in some vector space. The orthogonal complement
of the image of this embedding is nicely characterizable in terms of B, and certain useful
intertwining relations between J andL are present. Most of the main results of the research
are derived as a consequence of the existence of this embedding.

3.2 Main results Consequences of the research include, among other results, a solu-
tion to an open problem on approximation in de Branges-Rovnyak spaces stated in [9]
and a surprising and broad generalization, answers to questions regarding reverse Carleson
embeddings from [10] together with further development of the theory of these embed-
dings, and the development of the theory of a natural generalization of scalar-valued de
Branges-Rovnyak spaces.

3.2.1 Continuous approximation. In [9] Fricain discusses the problem of norm approxi-
mation of general functions in de Branges-Rovnyak spaces H(b) by functions in the disk
algebra A, the algebra of analytic functions in D with continuous extensions to the closure
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of the disk clos(D). The spaces H(b) are precisely those Hilbert spaces of analytic func-
tions which admit a reproducing kernel of the form given in (3) with B = (b, 0, 0, . . .).
The approximation has been known to be possible in two important special cases. The first
case, when H(b) is contained isometrically inside the Hardy space H2, is the case when b is
an inner function. The density of continuous functions in this setting has been confirmed
by Aleksandrov in [1]. The second case is when log(1 − |b|) is integrable with respect to
the Lebesgue measure on the unit circle, that is, in the case of the so-called non-extreme de
Branges-Rovnyak space. Sarason proved that then the analytic polynomials are contained
in H(b), and that they moreover form a dense subset of the space (see, for instance, [13]).

The main result of [Paper III] solves in the affirmative the approximation problem for
de Branges-Rovnyak spaces. The intersection H(b) ∩ A is always norm-dense in H(b).
However, in [Paper IV] we have obtained a much more striking conclusion which includes
the result of [Paper III] as a special case. The next theorem is in my view very unexpected.
It is used throughout [Paper IV] in technical arguments, but should be interesting on its
own.

Theorem E (Theorem 3.5 in [Paper IV]). Let H be a Hilbert space of analytic functions which
satisfies the properties (A.1)-(A.3) above. Then the intersection H ∩A is norm-dense in H.

In fact, a similar result holds in the case when the functions in H take values in a
finite dimensional Hilbert space. The function with continuous extensions to the closure
of D are norm-dense in spaces satisfying natural versions of properties (A.1)-(A.3) in the
vector-valued setting (see Section 2 of [Paper IV] for details).

3.2.2 Reverse Carleson measures. Theorem E facilitates the study of forward and reverse
Carleson measures for the class of spaces considered here, and this was indeed one of the
principal reasons for proving it in the special caseH = H(b) in [Paper III]. Our results per-
tain to the reverse case. A finite Borel measure on clos(D) is a reverse Carleson measure for
H if there exists a constant C > 0 such that the estimate ‖f‖2H ≤ C

∫
clos(D) |f(z)|

2dµ(z)

holds at least for functions f belonging to some dense subset of H. Note that the integral
on the right-hand side does not make sense for arbitrary analytic functions f in D, since
the measure µ might contain the boundary of D in the support. However, for the spaces
satisfying our assumptions, Theorem E provides us with a dense set of functions for which
the integral is well-defined and on which the condition above can be tested.

We proved two theorems in the context of reverse Carleson measures. The first one
should be compared to results established in [10, Theorem 2.4] which deals with the special
caseH = H(b) for non-extreme b. In that case, the spaceH(b) is invariant for the operator
Mz of multiplication by z: f(z) 7→ zf(z).

Theorem F (Theorem 4.2 of [Paper IV]). LetH be a Hilbert space of analytic functions which
satisfies the properties (A.1)-(A.3) above, and moreover is invariant for Mz . Then the following
are equivalent.
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(i) H admits a reverse Carleson measure.

(ii)

sup
0<r<1

∫
T

∥∥∥∥∥
√

1− |rλ|2

1− rλz

∥∥∥∥∥
2

H

dm(λ) < ∞.

(iii) If k is the reproducing kernel of H, then

sup
0<r<1

∫
T

1

(1− |rλ|2)k(rλ, rλ)
dm(λ) < ∞.

If the above conditions are satisfied, then the measures h1dm, h2dm on the circle given by

h1(λ) := lim
r→1

∥∥∥∥∥
√

1− |rλ|2

1− rλz

∥∥∥∥∥
2

H

and
h2(λ) := lim

r→1

1

(1− |rλ|2)k(rλ, rλ)
define reverse Carleson measures for H. Moreover, if ν is any reverse Carleson measure for H
and v is the density of the absolutely continuous part of the restriction of ν to T, then h1dm and
h2dm have the following minimality property: there exist constants Ci > 0, i = 1, 2 such that

hi(λ) ≤ Civ(λ)

for almost every λ ∈ T.

We also obtain a negative result on existence of reverse Carleson measures for spaces
satisfying a norm equality related to L.

Theorem G (Theorem 4.4 of [Paper IV]). Let H be a Hilbert space of analytic functions
which satisfies the properties (A.1)-(A.3) above, and moreover that the identity

‖Lf‖2H = ‖f‖2H − |f(0)|2

holds in H. If H admits a reverse Carleson measure, then H is isometrically contained in the
Hardy space H2.

Examples of spaces satisfying the norm condition include H(b) for extreme b. Conse-
quently the above theorem answers a question in [10] whether such a space admits a reverse
Carleson measure. Our result implies that this happens only in the case when b is an inner
function.
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3.2.3 Finite rank spaces. A generalization of H(b)-spaces is obtained by considering repro-
ducing kernels of the form (3) where only finitely many terms bi are non-zero. Thus, when
B = (b1, . . . , bn, 0, 0 . . .) and the reproducing kernel of H has the form

kH(z, λ) =
1−

∑n
i=1 bi(λ)bi(z)

1− λz
.

In [Paper IV] we call such spaces finite rank spaces. We studied mainly the case when the
space is invariant under the operator Mz and it turns out that under this assumption the
spaces have much in common with the classical non-extreme H(b). For instance, for each
such space there exists an n-by-n matrix-valued analytic function A which is a kind of
Pythagorean mate of B in the sense that B∗B + A∗A = I on the circle T, where I is the
identity matrix. An analytic function f ∈ H2 is contained in H[B] if and only if there
exists a Cn-valued analytic function g in the Cn-valued Hardy space H2(Cn) such that

P+B∗f = P+A∗g,

where P+ is the component-wise orthogonal projection from L2 of the circle onto H2.
If such a g exists, then we have that ‖f‖2H[B] = ‖f‖2H2 + ‖g‖2H2 . In fact, our isometric
embedding J mentioned earlier takes f into the tuple (f, g).

We prove some generalizations of classical theorems for H(b)-spaces, including the
density of polynomials and the structure of backward shift invariant subspaces, all with new
proofs which utilize the embedding J . Moreover, we obtain the following result which
sheds some light on the structure of Mz-invariant subspaces. The result is new even for
H(b).

Theorem H (Theorem 5.11 of [Paper IV]). Let H = H[B] be of finite rank, Mz-invariant
and M be a closed Mz-invariant subspace of H. Then

(i) dimM	MzM = 1,

(ii) any non-zero element in M	MzM is a cyclic vector for Mz|M,

(iii) if ϕ ∈ M	MzM is of norm 1, then there exists a space H[C] invariant under Mz ,
where C = (c1, . . . , ck) and k ≤ n, such that

M = ϕH[C]

and the mapping g 7→ ϕg is an isometry from H[C] onto M,

(iv) if ϕ ∈ M	MzM with Jϕ = (ϕ,ϕ1), then

M =
{
f ∈ H[B] : f

ϕ ∈ H2, fϕϕ1 ∈ H2(Cn)
}
.
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3.3 Directions for further work The proof of TheoremE in the finite dimensional
vector-valued setting is based on a duality argument which uses the characterization of the
dual space of the disk algebraA as the space of Cauchy transforms. For analytic functions f
with continuous extensions to clos(D) which take values in an infinite dimensional vector
space a similarly nice description does not seem to be available. Consequently, the following
question remains open.

Problem. Assume that H consists of functions taking values in an infinite dimensional vector
space, and thatH satisfies the vector-valued analogues of properties (A.1)-(A.3). Are the functions
with continuous extensions to clos(D) dense in the space?

There is also more to be discovered about the structure of Mz-invariant subspaces. The
conclusion (i) of Theorem H does not hold in the case when the hypothesis of finite rank
is dropped. This follows from the work of Esterle [11], who indeed showed that dimM	
MzM can be infinite, even whenMz is unitarily equivalent to a deceptively simple-looking
weighted shift operator. The classical Dirichlet space is an example of an infinite rank space
for which both the conclusion (i) and (ii) of Theorem H hold. This is a result of Stefan
Richter found in [12]. Unlike the finite rank case, we have been unable to reprove his result
using our model and the embedding J . It is of interest to me if these results are obtainable
through these means.

An even more ambitious task is the following. LetH be a space of infinite rank which is
Mz-invariant and in which the polynomials are dense, and let M be a subspace for which
conclusion (i) of Theorem H is satisfied. Is then ϕ ∈ M 	 MzM a cyclic vector for
Mz acting on M? The question appears to be very difficult, and the following equivalent
formulation can be deduced from our results in [Paper IV].

Problem. LetH be a Hilbert space satisfying (A.1)-(A.3) above, invariant forMz and such that
the sequence of powers of the backward shift {Ln}∞n=1 converge to zero in the strong operator
topology on H. Are the polynomials then dense in H?

To me personally, an explicit counterexample would be (nearly) as exciting as an affir-
mative solution.

4 Nearly invariant subspaces of de Branges spaces

4.1 Background [Paper V] is concerned with the concept of nearly invariance. This
notion appears also in the paper [Paper IV] in the context of function spaces on the unit
disk, while here we work instead in certain spaces of entire functions called de Branges
spaces.

A space of analytic functions is said to be nearly invariant if zeros of functions in the
space can be divided out without leaving the space. More precisely, a space H is nearly
invariant if for any f ∈ H, the function f(z)/(z − λ) is in H for any λ ∈ C such that
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f(λ) = 0. Of course, in the case that the functions in H all have a zero in common at
some point λ, then this zero cannot be divided out without leaving the space. Therefore,
more generally, we say that a space is nearly invariant if all zeros which are not common
zeros of the functions in the space can be divided out in the way indicated above.

The de Branges spaces H(E) form a family of Hilbert spaces of entire functions,
parametrized by entire functions E which satisfy the inequality |E(z)| > |E(z)| for z
in the upper half plane C+ = {z ∈ C : Im z > 0}. To define the de Branges space H(E)
associated to E, recall the standard Hardy space of the upper half plane H2(C+), and for
entire functions let us define the flip operation f∗(z) := f(z). Then H(E) is the Hilbert
space of entire functions f which satisfy the following three properties:

(i) f/E ∈ H2(C+),

(ii) f∗/E ∈ H2(C+),

(iii) ‖f‖2H(E) :=
∫
R |f/E|2dx < ∞.

The norm of the space is the one indicated in (iii). The de Branges spaces are reproducing
kernel Hilbert spaces with kernels of the form

kE(λ, z) =
E(z)E(λ)− E∗(z)E∗(λ)

2πi(λ− z)
.

Perhaps the most recognized Hilbert spaces of analytic functions which are de Branges
spaces are the Paley-Wiener spaces PWa, which consist of entire functions that are
the Fourier transforms of measurable functions in L2(−a, a), and correspond to
E(z) = exp(−iaz).

4.2 Main results The result of [Paper V] is the following description of nearly invari-
ant subspaces of de Branges spaces.

Theorem I (Theorem 1.1 in [Paper V]). LetN be a nearly invariant subspace with no common
zeros of a de Branges space H(E). Then there exists a de Branges space H(E0) and α ∈ R such
that

N = eiαzH(E0) = {eiαzf(z) : f ∈ H(E0)}.

This result is used to obtain a simple proof of a more precise description from [4] in the
particular case that H(E) = PWa. Namely, if N is a nearly invariant subspace of PWa

with no common zeros, then there exists an interval I ⊆ (−a, a) such that

N = {f ∈ PWa : supp f̂ ⊂ I}.
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Spectra of generalized Cesàro operators acting on
growth spaces

Bartosz Malman

Abstract

We study the spectrum of generalized Cesàro operators Tg acting on the class
of growth spaces A−α. We show how the problem of determining the spectrum
is related to boundedness of standard weighted Bergman projections on weighted
L∞-spaces. Using this relation we establish some general spectral properties of these
operators, and explicitly compute the spectrum for a large class of symbols g.

1 Introduction and statements of the main results

Let D denote the open unit disk of the complex plane C. For a fixed analytic function
g : D → C with g(0) = 0 we define the corresponding generalized Cesàro operator Tg

acting on an analytic function f : D → C by the formula

Tgf(z) =

∫ z

0
g′(ζ)f(ζ) dζ.

For the particular choice of g(z) = log( 1
1−z ) we obtain the classical (shifted) Cesàro

operator, which can alternatively be defined by its action on the Taylor coefficients of
f(z) =

∑∞
n=0 anz

n by the formula

∞∑
n=0

anz
n 7→

∞∑
n=0

bnz
n+1,

where

bn =
1

n+ 1

n∑
k=0

ak.

The action of generalized Cesàro operators on classical spaces of analytic functions has
been studied in a number of articles. It was noted in [14] that Tg is bounded on the Hardy
space H2 if and only if g is a function of bounded mean oscillation, and this fact was
used to obtain a short proof of the analytic John-Nirenberg inequality. Further results
on boundedness and compactness of Tg acting on the Hardy spaces Hp for p 6= 2 have
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been obtained in [5], and a characterization of the spectrum of Tg acting on those spaces is
available in [3]. Further properties of the spectrum of Tg acting onH2 are described in [19].
The corresponding questions have also been studied in the context of the Bergman spaces
(see [6] and [2]). More recently, Tg operators with entire symbols g : C → C acting on
spaces of entire functions have been studied in [10], [11] and [8]. A study of the spectrum
of a certain normalized version of Tg acting on a class of Banach spaces of analytic function
satisfying some natural assumptions is carried out in [4]. The two excellent survey articles
[1] and [16] contain more references andmention how this class of operators appear in other
parts of analysis.

The purpose of this article is to study the spectrum of Tg acting on the so-called growth
spaces. For α > 0, the growth space A−α is the Banach space of analytic functions defined
in D for which the quantity

‖f‖−α := sup
z∈D

(1− |z|2)α|f(z)|

is finite. Growth spaces appear in several contexts, perhaps most importantly in the study
of zero sequences and interpolating sequences for the classical Bergman spaces (see [13,
Chapter 4 and 5]). The closure of analytic polynomials in the norm ‖ · ‖−α is denoted by
A−α

0 and consists precisely of those functions f ∈ A−α for which

lim
r→1

sup
r<|z|<1

(1− |z|2)α|f(z)| = 0.

The space A−α
0 has the big advantage of being separable, and it turns out that Tg exhibits

largely the same behaviour on A−α and A−α
0 . As we will see in Section 3, Tg is simulta-

neously bounded or compact on both spaces, and the spectrum of Tg is the same for both
spaces. The boundedness and compactness questions have already been studied in [17],
where it is shown that Tg is bounded on A−α if and only if g satisfies

‖g‖B := sup
z∈D

(1− |z|2)|g′(z)| < ∞,

that is, if and only if g is contained in the Bloch space B. The operator is compact if and
only if g ∈ B0, the little Bloch space, which is the subspace of B consisting of functions
which satisfy

lim
r→1

sup
r<|z|<1

(1− |z|2)|g′(z)| = 0.

Our study of the spectrum σ(Tg|A−α) follows an idea of [2] which translates the spec-
tral problem into an equivalent problem of characterizing weights w : D → (0,∞) with
a certain property. It starts with the observation that for λ ∈ C \ {0} the unique analytic
solution h to the equation

(1− λ−1Tg)h = f
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is given by

h(z) = Rλ,gf(z) := f(0)e
g(z)
λ + e

g(z)
λ

∫ z

0
e−

g(ζ)
λ f ′(ζ) dζ.

It is easy to see that the operator Tg − λ is injective, and hence it will be invertible on
any Banach space X if and only if the operator Rλ,g acts boundedly on X . In the case
X = A−α, this in turn implies an equivalence of norms on a certain Banach space of
analytic functions which we will now describe. To this end, let w be a weight on D. For
us, this will mean a strictly positive continuous function w : D → (0,∞). Consider the
space L∞

w consisting of (equivalence classes of ) measurable functions f defined inD which
satisfy ‖wf‖∞ < ∞, where ‖ · ‖∞ denotes the usual essential supremum norm. LetH∞

w

be the closed subspace of L∞
w consisting of analytic functions. For λ ∈ C \ {0} let

w(z) =
∣∣e g(z)

λ

∣∣(1− |z|2)α. (1)

It turns out (see Proposition 5.1 below) that λ is in the resolvent set ρ(Tg|A−α) if and only
if for f ∈ H∞

w we have the equivalence of norms

sup
z∈D

w(z)|f(z)| ∼ sup
z∈D

w(z)(1− |z|2)|f ′(z)|+ |f(0)|. (2)

We are thus lead to studying weights w for which such an equivalence holds. We show in
Section 4 that the existence of such a norm equivalence is connected to the boundedness on
L∞
w of the weighted Bergman projections. For δ > −1, the weighted Bergman projection

Pδ is given by

Pδf(z) = (δ + 1)

∫
D
f(ζ)

(1− |ζ|2)δ

(1− zζ)2+δ
dA(ζ),

where dA denotes the area measure on D. For the class of bounded and differentiable
weights satisfying for some constant kw > 0 the inequality

(1− |z|)|∇w(z)| ≤ kww(z) (3)

we prove the following theorem (see Section 4 for the definition of P̃δ appearing below).

Theorem 4.5. Let w : D → (0,∞) be a bounded and differentiable weight which satisfies
(3). The following are equivalent:

(i) The operator Pδ is bounded on L∞
w for some δ > −1.

(ii) The operator P̃δ is bounded on L∞
w for some δ > −1

(iii) There exists δ > −1 such that

sup
z∈D

w(z)

∫
D

1

w(ζ)

(1− |ζ|2)δ

|1− zζ|δ+2
dA(ζ) < ∞.
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(iv) For each n ≥ 1

sup
z∈D

(1− |z|2)nw(z)|f (n)(z)|+
n−1∑
k=0

|f (k)(0)|

defines an equivalent norm on H∞
w .

The first three conditions of the above theorem are equivalent, with the same constant δ,
even without the assumption that (3) holds (see Theorem 4.1). The fourth condition is on
the other hand crucial for our further study of the spectrum of Tg on the growth spaces.
We note that the general problem of boundedness of weighted Bergman projections onL∞

w

has been studied in [9].
Results of Section 4 are applied to the spectral problem in Section 5. Themain difficulty

is a technical one of extending (2) to higher derivatives, i.e., to establish that condition (iv)
ofTheorem 4.5 holds for the weight given by (1) whenever λ ∈ ρ(Tg|A−α). The main tool
here is an operator interpolation theorem which we prove in Section 2 (see Theorem 2.2
below), and the result is the following characterization of the spectrum of Tg acting on
A−α.

Theorem 5.3. Let g ∈ B, λ ∈ C \ {0} and

w(z) =
∣∣e g(z)

λ

∣∣(1− |z|2)α.

The following are equivalent:

(i) λ ∈ ρ(Tg|A−α).

(ii) For some δ > −1, the weight w satisfies

sup
z∈D

w(z)

∫
D

1

w(ζ)

(1− |ζ|2)δ

|1− zζ|δ+2
dA(ζ) < ∞.

This characterization allows us to explicitly compute the spectrum for a class of symbols
g ∈ B. It turns out, precisely as is the case for many other Banach spaces X , that the
spectrum of Tg acting on X = A−α satisfies the equality

σ(Tg|X) = {0}
⋃{

λ ∈ C \ {0} : eg/λ 6∈ X
}

(4)

whenever g is the primitive of a rational function. Moreover, we obtain the following
spectral stability result.

Theorem 5.4. Let g, h ∈ B and assume that σ(Th|A−α) = {0}. Then

σ(Tg+h|A−α) = σ(Tg|A−α).
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This allows us to extend (4) to the case when g is the sum of a primitive of a rational function
with a bounded analytic function and a function in B0 (see Theorem 5.6).

For a general Banach spaceX and a general symbol g, the equality in (4) does not hold.
This is shown in [2] in the case whenX is any of the standard Bergman spaces. By relating
condition (ii) of Theorem 5.3 to the classical Békollé weight condition, we show that the
example in [2] can be adapted to the case considered here, so that the spectrum of Tg on
A−α can indeed be much larger than (4).

Acknowledgements. The author would like to thank his supervisor, Professor Alexan-
dru Aleman, for the suggestion to study this problem and for many helpful discussions.

2 Preliminaries

2.1 An integral kernel estimate The following well-known estimate will be used
frequently below.

Proposition 2.1. For any δ > −1 and any s > 0 there exists a constant C > 0 such that∫
D

(1− |ζ|2)δ

|1− zζ|δ+2+s
dA(ζ) ≤ C

(1− |z|)s
.

For a proof, see [13, Theorem 1.7].

2.2 Equivalent norms For any n ≥ 0, the space A−α can equivalently be normed by

sup
z∈D

(1− |z|2)α+n|f (n)(z)|+
n−1∑
k=0

|f (k)(0)|

(see Theorem 5.5 in [12]). We will often use these norms without further reference.

2.3 Duality relations Let L1(D) be the Lebesgue space of (equivalence classes of )
measurable functions which are integrable with respect to dA. It is a consequence of the re-
sults of [15] that the dual space (A−α

0 )∗ can be identified with the quotient spaceL1(D)/N ,
where

N =
{
f ∈ L1(D) :

∫
D
f(ζ)(1− |ζ|2)αh(ζ)dA(ζ) = 0, ∀h ∈ A−α

}
.

Moreover, it is also proved in [15] that the dual space (L1(D)/N)∗ can be identified with
A−α. The duality pairing is in both cases given by∫

D
f(ζ)(1− |ζ|2)h(ζ)dA(ζ),
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where f ∈ L1(D)/N and h ∈ A−α or h ∈ A−α
0 .

It is clear from this characterization that a sequence {fn}∞n=1 inA
−α
0 converges weakly

to f if and only if the norms ‖fn‖−α stay bounded and fn(z) → f(z) for each z ∈ D
as n → ∞, uniformly on compact subsets of D. As the dual space of L1(D)/N , the
space A−α can be equipped with the usual weak-* topology, and similarly {fn}∞n=1 in
A−α converges weak-* to a function f if and only if the norms ‖fn‖−α stay bounded
and fn(z) → f(z) uniformly on compact subsets of D. In particular, for r ∈ (0, 1) the
dilations fr(z) = f(rz) of any function f ∈ A−α converge weak-* to f as r → 1.

2.4 Interpolation of operators on growth spaces In Section 5 we will need the
following result on interpolation of linear operators between two growth spaces. The proof
consists of applying the basic ideas of the well-known complex interpolation method.

Theorem 2.2. Let R : A−β
0 → A−β

0 be a bounded linear operator. If for some α ∈ (0, β)
the operatorR also maps A−α

0 boundedly into itself, then the operatorR maps A−γ
0 boundedly

into itself for any γ ∈ (α, β).

Proof. Let C0(D) denote the Banach space of functions continuous in D that vanish on
the boundary ∂D = T, and let

S = S(α, β) = {z ∈ C : α < Re z < β}.

Fix a function f ∈ C0(D). For z ∈ S let

hz(λ) =

∫
D
f(ζ)

(1− |ζ|2)β−z

(1− λζ)β+2
dA(ζ), λ ∈ D

Proposition 2.1 implies that hz ∈ A−Re z
0 ⊆ A−β

0 and that the norms ‖hz‖−β are
bounded uniformly in z ∈ S by a constant multiple of ‖f‖∞, i.e., there exists a
constant C > 0 such that for all λ ∈ D and all z ∈ S we have the estimate
|hz(λ)| ≤ C‖f‖∞(1 − |λ|)−β. In particular, the family {hz}z∈S is bounded uniformly
on compact subsets of D. It is also clear that hzn(λ) → hz(λ) uniformly on compact
subsets of D if zn → z ∈ S, and hence in that case hzn → hz weakly in A−β

0 .
For a fixed ϵ > 0 consider the function Gϵ : S → C0(D) given by

Gϵ(z) = exp

(
−ϵ

1− | · |

)
(1− | · |2)z(Rhz)(·).

Note that the exponential factor in the definition of Gϵ ensures that

sup
z∈S

‖Gϵ(z)‖∞ < ∞.
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If zn → z ∈ S, then the above paragraph and the fact that R preserves weak convergence
of sequences implies that Rhzn → Rhz weakly in A−β

0 . Then Rhzn(λ) → Rhz(λ)
uniformly on compact subsets of D, and so ‖Gϵ(zn)−Gϵ(z)‖∞ → 0 by the rapid decay
of exp(−ϵ/(1−|λ|)). This shows continuity ofGϵ. We claim thatGϵ is analytic in S. We
will complete the proof of the theorem under this assumption, and prove analyticity ofGϵ

next. The assumption of boundedness of R on A−α
0 together with Proposition 2.1 implies

that for all y ∈ R, we have

(1− |λ|)αRhα+iy(λ) ≤ C‖f‖∞

and consequently
‖Gϵ(α+ iy)‖∞ ≤ C‖f‖∞,

where C > 0 depends only on the norm of the operator R on A−α
0 but not on ϵ > 0. In

the same way we obtain
‖Gϵ(β + iy)‖∞ ≤ C1‖f‖∞,

C1 > 0 depending on the norm of R on A−β
0 but being independent of ϵ > 0. By the

vector-valued generalization of the classical Hadamard’s three lines theorem we get that
‖Gϵ(z)‖ ≤ C2‖f‖∞ for all z ∈ S, with a constant C2 > 0 independent of ϵ > 0. Now
let g ∈ A−γ

0 , α < γ < β and put f(ζ) = g(ζ)(1 − |ζ|2)γ ∈ C0(D). In the above
notation we have that hγ = g, and we conclude that

exp

(
−ϵ

1− |λ|

)
(1− |λ|2)γ |Rg(λ)| ≤ ‖Gϵ(γ)‖∞ ≤ C2‖g‖−γ .

Letting ϵ tend to zero and taking the supremum over λ ∈ D shows that R is bounded on
A−γ

0 .
It remains to prove that Gϵ : S → C0(D) is analytic. Recall that if Ω ⊆ C and X is

a Banach space, then to verify that a function F : Ω → X is analytic it suffices to verify
that z 7→ ϕ(F (z)) is scalar-valued analytic for any ϕ ∈ X∗ (see [18, p. 266, Theorem
1.1]). If B(X) is the algebra of bounded linear operators on a Banach space X , then the
analyticity of F : Ω → B(X) can be established by verifying that the function ϕ(F (z)x)
is scalar-valued analytic for any ϕ ∈ X∗ and x ∈ X (see [18, p. 267, Theorem 1.2]). Let
w(ζ) = (1−|ζ|)β and C0,w(D) be the Banach space of continuous functions f : D → C
such that fw is bounded and vanishes on T, with the norm of f in C0,w(D) given by
‖wf‖∞. For fixed f ∈ C0(D), the mapping A : S → C0,w(D) given by

z 7→ f(·)(1− | · |)−z

is analytic, because f(ζ)(1 − |ζ|)β−z is bounded in a neighbourhood of any fixed z ∈ S
(we use that Re z < β here), so we easily see that

S 3 z 7→
∫
D
f(ζ)(1− |ζ|)β−zdµ(ζ) ∈ C

9



is scalar-valued analytic for each finite Borel measure µ on D. Consequently
A′ : S → C0(D) given by

z 7→ exp

(
−ϵ

1− | · |

)
(Rhz)(·)

is analytic, because it is equal to A composed with bounded linear maps. Let
M(z) : C0(D) → C0(D) be the bounded linear operator of multiplication by (1− | · |)z .
ThenM : S → B(C0(D)) is analytic, because

S 3 z →
∫
D
(1− |ζ|)zg(ζ)dµ(ζ)

is clearly analytic for any finite Borel measure µ on D and every g ∈ C0(D). We conclude
that Gϵ(z) = M(z)A′(z) is analytic in S.

3 Boundedness and compactness

A consequence of the relation (A−α
0 )∗∗ = A−α is that any bounded linear operator T

defined on A−α
0 has an extension to A−α which coincides with the double Banach space

adjoint T ∗∗ : A−α → A−α. The operator T ∗∗ preserves weak-* convergence of sequences
in A−α, so that if f ∈ A−α, then

T ∗∗f(z) = lim
r→1−

T ∗∗fr(z) = lim
r→1−

Tfr(z).

Applying this to the case of T = Tg acting onA−α
0 , we see that its double adjoint coincides

with Tg acting onA−α. It follows that if Tg is bounded or compact onA−α
0 , then it is also

bounded or compact on A−α. The converse is a part of the following result.

Proposition 3.1. Let g : D → C be an analytic function.

(i) The operator Tg is bounded on A−α or A−α
0 if and only if g ∈ B.

(ii) The operator Tg is compact on A−α or A−α
0 if and only g ∈ B0.

(iii) The operator norm of Tg satisfies

‖Tg‖A−α ≤ ‖g‖B
α

.

Proof. Part (i) and (ii) in the case ofA−α, as well as part (iii), have already been established
in [17], thus we only need to verify (i) and (ii) in the case of A−α

0 . The remark preceeding
the proposition implies that if Tg is bounded on A−α

0 , then it is bounded on A−α, and
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hence g ∈ B. Conversely if g ∈ B, then Tg is bounded on A−α, and it is easy to verify
that it maps the polynomials into A−α

0 . Indeed, if f ∈ A−α
0 is a polynomial, then

(1− |z|)α
∣∣∣ ∫ z

0
g′(ζ)f(ζ) dζ

∣∣∣
. (1− |z|)α‖f‖∞‖g‖B

∫ 1

0

|z|
(1− t|z|)

dt

≤ C(1− |z|)α log
( 1

1− |z|

)
.

The last quantity tends to zero as |z| → 1, so that Tgf ∈ A−α
0 . Since the polynomials are

dense in A−α
0 and Tg is bounded on A−α, we obtain TgA

−α
0 ⊂ A−α

0 . This completes the
proof of (i). The same reasoning, with obvious modificiations, leads to a proof of (ii).

We note the following useful consequence of Proposition 3.1 and the discussion pre-
ceeding it.

Corollary 3.2. The spectra σ(Tg|A−α
0 ) and σ(Tg|A−α) coincide.

Proof. We have verified that Tg acts boundedly on A−α
0 if and only if it acts boundedly on

A−α. For any bounded linear operator T on a Banach space we have that σ(T ) = σ(T ∗).
Then the claim follows from this, since the double adjoint of Tg acting on A−α

0 equals Tg

acting on A−α.

4 Projections on L∞
w

The purpose of this section is to establish some equivalent conditions of boundedness of
the standard weighted Bergman projections on the spaces L∞

w which were defined in the
introduction. We recall that the definition of the standard weighted Bergman projection
Pδ, for δ > −1, is

Pδf(z) = (δ + 1)

∫
D
f(ζ)

(1− |ζ|2)δ

(1− zζ)2+δ
dA(ζ),

where f can be any measurable function for which the above integral makes sense. We also
introduce the helpful sublinear operator P̃ :

P̃δf(z) = (δ + 1)

∫
D
|f(ζ)| (1− |ζ|2)δ

|1− zζ|2+δ
dA(ζ).

Our basic proposition on boundedness of these operators is the following.

Theorem 4.1. Let w : D → (0,∞) be a weight and δ > −1. The following are equivalent:

11



(i) The operator Pδ is bounded on L∞
w .

(ii) The operator P̃δ is bounded on L∞
w .

(iii) The weight w satisfies

sup
z∈D

w(z)

∫
D

1

w(ζ)

(1− |ζ|2)δ

|1− zζ|δ+2
dA(ζ) < ∞.

Proof. (i) ⇒ (ii): Fix any f ∈ L∞
w . For any z ∈ D there exists a measurable function

uz,f : D → C with |uz,f (ζ)| = 1 for ζ ∈ D such that

|f(ζ)|
|1− zζ|2+δ

=
f(ζ)uz,f (ζ)

(1− zζ)2+δ
.

Let C > 0 be the operator norm of Pδ on Lw
∞. Then we have

w(z)|P̃δf(z)| = w(z)|Pδfuz,f (z)| ≤ C‖wfuz,f‖∞ = C‖wf‖∞

which shows that P̃δ is bounded on L∞
w .

(ii) ⇒ (iii): The function w−1 is in L∞
w , and so the boundedness of P̃δ implies that

sup
z∈D

w(z)P̃δw
−1(z) < ∞,

which is precisely the condition (iii).
(iii) ⇒ (i) : For any f ∈ L∞

w we have

w(z)|Pδf(z)| ≤ ‖wf‖∞w(z)

∫
D

1

w(ζ)

(1− |ζ|2)δ

|1− zζ|2+δ
dA(ζ).

Hence if (iii) holds, then Pδ is bounded on L∞
w .

With the investigation of spectra of Tg and weights of the form

w(z) =
∣∣e g(z)

λ

∣∣(1− |z|2)α

in mind, we will restrict our further investigation to a class of weights which share some
crucial properties with the above. Therefore, we will additionally assume that our weights
are bounded, differentiable and satisfy

(1− |z|)|∇w(z)| ≤ kww(z) (5)

for some constant kw > 0. Here ∇w denotes the gradient of the function w. An easily
verifiable property of such weights is that they are approximately constant on discs of the
form

Dz =
{
ζ ∈ D : |ζ − z| < (1− |z|)/2

}
,

12



i.e., there exists a constant C > 0, independent of z, such that w(ζ)/w(s) ≤ C whenever
ζ, s ∈ Dz . We also have the growth estimates

w(0)(1− |z|)kw . w(z) . w(0)(1− |z|)−kw . (6)

We refer to [2] for proofs of the above claims, where weights satisfying (5) have been studied
in the context of Tg acting on the weighted Bergman spaces.

For w satisfying the estimate (5) we will now extend Theorem 4.1 to include a fourth
equivalent condition, one which will be important in the next section.

Proposition 4.2. Let w : D → (0,∞) be a bounded and differentiable weight which satisfies
(5). If for some δ > −1 the projection Pδ is a bounded operator on L∞

w , then for each integer
n ≥ 1 we have that

sup
z∈D

w(z)|f(z)| ∼ sup
z∈D

(1− |z|2)nw(z)|f (n)(z)|+
n−1∑
k=0

|f (k)(0)|

for all f ∈ H∞
w , i.e., for each integer n ≥ 1 the right-hand side above defines an equivalent

norm on H∞
w .

Proof. We start by establishing the proposition in the special case that n = 1. One of the
norm inequalities holds without any assumption on the boundedness of Pδ on L∞

w , we
need only the fact that w satisfies (5). Indeed, the value w(z) is comparable to values of w
on the circle

Cz =
{
ζ ∈ D : |ζ − z| = (1− |z|)/2

}
,

and so from Cauchy’s integral formula we have that

|f ′(z)| .
supζ∈Cz

|f(ζ)|
1− |z|

∼
supζ∈Cz

|f(ζ)w(ζ)|
(1− |z|)w(z)

,

which clearly implies that

(1− |z|)w(z)|f ′(z)| . ‖wf‖∞.

We proceed to establish the reverse inequality. We claim that boundedness of Pδ on L∞
w

implies that the operator P 1
δ given by

P 1
δ h(z) =

∫
D
h(ζ)

(1− |ζ|2)δ

ζ(1− zζ)2+δ
dA(ζ)

13



is bounded on L∞
w . To see this, we recall that by Theorem 4.1 the operator P̃δ is also

bounded on L∞
w , and we estimate

w(z)|P 1
δ h(z)| ≤ w(z)

(∫
|ζ|>1/2

+

∫
|ζ|<1/2

|h(ζ)| (1− |ζ|2)δ

|ζ|(1− zζ)2+δ
dA(ζ)

)
. ‖hw‖∞ +

∫
|ζ|<1/2

|h(ζ)|
|ζ|

dA(ζ)

. ‖hw‖∞ + ‖hw‖∞
∫
|ζ|<1/2

1

|ζ|
dA(ζ) . ‖hw‖∞

where in the next-to-last step we used that w is strictly positive, and hence bounded from
below for |ζ| < 1/2. This shows boundedness of P 1

δ on L∞
w . Now fix a function f ∈ H∞

w

and let
h(ζ) = f ′(ζ)(1− |ζ|2) ∈ L∞

w ,

g(z) =

∫
D
f ′(ζ)

(1− |ζ|2)δ+1

ζ(1− zζ)2+δ
dA(ζ) = P 1

δ h(z).

Differentiating g we obtain

g′(z) = (δ + 2)

∫
D
f ′(ζ)

(1− |ζ|2)δ+1

(1− zζ)3+δ
dA(ζ) = f ′(z),

where the last equality is the reproducing property of Pδ+1. Hence

f(z)− f(0) = g(z),

because by direct calculation we see that g(0) = 0. Then the boundedness of P 1
δ gives

‖wP 1
δ h‖∞ = ‖w(f − f(0))‖∞ ≤ ‖wh‖∞

which obviously implies

sup
z∈D

w(z)|f(z)| . sup
z∈D

(1− |z|2)w(z)|f ′(z)|+ |f(0)|.

The proof of the case n = 1 is complete.
To prove the theorem for n > 1, note that if Pδ is bounded on L∞

w , then Pδ+1 is
bounded on L∞

w̃ , where w̃(ζ) = (1− |ζ|2)w(ζ). This follows fromTheorem 4.1, because
we have

w̃(z)

∫
D

1

w̃(ζ)

(1− |ζ|2)δ+1

|1− zζ|δ+3
dA(ζ) = w(z)(1− |z|2)

∫
D

1

w(ζ)

(1− |ζ|2)δ

|1− zζ|δ+3
dA(ζ)

. w(z)

∫
D

1

w(ζ)

(1− |ζ|2)δ

|1− zζ|δ+2
dA(ζ).

The case n > 1 of the proposition now follows readily by induction.
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We proceed to prove the converse of Proposition 4.2. For this, we will need the fol-
lowing very useful result from [2, Lemma 3.2].

Lemma 4.3. Letw : D → (0,∞) be a differentiable weight which satisfies (5). If α+1 > kw
and β > α+ 2 + kw, then∫

D
w(ζ)

(1− |ζ|2)α

|1− zζ|β
dA(ζ) . w(z)

(1− |z|)β−α−2
.

Proposition 4.4. Let w : D → (0,∞) be a bounded and differentiable weight which satisfies
(5). If for each n ≥ 1

sup
z∈D

(1− |z|2)nw(z)|f (n)(z)|+
n−1∑
k=1

|f (k)(0)|

defines an equivalent norm on H∞
w , then there exists a δ > −1 such that Pδ is bounded on

L∞
w .

Proof. Since w satisfies (6), we see that for sufficiently large δ the integral defining Pδf
converges for every f ∈ L∞

w . We will show that δ can be chosen so that the operator Pδ

is bounded on L∞
w . This will follow from the assumption if we show that for some n ≥ 0

we have

w(z)(1− |z|2)n
∣∣∣∣∣
∫
D
f(ζ)

(1− |ζ|2)δ

(1− zζ)δ+2+n
dA(ζ)

∣∣∣∣∣ ≤ C‖fw‖∞.

We have the obvious estimate∣∣∣∣∣
∫
D
f(ζ)

(1− |ζ|2)δ

(1− zζ)δ+2+n
dA(ζ)

∣∣∣∣∣ ≤ ‖fw‖∞
∫
D

1

w(ζ)

(1− |ζ|2)δ

|1− zζ|δ+2+n
dA(ζ).

An easy computation shows that the weight w̃ = 1/w also satisfies (5), so if n and δ are
sufficiently large, then by Lemma 4.3 we obtain∫

D

1

w(ζ)

(1− |ζ|2)δ

|1− zζ|δ+2+n
dA(ζ) ≤ C

1

w(z)(1− |z|)n
.

Proposition 4.2 and Proposition 4.4 now imply the following version of Theorem 4.1.

Theorem 4.5. Let w : D → (0,∞) be a bounded and differentiable weight which satisfies
(5). The following are equivalent:

(i) The operator Pδ is bounded on L∞
w for some δ > −1.

(ii) The operator P̃δ is bounded on L∞
w for some δ > −1
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(iii) There exists δ > −1 such that

sup
z∈D

w(z)

∫
D

1

w(ζ)

(1− |ζ|2)δ

|1− zζ|δ+2
dA(ζ) < ∞.

(iv) For each n ≥ 1,

sup
z∈D

(1− |z|2)nw(z)|f (n)(z)|+
n−1∑
k=0

|f (k)(0)|

defines an equivalent norm on H∞
w .

5 Spectrum

As mentioned in the introduction, for fixed analytic functions f, h : D → C, the equation

h− 1

λ
Tgh = f

has a unique solution Rλ,gf which is given by

Rλ,gf(z) = f(0)e
g(z)
λ + e

g(z)
λ

∫ z

0
e−

g(ζ)
λ f ′(ζ) dζ.

It is easy to see that Tg is injective if g 6= 0, and therefore non-zero λ is in the resolvent set
of Tg acting on any Banach space X of analytic functions if and only if the operator Rλ,g

is bounded on X . If this is the case, then Rλ,g is automatically invertible on X .

5.1 Spectrum. We will now apply the results of Section 4 to prove Theorem 5.3, which
provides a characterization of the spectrum of Tg acting on A−α.

Proposition 5.1. The operator Rλ,g is bounded on A−α if and only if

eg/λ ∈ A−α (7)

and the weight
w(z) =

∣∣e g(z)
λ

∣∣(1− |z|2)α

satisfies
sup
z∈D

w(z)|f(z)| ∼ sup
z∈D

(1− |z|2)w(z)|f ′(z)|+ |f(0)| (8)

for every f ∈ H∞
w (D).
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Proof. Assume first thatRλ,g is bounded onA−α. Then eg/λ = Rλ,g1 ∈ A−α, so that (7)
holds. Moreover, note that f ∈ H∞

w if and only if eg/λf ∈ A−α, and that if f(0) = 0,
then

eg/λf = Rλ,g

∫
eg/λf ′.

Hence by the invertibility of Rλ,g we have that
∫
eg/λf ′ ∈ A−α and

‖eg/λf‖−α ∼ ‖eg/λf ′‖−(α+1),

which is clearly equivalent to (8). Conversely, assume that (7) and (8) hold. Then Rλ,g

maps constants into A−α because Rλ,g1 = eg/λ, while for any f ∈ A−α with f(0) = 0
we have

‖Rλ,gf‖−α = sup
z∈D

w(z)
∣∣∣ ∫ z

0
e−g(ζ)/λf ′(ζ)dζ

∣∣∣
∼ sup

z∈D
(1− |z|2)α+1|f ′(z)| < ∞.

We make a short remark. By Corollary 3.2, Rλ,g is bounded on A−α if and only if
it is bounded on A−α

0 . Since 1 ∈ A−α
0 , we see that if Rλ,g is bounded on A−α, then we

obtain the stronger statement that eg/λ ∈ A−α
0 .

Proposition 5.2. Assume that 0 6= λ ∈ ρ(Tg|A−α) and let

w(z) =
∣∣e g(z)

λ

∣∣(1− |z|2)α.

For each n ≥ 1,

sup
z∈D

(1− |z|2)nw(z)|f (n)(z)|+
n−1∑
k=0

|f (k)(0)|

defines an equivalent norm on H∞
w .

Proof. The assumption that λ ∈ ρ(Tg|A−α)mean precisely thatR = Rλ,g is bounded on
A−α, and by Corollary 3.2 it is also bounded onA−α

0 . For any sufficiently large β > 0 we
have by Proposition 3.1 that |λ| > ‖Tg‖A−β , and for such β the operatorRλ, g is bounded
on A−β

0 . Then from Theorem 2.2 and Corollary 3.2 we obtain that Rλ,g is bounded on
A−β for all β > α, and the claim follows from Proposition 5.1 by induction.

We can now prove the main result characterizing the spectrum of Tg acting on A−α.

Theorem 5.3. Assume that g ∈ B, λ ∈ C \ {0} and

w(z) =
∣∣e g(z)

λ

∣∣(1− |z|2)α.

The following are equivalent:
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(i) λ ∈ ρ(Tg|A−α).

(ii) For some δ > −1, the weight w satisfies

sup
z∈D

w(z)

∫
D

1

w(ζ)

(1− |ζ|2)δ

|1− zζ|δ+2
dA(ζ) < ∞.

Proof. The implication (i) ⇒ (ii) is covered by Proposition 5.2 together with Theo-
rem 4.5. If (ii) holds, thenw(z) is certainly bounded, and this together withTheorem 4.5
implies that the two conditions of Proposition 5.1 hold, so that (ii) implies (i).

5.2 Applications. As a first application of Theorem 5.3 we establish the spectral sta-
bility property of the operator Tg that was mentioned in the introduction. Next we obtain
the spectrum of Tg in the case g is the anti-derivative of a rational function. The two results
are then combined in Theorem 5.6 to obtain the spectrum of Tg whenever g = r+h+ b,
where r′ is rational, h ∈ H∞ and b ∈ B0.

Theorem 5.4. Let g, h ∈ B and assume that σ(Th|A−α) = {0}. Then

σ(Tg+h|A−α) = σ(Tg|A−α).

Proof. It will be sufficient to show that ρ(Tg|A−α) ⊆ ρ(Tg+h|A−α), since the other in-
clusion follows by replacing g with g + h and h with −h. Fix λ ∈ ρ(Tg|A−α). By
Theorem 5.3 we must verify that there exists a δ > −1 such that

sup
z∈D

(1− |z|2)α|eg(z)/λ||eh(z)/λ|
∫
D
|e−g(ζ)/λ||e−h(ζ)/λ|(1− |ζ|2)δ−α

|1− zζ|δ+2
dA(ζ) < ∞.

Take p, q > 1with 1/p+1/q = 1 and p close enough to 1 so that λ̃ = λ/p ∈ ρ(Tg|A−α).
Let λ̂ = λ/q. Use Hölder’s inequality to obtain∫

D
|e−g(ζ)/λ||e−h(ζ)/λ|(1− |ζ|2)δ−α

|1− zζ|δ+2
dA(ζ)

≤

(∫
D
|e−g(ζ)/λ̃|(1− |ζ|2)δ−α

|1− zζ|δ+2
dA(ζ)

)1/p

×

(∫
D
|e−h(ζ)/λ̂|(1− |ζ|2)δ−α

|1− zζ|δ+2
dA(ζ)

)1/q

.

Now use the assumption that λ̂ ∈ ρ(Th|A−α) = C \ {0} and Theorem 5.3 to see that
δ > −1 can be chosen big enough so that we simultaneously have
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sup
z∈D

(1− |z|2)α|eg(z)/λ̃|
∫
D
|e−g(ζ)/λ̃|(1− |ζ|2)δ−α

|1− zζ|δ+2
dA(ζ) = C1 < ∞

and

sup
z∈D

(1− |z|2)α|eh(z)/λ̂|
∫
D
|e−h(ζ)/λ̂|(1− |ζ|2)δ−α

|1− zζ|δ+2
dA(ζ) = C2 < ∞.

We get that

(1− |z|2)α|eg(z)/λ||eh(z)/λ|
∫
D
|e−g(ζ)/λ||e−h(ζ)/λ|(1− |ζ|2)δ−α

|1− zζ|δ+2
dA(ζ)

≤ (1− |z|2)α|eg(z)/λ||eh(z)/λ|

(∫
D
|e−g(ζ)/λ̃|(1− |ζ|2)δ−α

|1− zζ|δ+2
dA(ζ)

)1/p

×

(∫
D
|e−h(ζ)/λ̂|(1− |ζ|2)δ−α

|1− zζ|δ+2
dA(ζ)

)1/q

=

(
(1− |z|2)α|eg(z)/λ̃|

∫
D
|e−g(ζ)/λ̃|(1− |ζ|2)δ−α

|1− zζ|δ+2
dA(ζ)

)1/p

×

(
(1− |z|2)α|eh(z)/λ̂|

∫
D
|e−h(ζ)/λ̂|(1− |ζ|2)δ−α

|1− zζ|δ+2
dA(ζ)

)1/q

≤ C
1/p
1 C

1/q
2 .

Corollary 5.5. Let g, h ∈ B and assume that h ∈ H∞ or h ∈ B0. Then

σ(Tg+h|A−α) = σ(Tg|A−α).

Proof. By Proposition 3.1 if h ∈ B0, then Th is compact and hence σ(Th|A−α) = {0}
since Tg has no eigenvalues. On the other hand if h ∈ H∞ then for all λ 6= 0 the function
eh/λ is bounded from above and below in D. It then follows from Proposition 2.1 that
condition (ii) of Theorem 5.3 is satisfied, so that again σ(Th|A−α) = {0}. The claim
then follows fromTheorem 5.4.

Let ω0, . . . , ωn be distinct points on the circle T. For non-zero complex numbers
c0, . . . , cn let

g(z) =

n∑
k=0

ck log
( 1

1− ωkz

)
∈ B.
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The spectrum of Tg in this case turns out to be

σ(Tg|A−α) =

n⋃
k=1

{
λ ∈ C : Re(ck/λ) ≥ α

}
. (9)

This result can be predicted from results in [4], where it is shown that the equality above
holds with Tg replaced by the operator f 7→ 1

zTgf . We shall therefore not carry out the
entire argument, but merely indicate how condition (ii) of Theorem 5.3 can be used to
establish (9). Let sk = Re(ck/λ). Since for each k the function log

(
1

1−ωkz

)
has bounded

imaginary part, it follows easily that

|eg(z)/λ| ∼
n∏

k=0

|1− ωkz|−sk . (10)

If for some k we have that sk > α, then by the above eg/λ 6∈ A−α, which by Proposi-
tion 5.1 implies that

n⋃
k=1

{
λ ∈ C : Re(ck/λ) ≥ α

}
⊆ σ(Tg : A−α).

Conversely, if sk < α for k = 0, . . . , n, then to show that λ ∈ ρ(Tg|A−α) it will suffice
by (10) and (ii) of Theorem 5.3 to show that

sup
z∈D

(1− |z|2)α
n∏

k=0

|1− ωkz|−sk

∫
D

n∏
k=0

|1− ωkζ|sk
(1− |ζ|2)δ−α

|1− zζ|δ+2
dA(ζ) < ∞

holds for some δ > −1. This follows from Proposition 2.1 together with a straightfor-
ward and elementary computation involving isolation of the possible poles of the functions
|1− ωkζ|sk .

Theorem 5.6. Let h ∈ H∞, b ∈ B0 and

r(z) =

n∑
k=0

ck log
( 1

1− ωkz

)
.

If g = r + h+ b, then

σ(Tg|A−α) =
n⋃

k=1

{
λ ∈ C : Re(ck/λ) ≥ α

}
= {0} ∪

{
λ ∈ C \ {0} : eg/λ 6∈ A−α

}
.
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Proof. The first of the two set equalities in the statement is immediate from the discussion
preceeding the theorem and Corollary 5.5. To establish the second equality it will be suf-
ficient to show that eg/λ 6∈ A−α whenever λ is in the interior of one of the closed disks
whose union is σ(Tg|A−α). For any such λ there exists an ϵ > 0 such that er/λ 6∈ A−α−ϵ.
Since h ∈ H∞ and b ∈ B0, we obtain easily that

e(h(z)+b(z))/λ & (1− |z|2)ϵ.

Then
sup
z∈D

(1− |z|2)α|eg(z)/λ| & sup
z∈D

(1− |z|2)α+ϵ|er(z)/λ| = ∞,

so eg/λ 6∈ A−α.

5.3 An important example. For p > 1 and η > −1 the classBp(η) consists of weights
w on D for which there exists a constant C > 0 such that(∫

S(θ,h)
w(ζ)(1− |ζ|2)ηdA(ζ)

)(∫
S(θ,h)

w(ζ)−q/p(1− |ζ|2)ηdA(ζ)
)p/q

≤ Chp(η+2)

for any Carleson box S(θ, h) given by

S(θ, h) = {z = reit ∈ D : 1− r < h, |t− θ| < h}.

The significance of this definition comes from the work of Békollé, who proves that the
Bp(η)-condition is related to the boundedness of the standard weighted Bergman projec-
tions on weighted Bergman spaces. See [7] for details.

Proposition 5.7. Let w : D → (0,∞) be a weight. If w satisfies for some δ > −1 the
condition (ii) of Theorem 5.3, then

w(z)(1− |z|2)−η ∈ B2(η)

for η = δ/2.

Proof. Let S = S(θ, h) be a Carleson square of width h > 0. We have

w(z)

∫
S

1

w(ζ)

(1− |ζ|2)δ

|1− zζ|δ+2
dA(ζ) ≤ C

for all z ∈ D, and in particular for z ∈ S. But if z, ζ ∈ S, then |1 − zζ| . h, and
consequently

w(z)

∫
S

1

w(ζ)
(1− |ζ|2)δdA(ζ) . hδ+2.
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Now integrate for z ∈ S to obtain∫
S
w(z)dA(z)

∫
S

1

w(ζ)
(1− |ζ|2)δdA(ζ) . hδ+4.

Setting η = δ/2, the last inequality means precisely that w(z)(1− |z|2)−η ∈ B2(η).

The significance of the above proposition in the study of the spectrum σ(Tg|A−α) is
the following. We have seen in this section that the equality

σ(Tg|A−α) = {0} ∪
{
λ ∈ C \ {0} : eg/λ 6∈ A−α

}
(11)

holds for a large class of symbols g. The fact that (11) does not hold for general g ∈ B can
be seen from Proposition 5.7 and the corresponding result for weighted Bergman spaces
Lp,α
a . For p > 0 and α > −1 the space Lp,α

a consists of functions analytic in D which
satisfy

‖f‖pp,α =

∫
D
|f(z)|p(1− |z|2)αdA(z) < ∞.

The operator Tg acts boundedly on Lp,α
a if and only if g ∈ B, and it is shown in [2] that

λ ∈ ρ(Tg|Lp,α
a ) if and only if the weight

w(z) = |epg(z)/λ|(1− |z|2)α

is integrable (which means precisely that eg/λ ∈ Lp,α
a ) and w̃(z) = w(z)(1 − |z|)−η

satisfies for some η > −1 and p0 > 1 the Bp0(η)-condition. It is shown in [2] that there
exists a function g ∈ B such that eg/λ belongs to the space Lp,α

a for all λ ∈ C \ {0} and
p > 0, yet the spectrum σ(Tg|Lp,α

a ) is always larger than {0}. See [2, Section 5] for details
of the construction of the function g and its properties. It can be see in [2] that g also
satisfies eg/λ ∈ A−α

0 for all λ ∈ C \ {0} and all α > 0. Let w(z) = |eg(z)/λ|(1− |z|2)α.
If λ ∈ ρ(Tg|A−α), then condition (ii) of Theorem 5.3 holds for w for sufficiently large δ,
and consequently by Proposition 5.7 and the results of [2] mentioned above we have that
λ ∈ ρ(Tg|L1,α

a ). It follows that

σ(Tg|A−α) ⊇ σ(Tg|L1,α
a ).

Since σ(Tg|L1,α
a ) is bigger than {0}, thus so is σ(Tg|A−α).
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Generalized Cesàro operators: geometry of spectra and
quasi-nilpotency

Adem Limani, Bartosz Malman

Abstract

For the class of Hardy spaces and standard weighted Bergman spaces of the unit disk
we prove that the spectrum of a generalized Cesàro operator Tg is unchanged if the
symbol g is perturbed to g + h by an analytic function h inducing a quasi-nilpotent
operator Th, i.e. spectrum of Th equals {0}. We also show that any Tg operator
which can be approximated in the operator norm by an operator Th with bounded
symbol h is quasi-nilpotent. In the converse direction, we establish an equivalent
condition for the function g ∈ BMOA to be in the BMOA-norm closure of H∞.
This condition turns out to be equivalent to quasi-nilpotency of the operator Tg on
the Hardy spaces. This raises the question whether similar statement is true in the
context of Bergman spaces and the Bloch space. Furthermore, we provide some gen-
eral geometric properties of the spectrum of Tg operators.

1 Introduction

Let D denote the unit disk of the complex plane C. The generalized Cesàro operator with
analytic symbol g : D → C acts on an analytic function f : D → C by

Tgf(z) =

∫ z

0
f(ζ)g′(ζ) dζ, z ∈ D.

We will for the most part be working in the context of Tg acting on the Hardy spaces
and the standard weighted Bergman spaces. It is a classical result in the theory that Tg is
bounded on the Hardy spaces Hp, for 0 < p < ∞, if and only if the symbol g lies in
the space BMOA (see [6]). The Hardy spaces Hp are defined, as usual, to be the spaces of
analytic functions in D which satisfy

‖f‖pHp := sup
0<r<1

∫
T
|f(rζ)|p dm(ζ) =

∫
T
|f(ζ)|pdm(ζ) < ∞,

where dm denotes the normalized Lebesgue measure on the unit circle T = {z : |z| = 1}
and the last integral is defined by the boundary values of f . The space BMOA is the dual
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of H1 under the usual Cauchy pairing

lim
r→1−

∫
T
f(ζ)g(rζ)dm(ζ), f ∈ H1, g ∈ BMOA.

The weighted Bergman space Lp,α
a , for 0 < p < ∞ and α > −1, consists of analytic

functions in D which satisfy

‖f‖pLp,α :=

∫
D
|f(z)|p(1− |z|2)αdA(z) < ∞,

where dA denotes the normalized area measure. In this case, the criterion for boundedness
of Tg is that the symbol g belongs to the Bloch space B (see, for instance, [2]), which is the
space of analytic functions in D satisfying

sup
z∈D

(1− |z|2)|g′(z)| < ∞.

The purpose of the present paper is to shed light on some spectral properties of Tg

operators, with special emphasis on the quasi-nilpotent operators.
We start by briefly describing a common approach that has been followed with the

purpose of characterizing the spectrum of Tg operators for several classes of Banach spaces
X of analytic functions. We will always implicitly assume that the evaluations f 7→ f(λ)
are bounded on any space considered. Since Tgf(0) = 0 for any g and f , if X contains
functions which do not vanish at z = 0, then Tg is not surjective, and thus the point
0 is always contained in the spectrum. It is also easy to see that the operator Tg has no
eigenvalues, and that for any λ ∈ C\{0} and any analytic h, the equation (I−λ−1Tg)f =
h has the unique solution

f(z) = Rg(λ)h(z) := h(0)e
g(z)
λ + e

g(z)
λ

∫ z

0
e−

g(ζ)
λ h′(ζ) dζ. (1)

Therefore, the operator Tg − λI is invertible on a space X precisely when the operator
Rg(λ) : X → X defined above is bounded on X . Of course, this implies the norm
equivalence ‖f‖X ' ‖Rg(λ)f‖X for f ∈ X . This simple but crucial observation has
been fruitfully employed in the study of the spectrum in [2], and later in [3] and [11], where
connections have been established between the boundedness of Rg(λ) and the theory of
Muckenhoupt weights and Békollé-Bonami weights. These connections will be our prin-
cipal tools when establishing the main results of this paper.

In the Hardy space setting the boundedness of the operator Rg(λ) is equivalent to a
certain weight satisfying a Muckenhoupt A∞-condition. A weight for us will be a positive
measurable function, and theA∞-class will consist of weightsw onT for which there exists
a constant C > 0 such that the following estimate holds for all arcs I ⊆ T:

1

m(I)

∫
I
w dm ≤ C exp

(
1

m(I)

∫
I
logw dm

)
. (2)
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Here m(I) denotes the normalized Lebesgue measure of the arc I . We will also need to
consider the Muckenhoupt A2-class, i.e the weights satisfying

sup
I⊆T

(
1

m(I)

∫
I
w dm

)(
1

m(I)

∫
I
w−1 dm

)
< ∞. (3)

It is straightforward to check that w ∈ A2 if and only if w, w−1 ∈ A∞. By the Hölder
inequality, we can easily prove that A∞ is closed under log-convex combinations, in the
sense that wheneverw1, w2 ∈ A∞ and 0 < r < 1, thenwr

1w
1−r
2 ∈ A∞. See [10, Chapter

9] for more details.
The following result by Aleman and Peláez characterizes the resolvent set ρ(Tg|Hp) in

terms of (2).

Theorem 1.1 (Theorem C of [3]). Assume that λ ∈ C \ {0}, 0 < p < ∞ and g ∈ BMOA.
Then, the following assertions are equivalent:

(i) λ ∈ ρ(Tg|Hp),

(ii) the weight exp(pRe(g(eit)/λ)) satisfies the A∞-condition.

A similar characterization has been obtained by Aleman and Constantin in the Bergman
space setting, and was further refined by Aleman, Pott and Reguera in [5]. There the
Békollé-Bonami weights appear instead, which are the Bergman space counterparts of the
Muckenhoupt weights. The Békollé-Bonami class B2 consists of weights on D satisfying
an analogue of (3):

sup
I⊆T

(
1

A(SI)

∫
SI

w dA

)(
1

A(SI)

∫
SI

w−1 dA

)
< ∞, (4)

where SI denotes the usual Carleson square associated to the arc I ⊆ T:

SI =

{
z ∈ D :

z

|z|
∈ I, 1−m(I) < |z| < 1

}
,

and A(SI) is the normalized area measure of SI . There is an analogue of the A∞-class for
the Békollé-Bonami weights which is often denoted by B∞. The class consists of weights
on D which satisfy

sup
I⊆T

(∫
SI

w dA

)−1(∫
SI

M(w1SI
) dA

)
< ∞,

where M denotes the usual Hardy-Littlewood maximal function over Carleson squares,
and w1SI

is the restriction of w to the square SI . The weights appearing in our context
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will be of the form w(z) = |eg(z)| with g ∈ B, and in the case of such weights the results
of [5] show that the B∞-class can be characterized in a similar way to (2), i.e for all arcs
I ⊆ T:

1

A(SI)

∫
SI

w dA ≤ C exp

(
1

A(SI)

∫
SI

logw dA

)
. (5)

Again, similarly to the Muckenhoupt weights we have that the weights w,w−1 satisfy
(5) if and only if w ∈ B2. Moreover, the weights satisfying (5) are closed under log-convex
combinations.

The condition that appears in the characterization of the spectrum of Tg operators
acting on the weighted Bergman spaces is the following.

Theorem 1.2 (Part of Theorem A of [2], Corollary 4.6 of [5]). Let p > 0, α > −1 and
g ∈ B. For λ ∈ C \ {0} the following are equivalent:

(i) λ ∈ ρ(Tg|Lp,α
a ),

(ii) the weight (1− |z|2)α exp(pRe(g(z)/λ)) satisfies the B∞-condition.

We will use the form of the resolvent in (1) and the conditions of Theorem 1.1 and
Theorem 1.2 in the proofs of our main results. The results are stated in Section 2, together
with a discussion. The proofs are deferred to Section 3.

2 Main results

Our first main result is a spectral stability property. This is a version of a result which
appears in context of so-called growth classes in [11, Theorem 5.4].

Theorem 2.1. Let g, h be analytic functions such that Tg, Th : X → X are bounded, where
X = Hp or X = Lp,α

a and 0 < p < ∞. Suppose that the spectrum σ(Th|X) equals {0}.
Then

σ(Tg+h|X) = σ(Tg|X).

The above stability property has previously been studied and established only in very
special cases, for instance when g′ is a rational function, and h is bounded or induces a
compact operator Th. See, for instance, [13, Theorem 5.2], [2, Theorem B] or [1, Theorem
2.6]. All these cases are covered by Theorem 2.1.

Our next result extends the applicability of Theorem 2.1 by identifying a large class of
quasi-nilpotent Tg operators. The result holds true in a much larger class of spaces than
just the Hardy and Bergman spaces.

30



Theorem 2.2. LetX be a Banach space of analytic functions inD which contains the constants
and such that the algebra B(X) of bounded linear operators onX contains the multiplication
operatorsMh and the generalized Cesàro operators Th whenever h ∈ H∞. Then we have that
σ(Tg|X) = {0} whenever Tg lies in the norm-closure of {Th : h ∈ H∞} in B(X).

The conclusion of Theorem 2.2 also holds in the case of the metric spaces Hp and Lp,α
a

for p ∈ (0, 1), as will be clear from the proof given in Section 3. The result is particularly
useful in case that the space of symbols inducing bounded operators is known, as is the case
for the Hardy and Bergman spaces. For instance, the following consequence is immediate
from the well-known norm comparabilities ‖Tg‖Hp ' ‖g‖BMOA and ‖Tg‖Lp,α

a
' ‖g‖B.

Corollary 2.3. If g lies in the norm-closure of H∞ in BMOA or in the norm-closure of H∞

in B, then we have that σ(Tg|Hp) = {0} and that σ(Tg|Lp,α
a ) = {0}, respectively.

It is natural to ask what can be said about the converse statement. If g ∈ BMOA or
g ∈ B, and the operator Tg is quasi-nilpotent on Hp or on Lp,α

a , is then g necessarily
contained in the closure of H∞ in BMOA, or B, respectively? The Bergman case is related
to a long-standing open problem which will be discussed below. In the case of the Hardy
spaces the converse does hold. In fact we prove a stronger statement, with a nice geometric
flavour.

Theorem 2.4. Let 0 < p < ∞ and g ∈ BMOA. If the spectrum σ(Tg |Hp) does not contain
any non-zero points of the real and imaginary axes, then g lies in the norm-closure of H∞ in
BMOA, and thus σ(Tg |Hp) = {0}.

In the statement of Theorem 2.4 the real and imaginary axes can be replaced by two
arbitrary lines which intersect orthogonally at the origin. To the authors’ best knowledge,
all the explicit computations of spectra of Tg on the Hardy spaces, for particular symbols
g, reveal that if the spectrum is bigger than {0}, then it contains a disk with the origin on
its boundary (see, for instance, [4]). This obviously implies that there are non-zero points
in the spectrum which lie on either the real or imaginary axis.

Theorem 1.1 and Theorem 1.2 provide a deep link between the structure of the spec-
trum and the theory of exponential weights. In our last main result, we show that the
log-convex property of the weight classes implies further properties of the spectrum.

Theorem 2.5. Let X = Hp or X = Lp,α
a for some 0 < p < ∞, and Tg : X → X be

bounded. For every non-zero λ ∈ σ(Tg|X) and every 0 < r < 1 there exists a circular arc
Ir,λ centered at rλ (see Figure 1), such that the circular sector Sr,λ, created by taking the convex
hull of the origin and Ir,λ is contained in σ(Tg|X).

The proof of Theorem 2.4 ultimately relies on distance formulas of Jones and Gar-
nett which are a consequence of the well-known equivalence of the A2-condition and the
Helson-Szegö condition (see Chapter VI of [9]). A similar equivalence is not known in the
case of Békollé-Bonami class B2. In particular the missing link is the rightmost inequality
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Figure 1: Points in the shaded area belong to the spectrum.

of (10) and consequently the problem of establishing the converse of Corollary 2.3 in the
case of the Bergman spaces remains unsolved.

Conjecture. Let g ∈ B be such that the weights exp(Re(g(z)/λ)) satisfy (5) for all λ ∈
C \ {0}. Then g lies in the closure of H∞ in the Bloch norm.

With the characterization of Theorem 1.2 in mind, the conjecture asserts that the quasi-
nilpotency of Tg on the Bergman spaces is equivalent to g lying in the closure of H∞ in
the Bloch space. The problem of characterizing this closure has been first stated in [12] and
remains open to this date. However, there exist results by Galán and Nicolau [7] where a
characterization of the closure of the Hp-spaces in the Bloch space is obtained in terms of
square-type functions. This characterization does unfortunately not extend to H∞, as was
shown by a counterexample in [8].

3 Proofs

Proof of Theorem 2.1. We treat the case when Tg and Th act on the Hp-spaces. We shall
prove the inclusion ρ(Tg|Hp) ⊆ ρ(Tg+h|Hp). The reverse inclusion follows by consider-
ing g + h and −h instead of g and h.
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Fix λ ∈ ρ(Tg|Hp). Then by Theorem 1.1 the weight exp(pRe(g(eit)/λ)) satisfies
the condition (2), and since the set ρ(Tg|Hp) is open, the same holds for the weight

w1(e
it) = exp(pp′Re(g(eit)/λ))

whenever p′ > 1 is sufficiently close to 1. On the other hand, the weight

w2(e
it) = exp(pq′Re(h(eit)/λ))

satisfies the condition (2) for all real q′ by Theorem 1.1 and the assumption thatσ(Th|Hp) =
{0}. Let us now fix p′, q′ > 1 such that 1/p′ + 1/q′ = 1 and so that w1 satisfies (2). Let

w(eit) = exp(pRe((g(eit) + h(eit))/λ)).

Note that w = w
1/p′

1 w
1/q′

2 . To show that λ ∈ ρ(Tg+h|Hp) we now verify (2) for w:

1

m(I)

∫
I
w dm ≤

( 1

m(I)

∫
I
w1 dm

)1/p′( 1

m(I)

∫
I
w2 dm

)1/q′
≤ C exp

( 1

m(I)

∫
I
(1/p′) logw1 dm

)
· exp

( 1

m(I)

∫
I
(1/q′) logw2 dm

)
= C exp

( 1

m(I)

∫
I
(1/p′) logw1 + (1/q′) logw2 dm

)
= C exp

( 1

m(I)

∫
I
logw dm

)
.

This proves the theorem for the case X = Hp. The case X = Lp,α
a is treated in an

analogous way, by using instead the characterization of Theorem 1.2, the openness of the
resolvent set and Hölder’s inequality. We leave out the details of the computation which
are similar to the above one.

Proof of Theorem 2.2. Fixλ ∈ C\{0}. Pickh ∈ H∞ with ‖Tg−Th‖B(X) = ‖Tg−h‖B(X)

small enough for the operator Tg−h−λI to be invertible. For the constant function 1 ∈ X
we have

Rg(λ)1 = e
h
λ e

g−h
λ = Meh/λRg−h(λ)1 ∈ X.

On the other hand, if f ∈ X with f(0) = 0, then

Rg(λ)f(z) = e
g(z)
λ

∫ z

0
e−

g(ζ)
λ f ′(ζ) dζ

= e
h(z)
λ e

g(z)−h(z)
λ

∫ z

0
e−

g(ζ)−h(ζ)
λ e−

h(ζ)
λ f ′(ζ) dζ

= e
h(z)
λ e

g(z)−h(z)
λ

∫ z

0
e−

g(ζ)−h(ζ)
λ

[
(e−

h(ζ)
λ f(ζ))′ − e−

h(ζ)
λ

h′(ζ)

λ
f(ζ)

]
dζ

= Meh/λRg−h(λ)Me−h/λf(z) +Meh/λRg−h(λ)Te−h/λf(z).
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Note that since h ∈ H∞, also e±h/λ ∈ H∞ and thus the last line above is a sum of
compositions of bounded operators on X . The operator Rg(λ) is therefore itself bounded
on X .

In order to prove Theorem 2.4, we will need a lemma which establishes the comparabil-
ity of the distance to H∞ of a BMOA-function in BMO-norm to the distance to L∞(T)
in BMO-norm. According to [9], such a result seems to originate back to the work of D.
Sarason in [14]. However, we have not been able to find an explicit proof of this result. For
the sake of being self-contained, we include a short proof.

Lemma 3.1. There exists C > 0, such that whenever g ∈ BMOA,

inf
f∈H∞

‖g − f‖BMO ≤ C inf
h∈L∞

‖g − h‖BMO (6)

Proof. Without loss of generality, we may assume that g(0) = 0. Now let {hn}n∈N ⊂
L∞(T) be a sequence which minimizes the BMO-distance from g to L∞(T). By simple
triangle inequality, we have for all n ∈ N

inf
f∈H∞

‖g − f‖BMO ≤‖g − hn‖BMO + inf
f∈H∞

‖hn − f‖BMO . (7)

To estimate the second norm, we use the straightforward continuous embeddingL∞(T) ↪→
BMO and the relation

(
H1

0

)⊥
= H∞ to get

inf
f∈H∞

‖hn − f‖BMO ≤ 2 inf
f∈H∞

‖hn − f‖∞ = 2 sup
F∈H1

0
∥F∥H1≤1

∣∣∣∣∫
T
Fhndm

∣∣∣∣ . (8)

Since the Szegö projection P is self-adjoint and P (g) = 0, we can write∫
T
Fhndm = lim

r→1−

∫
T
P (F )(rζ)hn(ζ)dm(ζ) = lim

r→1−

∫
T
F (ζ)P (hn − g)(rζ)dm(ζ).

(9)
Now using duality on (9) and the fact that P : BMO → BMOA, we obtain

sup
F∈H1

0
∥F∥H1≤1

∣∣∣∣∫
T
Fhndm

∣∣∣∣ ≤ c
∥∥∥P (hn − g)

∥∥∥
BMO

≤ c′‖hn − g‖BMO .

Hence according to (8), we have established that inff∈H∞‖hn − f‖BMO .‖hn − g‖BMO,
thus going back to (7), we ultimately arrive at

inf
f∈H∞

‖g − f‖BMO ≤ C‖g − hn‖BMO .

Letting n → ∞ finishes the proof of the lemma.
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Proof of Theorem 2.4. Fix 0 < p < ∞ and suppose we have an analytic function g ∈
BMOA, with the property that σ(Tg|Hp) ∩ (R ∪ iR) = {0}. Set w1 := exp(Re(g))
and w2 := exp(Im(g)). Now since λ, iλ ∈ ρ(Tg|Hp) for all λ ∈ R \ {0}, Theorem 1.1

yields that the weights w1/λ
1 , w

1/λ
2 both satisfy the A∞-condition for all λ ∈ R \ {0}. In

particular, since both the weights w1/λ
j , w

−1/λ
j satisfy the A∞-condition for j = 1, 2, the

weights w1/λ
1 , w

1/λ
2 are in fact A2-weights, for all λ > 0. A well-known consequence of

the Helson-Szegö theorem (see [9, Chapter VI, Section 6]) is that there exists a constant
c > 0 such that for all real-valued φ ∈ BMO we have

1

c
λ(φ) ≤ inf

h∈L∞
‖φ− h‖BMO ≤ cλ(φ) (10)

where λ(φ) = inf
{
λ > 0 : eϕ/λ ∈ A2

}
. Applying this fact to Re(g), Im(g) ∈ BMO,

we get that infh∈L∞
∥∥Re(g)− h

∥∥
BMO = infh∈L∞

∥∥Im(g)− h
∥∥
BMO = 0, thus

infh∈L∞‖g − h‖BMO = 0. According to Lemma 3.1, this is enough to conclude the
proof.

Before moving on to the proof of Theorem 2.5 we establish a preliminary lemma.

Lemma 3.2. LetX = Hp orX = Lp,α
a for some 0 < p < ∞. Then the spectrum σ(Tg|X)

is star-shaped with respect to the origin, that is, if λ ∈ σ(Tg|X), then rλ ∈ σ(Tg|X) for each
r ∈ [0, 1]. In particular, the spectrum is always simply connected.

Proof. Without loss of generality we may assume that σ(Tg|X) \ {0} is non-trivial. Now
suppose that there exists 0 < r < 1 and a non-zero point λ0 ∈ σ(Tg|X), such that
rλ0 ∈ ρ(Tg|X). We will show that this implies that λ0 is not in the spectrum, and
thus the claim of the lemma will be established. We shall carry out the proof in the case
X = Lp,α

a . According to Theorem 1.2 it suffices to establish that the weight wα(z) =
vα(z) exp

(
pRe(g(z)/λ0)

)
satisfies the B∞-condition, where vα(z) = (1−|z|2)α. We

assumed that vα exp
(
pRe(g/rλ0))

)
satisfies the B∞-condition, hence applying Hölder’s

inequality followed by the B∞-condition, we obtain

1

A(SI)

∫
SI

wαdA

≤

 1

A(SI)

∫
SI

vα exp

(
pRe

(
g

rλ0

))
dA

r(
1

A(SI)

∫
SI

vαdA

)1−r

. exp

 1

A(SI)

∫
SI

log

vα exp(pRe( g

rλ0

)) dA


r(

1

A(SI)

∫
SI

vαdA

)1−r
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. exp

 1

A(SI)

∫
SI

log

vα exp(pRe( g

rλ0

)) dA


r

× exp

(
1

A(SI)

∫
SI

log(vα)dA

)1−r

= exp

(
1

A(SI)

∫
SI

log(wα)dA

)
.

In the second last step we also used the B∞-condition on the standard weights vα, which
follows from the simple fact that the Bergman projectionPα is bounded onLp,α. Hence by
Theorem 1.2, we conclude thatλ0 ∈ ρ(Tg|Lp,α

a ), which contradicts our initial assumption,
thus the theorem is proved in the case X = Lp,α

a . The case X = Hp is more straightfor-
ward and treated analogously, using instead the characterization of Theorem 1.1.

Proof of Theorem 2.5. This time, we carry out the proof in the case X = Hp, where the
Bergman case is similar. Pick λ ∈ σ(Tg|Hp) \ {0}. By means of multiplying g with a
unimodular constant, which corresponds to rotating the spectrum, we may without loss
of generality assume that λ > 0. Now fix 0 < r < r′ < 1 and consider the circular arc
parametrization γr(t) = rλeit, −π < t ≤ π. Notice that

Re

(
g

γr(t)

)
=

Re(g)

rλ
cos(t) +

Im(g)

rλ
sin(t) =

Re(g)
r

cos(t) · λ
+

Im(g)
r

sin(t) · λ
(11)

Let
∣∣σ(Tg|Hp)

∣∣ denote the spectral radius of the operator Tg on Hp. Denote by Jr,λ the
interval consisting of t for which r

cos(t) ≤ r′ and r(1−r′)λ

r′|sin(t)| >
∣∣σ(Tg|Hp)

∣∣, i.e.

|t| ≤ min
{
arccos(r/r′), arcsin

(
r(1− r′)λ/r′

∣∣σ(Tg|Hp)
∣∣)} .

Then by Theorem 1.1 and the star-shaped property of the spectrum, we have that the weight

ur
′

t := exp

(
Re(g)
r

r′ cos(t) · λ

)
/∈ A∞ ∀t ∈ Jr,λ, (12)

while vr
′/(1−r′)

t := exp

(
Im(g)

r(1−r′)λ
r′ sin(t)

)
∈ A∞, for all t ∈ Jr,λ. Since the interval Jr,λ is sym-

metric around zero and the sine-function is odd, we have that v−t = v−1
t , thus v−r′/(1−r′)

t

is also an A∞-weight. Setting wt = exp

(
Re
(

g
γr(t)

))
we can rewrite v−1

t wt = ut. For

the sake of obtaining a contradiction, suppose wt0 ∈ A∞, for some t0 ∈ Jr,λ, which
by Theorem 1.1 corresponds to the assumption that γr(t0) ∈ ρ(Tg|Hp). Now since
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v
−r′/(1−r′)
t0

is an A∞-weight and the A∞-class is closed under log-convex combinations,
we get that

ur
′

t0 = v−r′

t0
wr′
t0 =

(
v
−r′/(1−r′)
t0

)1−r′

wr′
t0 ∈ A∞. (13)

This contradicts our initial assumption in (12). We have thus established that the circu-
lar arc corresponding to Jr,λ, defined by Ir,λ := {rλeit : t ∈ Jr,λ}, is contained in
σ(Tg|Hp). Taking convex hulls of the origin and Ir,λ, we conclude by Lemma 3.2 that
the corresponding circular sector Sr,λ is included in the spectrum.

Acknowledement. The authors want to express their gratitude towards Alexandru Ale-
man, for our useful discussions and his ideas surrounding this work, in particular a sugges-
tion for an elegant proof of Theorem 2.2.
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Density of disc algebra functions in de
Branges-Rovnyak spaces

Alexandru Aleman, Bartosz Malman

Abstract

Weprove that functions analytic in the unit disk and continuous up to the bound-
ary are dense in the de Branges-Rovnyak spaces induced by the extreme points of the
unit ball of H∞. Together with previous theorems it follows that this class of func-
tions is dense in any de Branges-Rovnyak space.

1 Introduction

Let H∞ be the algebra of bounded analytic functions in the unit disk D in the complex
plane, and denote byA the disc algebra, i.e. the subalgebra ofH∞ consisting of functions
which extend continuously to the closed disk. The Hardy space H2 consists of power
series in D with square-summable coefficients. If T denotes the unit circle, we identify as
usualH2 with the closed subspace ofL2(T) consisting of functions whose negative Fourier
coefficients vanish. The orthogonal projection from L2(T) onto H2 is denoted by P+.

For ϕ ∈ L∞(T) let Tϕ denote the Toeplitz operator onH2 defined by Tϕf = P+ϕf .
Given b ∈ H∞ with ∥b∥∞ ≤ 1 we define the corresponding de Branges-Rovnyak space
H(b) as

H(b) = (1− TbTb)
1/2H2.

H(b) is endowed with the unique norm which makes the operator (1− TbTb)
1/2 a partial

isometry from H2 onto H(b). Alternatively, H(b) is defined as the reproducing kernel
Hilbert space with kernel

kb(z, λ) =
1− b(λ)b(z)

1− λz
.

H(b)-spaces are naturally split into two classes with fairly different structures according
to whether the quantity

∫
T log(1−|b|) dm is finite or not. Herem denotes the normalized

arc-length measure on T. The present note concerns the approximation ofH(b)-functions
by functions in A∩H(b) and from the technical point of view there is a major difference
between the two classes, which we shall briefly explain.

If |
∫
T log(1 − |b|) dm| < ∞, or equivalently, if b is a non-extreme point of the unit

ball ofH∞, thenH(b) contains all functions analytic in a neighborhood of the closed unit
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disk (see section (IV-6) of [9]). By a theorem of Sarason, the polynomials form a norm-
dense subset of the space (see section (IV-3) of [9]). An interesting feature of the proofs
of density of polynomials in an H(b)-space is that the usual approach of approximating a
function f first by its dilations fr(z) = f(rz), and then by their truncated Taylor series,
or by their Cesàro means, does not work. Sarason’s intial proof of density of polynomials
is based on a duality argument. In recent years a more involved constructive polynomial
approximation scheme has been obtained in [7].

The picture changes dramatically in the case when |
∫
T log(1 − |b|) dm| = ∞, or

equivalently when b is an extreme point of the unit ball of H∞. Then it is in general a
difficult task to identify any functions in the space other than the reproducing kernels, and
it might happen that H(b) contains no non-zero function analytic in a neighborhood of
the closed disk. A special class of extreme points are the inner functions. If b is inner then
H(b) = H2⊖bH2 with equality of norms, and it is a consequence of a celebrated theorem
of Aleksandrov [1] that in this case the intersection A ∩ H(b) is dense in the space. The
result is surprising since, as pointed out above, in most cases it is not obvious at all that
H(b) contains any non-zero function in the disk algebra A.

Motivated by the situation described here, E. Fricain [5], raised the natural question
whether Aleksandrov’s result extends to all otherH(b)-spaces induced by extreme points b
of the unit ball of H∞. It is the purpose of this note to provide an affirmative answer to
this question, contained in the main result below.

Theorem 1. If b is an extreme point of the unit ball of H∞, then A ∩H(b) is a dense subset
ofH(b).

Together with Sarason’s result [9] on the density of polynomials in the non-extreme case,
it follows that the intersection A ∩ H(b) is dense in the space H(b) for any b in the unit
ball of H∞. Our proof of Theorem 1 is deferred to Section 3 and relies on a duality ar-
gument. Therefore, just as the earlier proofs of Sarason and Aleksandrov, our approach is
non-constructive. Section 2 serves to establish some preliminary results.

2 Preliminaries

2.1 The norm on H(b). An essential step is the following useful representation of the
norm in H(b). The authors have originally deduced the result using the techniques in [3]
(see also [2, Chapter 3]), but once the goal is identified, several available techniques provide
simpler proofs. For example, the proposition below can be deduced from results in [9]. For
the sake of completeness, we include a new shorter proof.

Proposition 2. Let b be an extreme point of the unit ball of H∞ and let

E = {ζ ∈ T : |b(ζ)| < 1}.
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Then for f ∈ H(b) the equation

P+bf = −P+

√
1− |b|2g.

has a unique solution g ∈ L2(E), and the map J : H(b) → H2 ⊕ L2(E) defined by

Jf = (f, g),

is an isometry. Moreover,

J(H(b))⊥ =
{
(bh,

√
1− |b|2h) : h ∈ H2

}
.

Proof. Let
K =

{
(bh,

√
1− |b|2h) : h ∈ H2

}
⊂ H2 ⊕ L2(E)

and let P1 be the projection from H2 ⊕ L2(E) onto the first coordinate H2, i.e.,
P1(f, g) = f . We observe first that P1|K⊥ is injective. Indeed, if K⊥ contains a tu-
ple of the form (0, g), then it follows that∫

T
ζ
n
g(ζ)

√
1− |b(ζ)|2 dm(ζ) = 0, n ≥ 0,

and consequently the function g
√

1− |b|2 coincides a.e. with the boundary values of the
complex conjugate of a function f ∈ H2

0 . But the assumption that b is an extreme point
then implies that

∫
T log |f | dm = −∞, and since f ∈ H2, we conclude that f = 0,

i.e, g = 0. Thus, the space H = P1K
⊥ with the norm ∥f∥H = ∥P−1

1 f∥H2⊕L2(E) is a
Hilbert space of analytic functions on D, contractively contained inH2, in particular, it is
a reproducing kernel Hilbert space. We now show thatH equalsH(b) by verifying that the
reproducing kernels of the two spaces coincide. This follows from a simple computation.
For λ ∈ D, the tuple

(fλ, gλ) =
(1− b(λ)b(z)

1− λz
,−

b(λ)
√

1− |b(z)|2

1− λz

)
=

( 1

1− λz
, 0
)
−

(b(λ)b(z)
1− λz

,
b(λ)

√
1− |b(z)|2

1− λz

)
is obviously orthogonal to K, while the last tuple on the right hand side is in K, so that
fλ is the reproducing kernel inH, which obviously equals the reproducing kernel inH(b).
The first assertion in the statement is now self-explanatory.

43



2.2 Cauchy transforms and two classical theorems. The dual A′ of the disk
algebraA can be identified with the space C of Cauchy transforms of finite Borel measures
on T. The Cauchy transform Cµ of a measure µ is given by

Cµ(z) =

∫
T

1

1− zζ
dµ(ζ),

and the duality between A and C is given by the pairing

⟨f, Cµ⟩ = lim
r→1−

∫
T
f(ζ)Cµ(rζ)dm(ζ) =

∫
T
fdµ.

A proof of this fact can be found, for example, in Section 4.2 of [6]. The space C is en-
dowed with the obvious quotient norm and is continuously contained in allHp spaces for
0 < p < 1.

Recall that analytic functions f in D satisfy sup0<r<1

∫
T log

+ |fr|dm < ∞ if and
only if they are quotients of H∞-functions, in particular they have finite nontangential
limits a.e. on T which define a boundary function denoted also by f . The class N+(D)
consists of quotients ofH∞-functions such that the denominator can be chosen to be outer.
It contains in particular all Hardy spaces Hp, p > 0.

Two classical theorems will play an important role in the proof of Theorem 1. The
first is the following theorem of Vinogradov, which also plays a crucial role in the proof of
Aleksandrov’s result. A proof of the below theorem the can be found in [10].

Theorem 3. Let f ∈ C. If I is an inner function such that f/I ∈ N+(D), then f/I ∈ C
and ∥f/I∥ ≤ ∥f∥.

The second is the Khintchin-Ostrowski theorem, and it reads as follows. A proof can
be found in Section 3.2 of [8].

Theorem 4. Let {fn}∞n=1 be a sequence of functions analytic in the unit disk satisfying the
following conditions:

(i) There exists a constant C > 0 such that for all n ≥ 1 we have

sup
0<r<1

∫
T
log+(|fn(rζ)|)dm(ζ) ≤ C.

(ii) On some set E ⊆ T of positive Lebesgue measure, the sequence fn converges in measure
to a function ϕ.

Then the sequence fn converges uniformly on compact subsets of the unit disk to a function
f ∈ N+(D), and moreover f = ϕ a.e. on E.
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3 Proof of the main result

Due to Proposition 2 we can now implement Aleksandrov’s strategy from [1] which will then
be combined with Theorem 3 and Theorem 4. The following result extends Alexandrov’s
approach to the context of H(b)-spaces, when b is extremal in the unit ball of H∞.

Lemma 5. Let b : D → D be analytic, E = {ζ ∈ T : |b(ζ)| < 1}, B = A⊕ L2(E) and
B′ = C ⊕ L2(E). Then the set

S = {(Cµ, h) : Cµ/b ∈ N+(D), Cµ/b = h/
√

1− |b|2 a.e. on E}

is weak-* closed in B′.

Proof. SinceA⊕L2(E) is separable and S is a linear subspace, it will be sufficient to show
that S is weak-* sequentially closed (see Theorem 5, p.76 of [4]). Let (Cµn, hn) converge
weak-* to (Cµ, h), where (Cµn, hn) ∈ S for n ≥ 1. Equivalently, hn → h weakly in
L2(E), and

sup
n

∥Cµn∥ < ∞. lim
n→∞

Cµn(z) = Cµ(z), z ∈ D.

Now by passing to a subsequence and the Cesàro means of that subsequence we can as-
sume that hn → h in the L2-norm. Finally, using another subsequence we may also
assume that hn → h pointwise a.e. on E. Let Ib be the inner factor of b. Since
Cµn/Ib ∈ N+(D), it follows byTheorem 3 that {Cµn/Ib}∞n=1 is a bounded sequence in
C converging pointwise on D to Cµ/Ib. This implies weak-* convergence in C, in partic-
ular, Cµ/Ib ∈ C ⊂ N+(D), and consequently, Cµ/b ∈ N+(D). Moreover, we have a.e.
on E that Cµn/b = hn/

√
1− |b|2 which converges pointwise to h/

√
1− |b|2, hence

we conclude that the sequence Cµn converges in measure to some function ϕ on E. Fix
any p ∈ (0, 1). Then∫

T
log+(|Cµn(rζ)|)dm(ζ) .

∫
T
|Cµn(rζ)|pdm(ζ) . sup

n
∥Cµn∥p < ∞.

Thus the assumptions ofTheorem 4 are satisfied, and so (a subsequence of )Cµn converges
a.e. on E to Cµ. This clearly implies Cµ/b = h/

√
1− |b|2 a.e. on E, i.e. (Cµ, h) ∈ S.

We are now ready to complete the proof of the main theorem.

Proof of Theorem 1. Let J denote the embedding in Proposition 2. Based on the pairing
described at the beginning of Section 2.2, a direct application of Proposition 2 gives

J(A ∩H(b)) = ∩h∈H2 ker lh,

where the functionals lh are identified with elements of C ⊕ L2(E) as

lh =
(
hb, h

√
1− |b|2

)
.
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It is a consequence of the Hahn-Banach theorem that the annihilator J(A∩H(b))⊥ is the
weak-* closure of the set of the functionals lh. Since for all h ∈ H2 we have lh ∈ S, the
set considered in Lemma 5, by the lemma we conclude that J(A ∩H(b))⊥ ⊂ S. Thus if
f ∈ H(b) is orthogonal to A ∩H(b), we must have Jf ∈ S, that is

Jf = (hb, h
√

1− |b|2)

for some h ∈ N+(D). The boundary values of h satisfy∫
T
|h|2dm =

∫
T
|bh|2dm+

∫
T
(1− |b|2)|h|2dm = ∥f∥2

and hence by the Smirnovmaximumprinciple we have h ∈ H2. But then by Proposition 2,
Jf ∈ J(H(b))⊥, which gives Jf = 0 and the proof is complete.

Acknowledgement. We are very grateful to the referee for valuable suggestions, which
have considerably improved the exposition.
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Hilbert spaces of analytic functions with a contractive
backward shift

Alexandru Aleman, Bartosz Malman

Abstract

We consider Hilbert spaces of analytic functions in the disk with a normalized
reproducing kernel and such that the backward shift f(z) 7→ f(z)−f(0)

z is a con-
traction on the space. We present a model for this operator and use it to prove the
surprising result that functions which extend continuously to the closure of the disk
are dense in the space. This has several applications, for example we can answer a
question regarding reverse Carleson embeddings for these spaces. We also identify a
large class of spaces which are similar to the de Branges-Rovnyak spaces and prove
some results which are new even in the classical case.

1 Introduction

Let D be the unit disk of the complex plane C. The present paper is concerned with the
study of a class of Hilbert spaces of analytic functions on which the backward shift operator
acts as a contraction. More precisely, let H be a Hilbert space of analytic functions such
that

(A.1) the evaluation f 7→ f(λ) is a bounded linear functional onH for each λ ∈ D,

(A.2) H is invariant under the backward shift operator L given by

Lf(z) =
f(z)− f(0)

z
,

and we have that
‖Lf‖H ≤ ‖f‖H, f ∈ H,

(A.3) the constant function 1 is contained in H and has the reproducing property〈
f, 1
〉
H = f(0) f ∈ H.

Here
〈
·, ·
〉
H denotes the inner product in H. By (A.1), the space H comes equipped with

a reproducing kernel kH : D× D → C which satisfies〈
f, kH(·, λ)

〉
H = f(λ), f ∈ H.
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The condition (A.3) is a normalization condition which ensures that kH(z, 0) = 1 for all
z ∈ D. The first example that comes to mind is a weighted version of the classical Hardy
space, where the norm of an element f(z) =

∑∞
k=0 fkz

n is given by

‖f‖2w =
∞∑
k=0

wk|fk|2

with w = (wk)
n
k=0 a nondecreasing sequence of positive numbers wk, and w0 = 1. More

generally, the conditions are fulfilled in any L-invariat Hilbert space of analytic functions
in D with a normalized reproducing kernel on which the forward shift operatorMz , given
byMzf(z) = zf(z), is expansive (‖Mzf‖H ≥ ‖f‖H). Moreover, any L-invariant sub-
space of such a space of analytic functions satisfies the axioms as well if it contains the
constants. A more detailed list of examples will be given in the next section. It includes de
Branges-Rovnyak spaces, spaces of Dirichlet type and their L-invariant subspaces. Despite
the conditions being rather general, it turns out that they imply useful common structural
properties of these function spaces. The purpose of this paper is to reveal some of those
properties and discuss their applications.

The starting point of our investigation is the following formula for the reproducing
kernel. The spaceH satisfies (A.1)-(A.3) if and only if the reproducing kernel kH ofH has
the form

kH(z, λ) =
1−

∑
i≥1 bi(λ)bi(z)

1− λz
=

1−B(z)B(λ)∗

1− λz
, B(0) = 0, (1)

where B is the analytic row contraction into l2 with entries (bi)i≥1. This follows easily
from the positivity of the operator IH−LL∗ and will be proved in Proposition 2.1 below.

The representation in (1) continues to hold in the case when H consists of vector-
valued functions, with B an analytic operator-valued contraction. Such kernels have been
considered in [9] where they are called de Branges-Rovnyak kernels. This representation of
the reproducing kernel in terms ofB is obviously not unique. We shall denote throughout
by [B] the class of B with respect to the equivalence B1 ∼ B2 ⇔ B1(z)B

∗
1(λ) =

B2(z)B
∗
2(λ), z, λ ∈ D, and by H[B] the Hilbert space of analytic functions satisfying

(A.1)-(A.3) for which the reproducing kernel is given by (1).

Definition 1.1. The spaceH[B] is of finite rank if there existsC ∈ [B], C = (c1, c2, . . .)
and an integer N ≥ 1 with cn = 0, n ≥ N . The rank of H[B] is defined as the minimal
number of nonzero terms which can occur in these representations.

Note that if H[B] is of finite rank and C ∈ [B], C = (c1, . . . , cn, . . .) has the
minimum number of nonzero terms, then these must be linearly independent. The rank-
zero case corresponds to the Hardy space H2, while rank-one spaces are the classical de
Branges-Rovnyak spaces. These will be denoted by H(b) (see [17], [18] for an accessible
treatment of the theory of these spaces).
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Our basic tool for the study of these spaces is a model for the contraction L on H.
The intuition comes from a simple example, namely a de Branges-Rovnyak space H(b)
where b is a non-extreme point of the unit ball ofH∞. Then there exists an analytic outer
function a such that |b|2+ |a|2 = 1 on T, and we can consider theMz-invariant subspace
U = {(bh, ah) : h ∈ H2} ⊂ H2 ⊕ H2. Sarason proved (see Section IV-7 of [30])
that there is an isometric one-to-one correspondence f 7→ (f, g) between the elements
ofH(b) and the tuples in the orthogonal complement of U , and the intertwining relation
Lf 7→ (Lf,Lg) holds.

One of the main ideas behind the results of this paper is that, based on the structure
of the reproducing kernel, a similar construction can be carried out for any Hilbert space
satisfying (A.1)-(A.3). As is to expect, in this generality the objects appearing in our model
are more involved, in particular the direct sum H2 ⊕ H2 needs to be replaced by the
direct sum of H2 with an Mz-invariant subspace of a vector-valued L2-space. Details of
this construction, which extend to the vector-valued case as well, will be given in Section
2. This model is essentially a special case of the functional model of Sz.-Nagy-Foias for a
general contractive linear operator (see Chapter VI of [31]). Moreover, it has a connection
to a known norm formula (see e.g. [5], [7], [8]) which played a key role in the investigation
of invariant subspaces in various spaces of analytic functions. We explain this connection
in Section 2.4.

The advantage provided by this point of view is a fairly tractable formula for the norm
on such spaces. Our main result in this generality is the following surprising approximation
theorem. Recall that the disk algebraA is the algebra of analytic functions inDwhich admit
continuous extensions to clos(D).

Theorem 1.1. Let H be a Hilbert space of analytic functions which satisfies (A.1)-(A.3). Then
any backward shift invariant subspace of H contains a dense set of functions in A.

The proof of Theorem 1.1 is carried out in Section 3 and the argument covers the finite
dimensional vector-valued case as well. Our approach is based on ideas of Aleksandrov [2]
and the authors [6], however due to the generality considered here the proof is different
since it avoids the use of classical theorems of Vinogradov [32] and Khintchin-Ostrowski
[20, Section 3.2].

Several applications of Theorem 1.1 are presented in Section 4. One of them concerns
the case when H satisfies (A.1)-(A.3) and, in addition, it is invariant for the forward shift.
We obtain a very general Beurling-type theorem forMz-invariant subspaces which requires
the use of Theorem 1.1 in the vector-valued case.

Corollary 1.2. Let H be a Hilbert space of analytic functions which satisfies (A.1)-(A.3) and
is invariant for the forward shift Mz . For a closed Mz-invariant subspace M of H with
dimM	MzM = n < ∞, let φ1, . . . φn be an orthonormal basis in M	MzM, and
denote by ϕ the corresponding row operator-valued function. Then

M = ϕH[C], (2)
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where H[C] consists of Cn-valued functions and the mapping g 7→ ϕg is an isometry from
H[C] onto M. Moreover,

{
n∑

i=0

φiui : ui ∈ A, 1 ≤ i ≤ n} ∩ H (3)

is a dense subset of M.

The dimension of M 	 Mz	 is the index of the Mz-invariant subspace M. We
note that (2) continues to hold when the index is infinite. In fact, this dimension can be
arbitrary even in the case of weighted shifts (see [16]). We do not know whether (3) holds
in the infinite index case as well. Another natural question which arises is whether one can
replace in (3) the disc algebra A by the set of polynomials. We will show that this can be
done in the case that H[B] has finite rank. For the infinite rank and index case we point
to [26] where sufficient conditions are given under which (3) holds with A replaced by
polynomials and n = ∞.

Theorem 1.1 can be used to investigate reverse Carleson measures on such spaces, a
concept which has been studied in recent years in the context of H(b)-spaces and model
spaces (see [10], [19]). If H ∩A is dense in H, then a reverse Carleson measure for H is a
measure µ on clos(D) such that ‖f‖2H ≤ C

∫
clos(D) |f |

2dµ for f ∈ H∩A. InTheorem 4.4

we prove that if the norm in H[B] satisfies the identity

‖Lf‖2 = ‖f‖2 − |f(0)|2 (4)

then the space cannot admit a reverse Carleson measure unless it is a backward shift in-
variant subspace of the Hardy space H2. A class of spaces in which this identity holds has
been studied in [25], where conditions are given on B which make the identity hold. It
holds in all de Branges-Rovnyak spaces corresponding to extreme points of the unit ball of
H∞, so in particular our theorem answers a question in [10]. On the other hand if H is
Mz-invariant, then reverse Carleson measures may exist and can be characterized in several
ways. For example, in Theorem 4.2 we show that in this case H = H[B] admits a reverse
Carleson measure if and only if g := (1−

∑
i∈I |bi|2)−1 ∈ L1(T), and the measure gdm

on T is essentially the minimal reverse Carleson measure for H. The two conditions con-
sidered here yield almost a dichotomy. More precisely, if H[B] satisfies (4) then it cannot
beMz-invariant unless it equals H2.

Another application of Theorem 1.1 gives an approximation result for the orthogo-
nal complements of Mz-invariant subspaces of the Bergman space L2

a(D). These might
consist entirely of functions with bad integrability properties. For example, there are such
subspaces M for which

∫
D |f |2+ϵdA = ∞ holds for all ϵ > 0 and f ∈ M \ {0} (see

Proposition 4.7). Note that primitives of such Bergman space functions are not necessarily
bounded in the disk. However, Corollary 4.8 below shows that the set of functions in M
with a primitive in A is dense in M.
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The second part of the paper is devoted to the special case whenH[B] has finite rank,
according to the definition above. Intuitively speaking, in this case the structure of the
backward shift L resembles more a coisometry. The simplest examples are H2 (rank zero)
and the classical de Branges-Rovnyak spaces H(b) (rank one). Examples of higher rank
H[B]-spaces are provided by Dirichlet-type spacesD(µ) corresponding to measures µwith
finite support in clos(D) (see [27], [3]).

It is not difficult to see that the rank of an H[B]-space is unstable with respect to
equivalent Hilbert space norms. In fact, in [14] it is shown thatD(µ)-spaces corresponding
to a measure with finite support on T admit equivalent norms under which they become
a rank one space. This leads to the fundamental question whether the (finite) rank of
any H[B]-space can be reduced in this way. This question is addressed in Section 5.4. In
Theorem 5.7 we relate the rank of H[B] to the number of generators of a certain H∞-
submodule in the Smirnov class. In particular it turns out (Theorem 5.6) that there exist
H[B]-spaces whose rank cannot be reduced by means of any equivalent norm satisfying
(A.1)-(A.3).

In the case of finite rankH[B]-spaces our model becomes a very powerful tool. We use
it in order to establish analogues of fundamental results from the theory of H(b)-spaces.
Moreover, we improve Corollary 1.2 to obtain a structure theorem forMz-invariant sub-
spaces which is new even in the rank one case. More explicitly, in Theorem 5.2 we show
that a finite rank H[B]-space is Mz-invariant if and only if log(1 − ‖B‖22) is integrable
on T. If this is the case, then we show in Theorem 5.5 that the polynomials are dense in
the space. In Theorem 5.12 we turn to L-invariant subspaces and prove the analoque of a
result of Sarason (see Theorem 5 of [29]), namely that every L-invariant subspace ofH[B]
has the formH[B]∩Kθ, whereKθ = H2	θH2 is a backward shift invariant subspaces of
H2. Concerning the structure ofMz-invariant subspaces we establish the following result.

Theorem 1.3. Let H = H[B] be of finite rank and Mz-invariant. If M is a closed Mz-
invariant subspace ofH, then dimM	MzM = 1 and any non-zero element inM	MzM
is a cyclic vector for Mz|M. Moreover, if ϕ ∈ M	MzM is of norm 1, then there exists a
space H[C] invariant under Mz , where C = (c1, . . . , ck) and k ≤ n, such that

M = ϕH[C]

and the mapping g 7→ ϕg is an isometry from H[C] onto M.

This result follows from Theorem 5.11 below. In fact, the mentioned theorem estab-
lishes a more precise description of the invariant subspace in terms of our model (see part
(iv) of Theorem 5.11).

2 Basic structure

Throughout the paper, vectors and vector-valued functions will usually be denoted by bold-
face letters like c, f , while operators, matrices and operator-valued functions will usually be
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denoted by capitalized boldface letters like B, A. The space of bounded linear operators
between two Hilbert spacesX,Y will be denoted by B(Y,X), and we simply write B(X)
if X = Y . All appearing Hilbert spaces will be assumed separable. The identity operator
on a spaceX will be denoted by IX . The backward shift operation will always be denoted
by L, regardless of the space it acts upon, and regardless of if the operand is a scalar-valued
function or a vector-valued function. The same conventions will be used for the forward
shift operator Mz . If Y is a Hilbert space, then we denote by H2(Y ) the Hardy space
of analytic functions f : D → Y with square-summable Taylor coefficients, and H∞(Y )
is the space of bounded analytic functions from D to Y . The concepts of inner and outer
functions are defined as usual (see Chapter V of [31]). The space L2(Y ) will denote the
space of square-integrable Y -valued measurable functions defined on the circle T, and we
will identifyH2(Y ) as a closed subspace of L2(Y ) in the usual manner by considering the
boundary values of the analytic functions f ∈ H2(Y ). In the case Y = C we will simply
write H2 and L2. The orthogonal complement of H2(Y ) inside L2(Y ) will be denoted
by H2

0 (Y ). The norm in L2(Y ) and its subspaces will be denoted by ‖ · ‖2. The inner
product of two elements f, g in a Hilbert space H will be denoted by

〈
f, g
〉
H.

2.1 Reproducing kernel. As mentioned in the introduction, we will actually work in
the context of vector-valued analytic functions, which will be necessary in order to prove
Theorem 1.1 in full generality. Thus, let X,H be Hilbert spaces, where H consists of
analytic functions f : D → X . The versions of axioms (A.1)-(A.3) in theX-valued context
are:

(A.1’) The evaluation f 7→
〈
f(λ), x

〉
X
is a bounded linear functional onH for each λ ∈ D

and x ∈ X ,

(A.2’) H is invariant under the backward shift operator L given by

Lf(z) =
f(z)− f(0)

z
,

and we have that
‖Lf‖H ≤ ‖f‖H, f ∈ H,

(A.3’) the constant vectors x ∈ X are contained inH and have the reproducing property〈
f , x
〉
H =

〈
f(0), x

〉
X

f ∈ H, x ∈ X.

By (A.1’) there exists an operator-valued reproducing kernel kH : D × D → B(X)
such that for each λ ∈ D and x ∈ X the identity〈

f , kH(·, λ)x
〉
H =

〈
f(λ), x

〉
X

holds for f ∈ H. Axiom (A.3’) implies that kH(z, 0) = IX for each z ∈ D.
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Proposition 2.1. LetH be a Hilbert space of analytic functions which satisfies the axioms (A.1’)-
(A.3’). Then there exists a Hilbert space Y and an analytic function B : D → B(Y,X) such
that for each z ∈ D the operator B(z) : Y → X is a contraction, and

kH(z, λ) =
IX −B(z)B(λ)∗

1− λz
. (5)

In particular, if X = C, then B(z) is an analytic row contraction into l2, i.e. there exist
analytic functions {bi}i≥1 in D such that

kH(λ, z) =
1−

∑
i≥1 bi(z)bi(λ)

1− λz
,
∑
i≥1

|bi(z)|2 ≤ 1, z ∈ D.

If dim(IH−LL∗)H = n <∞, then there exists a representation as above, with bi = 0, i >
n, and such that the functions b1, . . . , bn are linearly independent.

Proof. Let k = kH be the reproducing kernel of H. Fix a vector x ∈ X and λ ∈ D. By
(A.3’) we have〈

f , (k(·, λ)− IX)x/λ
〉
H =

〈
(f(λ)− f(0))/λ, x

〉
X

=
〈
Lf , k(·, λ)x

〉
H

=
〈
f , L∗k(·, λ)x

〉
H.

It follows that
L∗k(z, λ)x =

(k(z, λ)− IX)x

λ

and
(IH − LL∗)k(z, λ)x = k(z, λ)x− (k(z, λ)− IX)x

λz
. (6)

By (A.2’) the operator P := IH−LL∗ is positive. Therefore Pk(·, λ) is a positive-definite
kernel and hence it has a factorization Pk(z, λ) = B̃(z)B̃(λ)∗ for some operator-valued
analytic function B̃ : D → B(Y,X) (see Chapter 2 of [1]). We can now solve for k in (6)
to obtain

k(z, λ) =
IX −B(z)B(λ)∗

1− λz
,

where we have set B(z) := zB̃(z). It is clear from this expression and the positive-
definiteness of k that B(z) must be a contraction for every z ∈ D. If dim(IH − LL∗) <
∞, then the last assertion of the proposition follows in a standard manner from (6) and
the spectral theorem applied to the finite rank operator IH − LL∗.

57



2.2 Model. The spaceH is completely determined by the functionB : D → B(Y,X)
appearing in Proposition 2.1. To emphasize this we will on occasion writeH[B] in place of
H. The function B admits a non-tangential boundary value B(ζ) for almost every ζ ∈ T
(convergence in the sense of strong operator topology), and the operator

∆(ζ) = (IH −B(ζ)∗B(ζ))1/2 (7)

induces in a natural way a multiplication operator from H2(Y ) to L2(Y ). The space
clos(∆H2(Y )) is a subspace of L2(Y ) which is invariant under the operatorMζ given by
Mζg(ζ) = ζg(ζ), ζ ∈ T.This implies that it can be decomposed as

clos(∆H2(Y )) =W ⊕ΘH2(Y1) (8)

whereMζ acts unitarily onW , Y1 is an auxilliary Hilbert space, Θ : T → B(Y1, Y ) is a
measurable operator-valued function such that for almost every ζ ∈ T the operatorΘ(ζ) :
Y1 → Y is isometric, and the functions in W and ΘH2(Y1) are pointwise orthogonal
almost everywhere, i.e,

〈
f(ζ),g(ζ)

〉
Y

= 0 for almost every ζ ∈ T for any pair f ∈ W
and g ∈ ΘH2(Y1) (see Theorem 9 of Lecture VI in [22]). It follows that Θ(ζ)∗f(ζ) = 0
for all f ∈W , and consequently

Θ∗clos(∆H2(Y )) = Θ∗W ⊕Θ∗ΘH2(Y1) = {0} ⊕H2(Y1).

The above computation shows that Θ∗∆ maps H2(Y ) to a dense subset of H2(Y1), and
so standard theory of operator-valued functions implies that there exists an analytic outer
functionA : D → B(Y, Y1) such thatA(ζ) = Θ∗(ζ)∆(ζ) for almost every ζ ∈ T.

Theorem 2.2. There exists an isometric embedding J : H[B] → H2(X) ⊕ clos(∆H2(Y ))
satisfying the following properties.

(i) A function f ∈ H2(X) is contained in H[B] if and only if there exists
g ∈ clos(∆H2(Y )) such that

B∗f +∆g ∈ H2
0 (Y ).

If this is the case, then g is unique and

Jf = (f ,g).

(ii) If Jf = (f ,g) and g = w +Θf1 is the decomposition of g with respect to (8), then

JLf = (Lf , ζw +ΘLf1).

(iii) The orthogonal complement of JH[B] inside H2(X)⊕ clos(∆H2(Y )) is

(JH[B])⊥ = {(Bh,∆h) : h ∈ H2(Y )}.
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Proof. Let K = H2(X) ⊕ clos(∆H2(Y )), U = {(Bh,∆h) : h ∈ H2(Y )} and note
that U is a closed subspace of K. Let P be the projection taking a tuple (f ,g) ∈ K to
f ∈ H2(X). Then P is injective on K 	 U . Indeed, if (0,g) is orthogonal to U , then
g ∈ clos(∆H2(Y )) is orthogonal to ∆H2(Y ), and hence g = 0. Any analytic function
f can thus appear in at most one tuple (f ,g) ∈ K 	 U . We define H0 = P (K 	 U) as
the space of analytic X-valued functions with the norm

‖f‖2H0
:= ‖f‖22 + ‖g‖22.

We will see that H[B] = H0 by showing that the reproducing kernels of the two spaces
are equal. Note that for each c ∈ X the tuple

kc,λ =

(
(IX −B(z)B(λ)∗)c

1− λz
,
−∆(ζ)B(λ)∗c

1− λz

)
∈ K

is orthogonal to U , and therefore its first component Pkc,λ defines an element of H0.
Moreover, it follows readily from our definitions that for any f ∈ H0 we have〈

f , Pkc,λ
〉
H0

=
〈
f(λ), c

〉
X
.

Thus the reproducing kernel of H0 equals the one given by (5), and so H[B] = H0.
It is clear from the above paragraph that a function f ∈ H2(X) is contained in H[B]

if and only if there exists g ∈ clos(∆H2(Y )) such that (f ,g) is orthogonal to (Bh,∆h)

for all h ∈ H2(Y ), that is to say, if and only if B(ζ)∗f(ζ) + ∆(ζ)g(ζ) ∈ H2
0 (Y ). If we

let J = P−1, then Jf = (f ,g), and part (i) follows. Part (iii) holds by construction. In
order to prove (ii), it will be sufficient by (i) to show that

B∗Lf +∆(ζw +ΘLf1) ∈ H2
0 (Y ). (9)

LetA = Θ∗∆ be the analytic function mentioned above. We have that

ζ(B∗f +∆g) = ζB∗f +∆ζw + ζA∗f1 ∈ H2
0 (Y ). (10)

The term A∗Lf1 differs from ζA∗f1 only by a function in H2
0 (Y ), and the same is true

for B∗Lf and ζB∗f . Thus (9) follows from (10).

2.3 Analytic model. The model of Theorem 2.2 can be greatly simplifed ifW = {0}
in the decomposition (8). The condition for when this occurs can be expressed in terms of
L.

Corollary 2.3. We have W = {0} in (8) if and only if ‖Lnf‖H[B] → 0 as n → ∞, for all
f ∈ H[B].
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Proof. Assume first thatW = {0}. If Jf = (f ,Θh), then by (ii) of Theorem 2.2 we have
that

‖Lnf‖2H[B] = ‖Lnf‖22 + ‖Lnh‖22
which clearly tends to 0 as n→ ∞.

Conversely, note that the convergence of Lnf to zero implies that if Jf = (f ,g)
and g = w + Θh is the decomposition of g with respect to (8), then w = 0 (else
limn→∞ ‖Lnf‖H[B] ≥ ‖w‖2 by (ii) ofTheorem 2.2). Thus for anyw ∈W we have Jf ⊥
w for all f ∈ H[B], and so (0,w) = (Bh,∆h) for some h ∈ H2(Y ) by Theorem 2.2.
SinceBh = 0, we deduce thatw = ∆h = h, for example by approximating the function
x 7→

√
1− x uniformly on [0, 1] by a sequence of polynomials pn with pn(0) = 1, so

that ∆h = limn→∞ pn(B
∗B)h = h. It follows that w = h ∈ H2(Y ). Since w was

arbitrary, we deduce thatW ⊂ H2(Y ), and sinceMζ acts unitarily onW , we must have
W = {0}.

Assume we are in the case described by Corollary 2.3. Then (8) reduces to

clos(∆H2(Y )) = ΘH2(Y1).

Thus it holds that clos(Im∆(ζ)) = ImΘ(ζ) for almost every ζ ∈ T. Since Θ(ζ)Θ(ζ)∗

is equal almost everywhere to the projection of Y onto ImΘ(ζ), we obtain

A∗(ζ)A(ζ) = ∆(ζ)Θ(ζ)Θ(ζ)∗∆(ζ) = ∆(ζ)2

and consequentlyB(ζ)∗B(ζ)+A(ζ)∗A(ζ) = 1Y for almost every ζ ∈ T. The following
theorem is a reformulation ofTheorem 2.2. We omit the proof, which can be easily deduced
from the proof of Theorem 2.2 with A playing the role of ∆.

Theorem 2.4. Let H[B] be such that ‖Lnf‖H[B] → 0 as n→ ∞, for all f ∈ H[B]. There
exists an auxilliary Hilbert space Y1, an outer function A : D → B(Y, Y1) such that

B(ζ)∗B(ζ) +A(ζ)∗A(ζ) = 1Y

for almost every ζ ∈ T, and an isometric embedding J : H[B] → H2(X) ⊕ H2(Y1)
satisfying the following properties.

(i) A function f ∈ H2(X) is contained in H[B] if and only if there exists f1 ∈ H2(Y1)
such that

B∗f +A∗f1 ∈ H2
0 (Y ).

If this is the case, then f1 is unique, and

Jf = (f , f1).

(ii) If Jf = (f , f1), then
Jf = (Lf , Lf1).

(iii) The orthogonal complement of JH[B] inside H2(X)⊕H2(Y1) is

(H[B])⊥ = {(Bh,Ah) : h ∈ H2(Y )}.
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2.4 A formula for the norm. As pointed out in the introduction, the model of The-
orem 2.2 has a connection to a useful formula for the norm in Hilbert spaces of analytic
functions.

Proposition 2.5. Let H be a Hilbert space of analytic functions which satisfies (A.1’)-(A.3’).
For f ∈ H we have

‖f‖2H = ‖f‖22 + lim
r→1

∫
T

∥∥∥z f(z)− f(rλ)

z − rλ

∥∥∥2
H
− r2

∥∥∥ f(z)− f(rλ)

z − rλ

∥∥∥2
H
dm(λ). (11)

Note that the formula makes sense even if H is not invariant forMz , since for λ ∈ D we
have

z
f(z)− f(λ)

z − λ
=
zf(z)− λf(λ)

z − λ
− f(λ) = (1− λL)−1f(z)− f(λ) ∈ H,

and (1− λL)−1 exists since L is a contraction on H. Versions of the above formula have
been used in a crucial way in several works related to the structure of invariant subspaces,
see for example [5], [7] and [8]. We shall prove the formula by verifying that if Jf = (f ,g)
in Theorem 2.2, then the limit in (11) is equal to ‖g‖22. Actually, we will prove a stronger
result than Proposition 2.5, one which we will find useful at a later stage. In the next
theorem and in the sequel we use the notation

Lλ := L(1− λL)−1, λ ∈ D.

One readily verifies that

Lλf(z) =
f(z)− f(λ)

z − λ
.

Theorem 2.6. Let Jf = (f ,w+Θf1) as in Theorem 2.2, or Jf = (f , f1) as in Theorem 2.4.
In both cases, we have that

(i) ‖zLλf‖2H[B] − ‖Lλf‖2H[B] = ‖f1(λ)‖2Y1
,

(ii) ‖f1‖22 = limr→1

∫
T ‖zLrλf‖2H[B] − ‖Lrλf‖2H[B]dm(λ),

(iii) ‖w‖22 = limr→1

∫
T(1− r2)‖Lrλf‖2H[B]dm(λ).

In particular, (11) holds.

Proof. We shall only carry out the proof in the context ofTheorem 2.2, the other case being
similar. First, we claim that for λ ∈ D we have that

JzLλf =
(
zLλf , (1− λζ)−1w +Θ(zLλf1 + f1(λ))

)
. (12)
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This follows from part (i) of Theorem 2.2. Indeed, we have to check that

B(ζ)∗ζ
f(ζ)− f(λ)

ζ − λ
+∆(ζ)

w(ζ)

1− λζ
+∆(ζ)Θ(ζ)ζ

f1(ζ)− f1(λ)

ζ − λ
+∆(ζ)Θ(ζ)f1(λ)

=
B(ζ)∗f(ζ) + ∆(ζ)g(ζ)

1− λζ
− B(ζ)∗f(λ)

1− λζ
−
(A(ζ)∗f1(λ)

1− λζ
−A(ζ)∗f1(λ)

)
lies in H2

0 (Y ), and this is true since each of the three terms in the last line lies in H2
0 (Y ).

Similarly, we have

JLλf =
(
Lλf , ζ(1− λζ)−1w +ΘLλf1

)
.

Actually, this can be seen immediately by applying (ii) of Theorem 2.2 to (12). Since J is
an isometry we have that

‖zLλf‖2H[B] = ‖zLλf‖22 + ‖(1− λζ)−1w‖22 + ‖zLλf1 + f1(λ)‖22 (13)

and
‖Lλf‖2H[B] = ‖Lλf‖22 + ‖ζ(1− λζ)−1w‖22 + ‖Lλf1‖22. (14)

The difference of (13) and (14) equals ‖f1(λ)‖2Y1
which gives (i). Part (ii) is immediate from

(i). We will deduce part (iii) from (14). A brief computation involving power series shows
that if T is a contraction on a Hilbert space H, then we have ‖Tnx‖H → 0 if and only if

lim
r→1−

∫
T
(1− r2)‖T (1− rλT )−1x‖2Hdm(λ) = 0.

We apply this to the T = L acting on the Hardy spaces, and deduce (iii) from (14):

lim
r→1

∫
T
(1− r2)‖Lrλf‖2H[B]dm(λ) = lim

r→1

∫
T
(1− r2)‖(1− rλζ)−1w‖22dm(λ)

= lim
r→1

∫
T

(∫
T
(1− r2)|1− rλζ|−2dm(λ)

)
‖w(ζ)‖2Y dm(ζ) = ‖w‖22.

2.5 Examples. We end this section by discussing some examples of spaces which satisfy
our assumptions, some of which were already mentioned in the introduction.

2.5.1 De Branges-Rovnyak spaces. IfB = b is a non-zero scalar-valued function, then∆ =

(1 − |b|2)1/2 is an operator on a 1-dimensional space, and clos(∆H2) ⊆ L2 is either of
the form θH2 for some unimodular function θ on T, or it is of the form L2(E) := {f ∈
L2 : f ≡ 0 a.e. on T \ E}. The first case corresponds to b which are non-extreme points
of the unit ball of H∞, while the second case corresponds to the extreme points. It is in
the first case that the model of Theorem 2.4 applies to H(b).
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2.5.2 Weighted H2-spaces. Let w = (wn)n≥0 be a sequence of positive numbers and H2
w

be the space of analytic functions in D which satisfy

‖f‖2H2
w
:=

∞∑
n=0

wn|fn|2 <∞,

where fn is the nth Taylor coefficient of f at z = 0. If w0 = 1 and wn+1 ≥ wn for
n ≥ 0, then H2

w satisfies (A.1)-(A.3). The reproducing kernel of H2
w is given by

k(z, λ) =

∞∑
n=0

λnzn

wn
=

1−
∑∞

n=1(1/wn−1 − 1/wn)λnz
n

1− λz
,

and thus H2
w = H[B] with B(z) =

(√
1/wn−1 − 1/wnz

n
)∞
n=1

.

2.5.3 Dirichlet-type spaces. Let µ be a positive finite Borel measure on clos(D). The space
D(µ) consists of analytic functions which satisfy

‖f‖2D(µ) := ‖f‖22 +
∫
T

∫
clos(D)

|f(z)− f(ζ)|2

|z − ζ|2
dµ(z)dm(ζ).

The choice of dµ = dm produces the classical Dirichlet space. It is easy to verify directly
from this expression that D(µ) satisfies axioms (A.1)-(A.3), but it is in general difficult to
find an expression forB corresponding to the space as in Proposition 2.1. In the special case
that µ =

∑n
i=1 ciδzi is a positive sum of unit masses δzi at distinct points zi ∈ clos(D) the

space D(µ) is an H[B]-space of rank n. An isometric embedding J : D(µ) → (H2)n+1

satisfying the properties listed in Theorem 2.4 is given by

f(z) 7→
(
f(z),

f(z)− f(z1)

z − z1
, . . . ,

f(z)− f(zn)

z − zn

)
.

2.5.4 Cauchy duals. LetH be a Hilbert space of analytic functions which contains all func-
tions holomorphic in a neighbourhood of clos(D), on which the forward shift operatorMz

acts as a contraction and such that
〈
f, 1
〉
H = f(0) holds for f ∈ H. Consider the func-

tion

Uf(λ) =
〈
(1− λz)−1, f(z)

〉
H =

∞∑
n=0

λn
〈
zn, f(z)

〉
H.

Then Uf is an analytic function of λ, and UM∗
z f = LUf . If H∗ is defined to be the

space of functions of the form Uf for f ∈ H, with the norm ‖Uf‖H∗ = ‖f‖H, then it
is easy to verify that H∗ is a Hilbert space of analytic functions which satisfies (A.1)-(A.3).
The space H∗ is the so-called Cauchy dual of H (see [4]).
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3 Density of functions with continuous extensions to the closed disk

The goal of this section is to proveTheorem 3.5 and Corollary 3.6, which are vector-valued
generalizations of Theorem 1.1 mentioned in the introduction. We will first recall a few
facts about the disk algebra A and the vector-valued Smirnov classes N+(Y ).

3.1 Disk algebra, Cauchy transforms and the Smirnov class. Let A denote the
disk algebra, the space of scalar-valued analytic functions defined inD which admit contin-
uous extensions to clos(D). It is a Banach space if given the norm ‖f‖∞ = supz∈D |f(z)|,
and the dual of A can be identified with the space C of Cauchy transforms of finite Borel
measures µ supported on the circle T. A Cauchy transform f is an analytic function in D
which is of the form f(z) = Cµ(z) :=

∫
T

1
1−zζ

dµ(ζ) for some Borel measure µ. The
duality between A and C is realized by

〈
h, f

〉
= lim

r→1−

∫
T
h(rζ)f(rζ)dm(ζ) =

∫
T
hdµ, h ∈ A, f = Cµ

and the norm ‖f‖C of f as a functional on A is given by ‖f‖C = infµ:Cµ=f ‖µ‖, where
‖µ‖ is the total variation of the measure µ. The space C is continuously embedded in the
Hardy space Hp for each p ∈ (0, 1). More precisely, we have for each fixed p ∈ (0, 1)
the estimate ‖f‖p = (

∫
T |f |

pdm)1/p ≤ cp‖f‖C . As a dual space of A, the space C can be
equipped with the weak-star topology, and a sequence (fn) converges weak-star to f ∈ C
if and only if supn ‖fn‖C < ∞ and fn(z) → f(z) for each z ∈ D. See [13] for more
details.

If Y is a Hilbert space, then the Smirnov class N+(Y ) consists of the functions f :
D → Y which can be written as f = u/v, where u ∈ H∞(Y ) and v : D → C is a
bounded outer function. In the case Y = C we will simply write N+. The class N+(Y )
satisfies the following Smirnov maximum principle: if f ∈ N+(Y ), then we have that∫
T ‖f(ζ)‖

2
Y dm(ζ) <∞ if and only if f ∈ H2(Y ) (see Theorem A in Section 4.7 of [28]).

3.2 Proof of the density theorem. The proof will depend on a series of lemmas.
The first two are routine exercises in functional analysis and the proofs of those will be
omitted.

Lemma 3.1. LetB be a Banach space, B′ be its dual space, and S ⊂ B′ be a linear manifold.
If l ∈ B′ annihilates the subspace ∩s∈S ker s ⊂ B, then l lies in the weak-star closure of S.

Lemma 3.2. Let {hj} be a sequence of scalar-valued analytic functions in D, with
supn ‖hn‖∞ < ∞, and which converges uniformly on compacts to the function h. If the
sequence {gj}∞j=1 of functions in L2(Y ) converges in norm to g, then hjgj converges weakly
in L2(Y ) to hg.
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The next two lemmas are more involved. Let An = A× . . .×A denote the product
of n copies of the disk algebra. The dual ofAn can then be identified with Cn, the space of
n-tuples of Cauchy transforms f = (f1, . . . , fn), normed by ‖f‖Cn =

∑n
i=1 ‖f i‖C .The

main technical argument needed for the proof ofTheorem 3.5 is contained in the following
lemma.

Lemma 3.3. Let {fm}∞m=1 be a sequence in Cn which converges weak-star to f . There exists a
subsequence {fmk

}∞k=1 and a sequence of outer functionsMk : D → C satisfying the following
properties:

(i) ‖Mk‖∞ ≤ 1,

(ii) Mk converges uniformly on compacts to a non-zero outer function M ,

(iii) Mkfmk
= (Mkf

1
mk
,Mkf

2
mk
, . . . ,Mkf

n
mk

) ∈ (H2)n,

(iv) the sequence {Mkfmk
}∞m=1 converges weakly to M f in (H2)n.

Proof. Let g = (g1, g2, . . . , gn) be an n-tuple of Cauchy transforms and for some fixed
choice of p ∈ (1/2, 1) let

s(ζ) = max(
n∑

i=1

|gi(ζ)|p, 1), ζ ∈ T.

Then s is integrable on the circle and
∫
T s dm ≤ C1‖g‖pCn , where the constant C1 > 0

depends on p and n, but is independent of g ∈ Cn. We let H be the Herglotz transform
of s, that is

H(z) =

∫
T

ζ + z

ζ − z
s(ζ)dm(ζ).

Note that the real part of H is the Poisson extension of s(ζ) to D. This shows that H has
positive real part (hence is outer), |H| ≥ s ≥ 1 on T and |H(z)| ≥ 1 for all z ∈ D.
We also have that H(0) =

∫
T s dm ≤ C1‖g‖pCn . Let q = 2 − 2p ∈ (0, 1). For each

i ∈ {1, . . . , n} we have the estimate∫
T
|gi/H|2dm ≤

∫
T
|gi/s|2dm ≤

∫
T
|gi|2−2pdm = ‖gi‖qq ≤ C2‖gi‖qC .

Since the functions gi are in C ⊂ N+, the Smirnov maximum principle implies that
gi/H ∈ H2, or equivalently g/H ∈ (H2)n. Moreover, ‖g/H‖(H2)n ≤ C‖g‖qCn , with
constant C > 0 depending only on the fixed choice of p and the dimension n.

Let now {fm}∞m=1 be a sequence in Cn which converges weak-star to f , meaning that
fm converges pointwise to f in D, and we have supm ‖fm‖Cn < ∞. For each integer
m ≥ 1 we construct the function H = Hm as above. By what we have established
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above, {fm/Hm}∞m=1 is a bounded sequence in (H2)n. Since ‖1/Hm‖∞ ≤ 1 and
Hm(0) ≤ C1‖fm‖pCn , there exists a subsequence {mk}∞k=1 such that Mk = 1/Hmk

converges uniformly on compacts to a non-zero analytic functionM . ThenM has positive
real part, since each of the functionsMk has positive real part, and thereforeM is outer.
The sequence {Mkfmk

}∞k=1 is bounded in (H
2)n and converges pointwise to the function

M f , which is equivalent to weak convergence in (H2)n.

For the rest of the section, let H = H[B] be a fixed space of X-valued functions,
where X is a finite dimensional Hilbert space. Thus B takes values in B(Y,X) for some
auxilliary Hilbert space Y . As before, set ∆(ζ) = (IY −B(ζ)∗B(ζ))1/2 for ζ ∈ T. Fix
an orthonormal basis {ei}ni=1 for the finite dimensional Hilbert spaceX . We can define a
map fromH2(X) to (H2)n by the formula f 7→ (f i)ni=1 where the components f i are the
coordinate functions f i(z) =

〈
f(z), ei

〉
X
.Then a function f ∈ H2(X) has a continuous

extension to clos(D) if and only if all of its coordinate functions f i are contained in the
disk algebra A.

Lemma 3.4. Let S ⊂ Cn ⊕ clos(∆H2(Y )) be the linear manifold consisting of tuples of the
form

(Bf ,∆f)

for some f ∈ N+(Y ). Then S is weak-star closed in Cn ⊕ clos(∆H2(Y )).

Proof. Since An ⊕ clos(∆H2(Y )) is separable, Krein-Smulian theorem implies that it is
enough to check weak-star sequential closedness of the set S. Thus, let the sequence

{(Bfm,∆fm)}∞m=1 = {(hm,gm)}∞m=1 ⊂ Cn ⊕ clos(∆H2(Y ))

converge in the weak-star topology to (h,g). Then {gm}∞m=1 converges weakly in the
Hilbert space clos(∆H2(Y )), and by passing to a subsequence and next to the Cesàro
means of that subsequence, we can assume that the sequence {gm}∞m=1 converges to g in
the norm. By applying Lemma 3.3 and Lemma 3.2we obtain a sequence of outer functions
{Mk}∞k=1 and an outer functionM such that {(Mkhmk

,Mkgmk
)}∞k=1 converges weakly

in the Hilbert space H2(X)⊕ clos(∆H2(Y )) to (Mh,Mg). Note that

(Mkhmk
,Mkgmk

) = (BMkfmk
,∆Mkfmk

),

and ∫
T
‖Mkfmk

‖2Y dm =

∫
T
‖BMkfmk

‖2Xdm +

∫
T
‖∆Mkfmk

‖2Y dm <∞.

Since Mkfmk
is in N+(Y ), the Smirnov maximum principle implies that we have

Mkfmk
∈ H2(Y ), and consequently the tuples (BMkfmk

,∆Mkfmk
) are contained

in the closed subspace U = {(Bh,∆h) : h ∈ H2(Y )}. It follows that the weak
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limit (Mh,Mg) is also contained in U , and hence (Mh,Mg) = (Bf ,∆f) for some
f ∈ H2(Y ). Then

(h,g) =
(
B

f

M
,∆

f

M

)
,

where f/M ∈ N+(Y ).

Theorem 3.5. Assume that H[B] consists of functions taking values in a finite dimensional
Hilbert space. Then the set of functions in H[B] which extend continuously to clos(D) is dense
in the space.

Proof. LetK = H2(X)⊕ clos(∆H2(Y )). Recall fromTheorem 2.2 that the spaceH[B]
is equipped with an isometric embedding J where the tuple Jf = (f ,g) ∈ K is uniquely
determined by the requirement for it be orthogonal to

U = {(Bh,∆h : h ∈ H2(Y )} ⊂ K.

We identify functions f ∈ H[B] with their coordinates (f1, . . . , fn) with respect to the
fixed orthonormal basis of X . Now assume that f ∈ H[B] is orthogonal to any function
in H[B] which extends continuously to clos(D), i.e., that f is orthogonal to H[B] ∩ An.
We shall show that Jf = (Bh,∆h) for some h ∈ H2(Y ), which implies that f = 0.
Consider J(An ∩ H[B]) as a subspace of An ⊕ clos(∆H2(Y )). For each h ∈ H2(Y ),
let

lh = (Bh,∆h) ∈ Cn ⊕ clos(∆H2(Y ))

be a functional on An ⊕ clos(∆H2(Y )), acting as usual by integration on the boundary
T. We claim that

J(An ∩H[B]) = ∩h∈H2(Y ) ker lh.

Indeed, if f ∈ An ∩H[B], then for any functional lh we have

lh(Jf) =
〈
Jf , (Bh,∆h)

〉
= 0,

because Jf is orthogonal to U . Conversely, if the tuple (f ,g) ∈ An ⊕ clos(∆H2(Y )) is
contained in ∩h∈H2(Y ) ker lh, then (f ,g) ∈ K is orthogonal to U , and hence f ∈ An ∩
H[B] by Theorem 2.2. Now, viewed as an element of Cn ⊕ clos(∆H2(Y )), the tuple Jf
annihilates J(An ∩ H[B]), and so by Lemma 3.1 lies in the weak-star closure of linear
manifold of functionals of the form lh. Thus Lemma 3.4 implies that Jf = (Bh,∆h)
for some h ∈ N+(Y ). The Smirnov maximum principle and the computation∫

T
‖h‖2Y dm(ζ) =

∫
T
‖Bh‖2Xdm +

∫
T
‖∆h‖2Y dm <∞

show that h ∈ H2(Y ). Hence Jf ∈ (JH(B)⊥, so that f = 0 and the proof is complete.
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Theorem 1.1 of the introduction now follows as a consequence of the next result, which
is an easy extension of Theorem 3.5.

Corollary 3.6. Assume that H[B] consists of functions taking values in a finite dimensional
Hilbert space. IfM is any L-invariant subspace of H[B], then the set of functions inM which
extend continuously to clos(D) is dense in M .

Proof. If M contains the constant vectors, then Proposition 2.1 applies, and hence M is
of the typeH(B0) for some contractive functionB0. Then the result follows immediately
fromTheorem 3.5. If constant vectors are not contained inM , then let

M+ = {f + c : f ∈M, c ∈ X}.

The subspace M+ is closed, as it is a sum of a closed subspace and a finite dimensional
space. Moreover, closed graph theorem implies that the skewed projection P :M+ →M
taking f + c to f is bounded. The theorem holds forM+, so if f ∈ M , then there exists
constants cn and functions fn ∈M such that hn = fn+cn is continuous on clos(D), and
hn tends to f in the norm ofH. Consequently, the functions fn = hn−cn are continuous
on clos(D), and we have that fn = Phn tends to P f = f in the norm ofH.

4 Applications of the density theorem

We temporarily leave the the main subject in order to present applications of Theorem 3.5
and Corollary 3.6. All Hilbert spaces of analytic functions will be assumed to satisfy (A.1)-
(A.3).

4.1 Mz-invariant subspaces. Corollary 1.2 stated in the introduction is now an easy
consequence of Theorem 3.5. We restate the theorem for the reader’s convenience.

Corollary 4.1. Let H be a Hilbert space of analytic functions which satisfies (A.1)-(A.3) and
is invariant for the forward shift Mz . For a closed Mz-invariant subspace M of H with
dimM	MzM = n < ∞, let φ1, . . . φn be an orthonormal basis in M	MzM, and
denote by ϕ the corresponding row operator-valued function. Then

M = ϕH[C], (15)

where H[C] consists of Cn-valued functions and the mapping g 7→ ϕg is an isometry from
H[C] onto M. Moreover,

{
n∑

i=0

φiui : ui ∈ A, 1 ≤ i ≤ n} ∩ H (16)

is a dense subset of M.
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Proof. For any f ∈ M we have that f(z) −
∑n

i=1

〈
f, ϕi

〉
Hϕi(z) ∈ MzM. Thus the

operator Lϕ : M → M given by

Lϕf(z) =
f(z)−

∑n
i=1

〈
f, ϕi

〉
Hϕi(z)

z

is well-defined, and it is a contraction since it is a composition of a projection with the
contractive operatorL. A straightforward computation shows that for λ ∈ D the following
equation holds:

(1− λLϕ)−1f(z) =
zf(z)− λ

∑n
i=1

〈
(1− λLϕ)−1f, ϕi

〉
Hϕi(z)

z − λ
.

Thus the analytic function in the numerator on the right-hand side above must have a zero
at z = λ. It follows that f(λ) =

∑n
i=1

〈
(1 − λLϕ)−1f, ϕi

〉
Hϕi(λ). Consider now

the mapping U taking f ∈ M to the vector Uf(λ) =
(〈

(1 − λLϕ)−1f, ϕi
〉
H

)n
i=1

and let M0 = UM with the norm on M0 which makes U : M → M0 a unitary
mapping. ThenM0 is a space of Cn-valued analytic functions which satisfies (A.1’)-(A.3’)
and to which Theorem 3.5 applies. The claims in the statement follow immediately from
this.

4.2 Reverse Carleson measures. A finite Borel measure on clos(D) is a reverse Car-
leson measure forH if there exists a constant C > 0 such that the estimate

‖f‖2H ≤ C

∫
clos(D)

|f(z)|2dµ(z) (17)

holds for f which belong to some dense subset of H and for which the integral on the
right-hand side makes sense, e.g. by the existence of radial boundary values of f on the
support of the singular part of µ on T. For the class of spaces considered in this paper it is
natural to require, due to Theorem 3.5, that (17) holds for all functions inH which admit
continuous extensions to clos(D).

Our main result in this context characterizes the existence of a reverse Carleson mea-
sures for spaces which are invariant forMz . If such a measure exists, then we can moreover
identify one which is in a sense minimal.

Theorem 4.2. Let H = H[B] be invariant for Mz . Then the following are equivalent.

(i) H admits a reverse Carleson measure.

(ii)

sup
0<r<1

∫
T

∥∥∥∥∥
√

1− |rλ|2

1− rλz

∥∥∥∥∥
2

H

dm(λ) <∞.
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(iii) If k is the reproducing kernel of H, then

sup
0<r<1

∫
T

1

(1− |rλ|2)k(rλ, rλ)
dm(λ) <∞.

If the above conditions are satisfied, then

h1(λ) := lim
r→1

∥∥∥∥∥
√

1− |rλ|2

1− rλz

∥∥∥∥∥
2

H

and
h2(λ) := lim

r→1

1

(1− |rλ|2)k(rλ, rλ)
define reverse Carleson measures for H. Moreover, if ν is any reverse Carleson measure for H
and v is the density of the absolutely continuous part of the restriction of ν to T, then h1dm and
h2dm have the following minimality property: there exist constants Ci > 0, i = 1, 2 such that

hi(λ) ≤ Civ(λ)

for almost every λ ∈ T.

Proof. (i) ⇒ (ii): Let ν be a reverse Carleson measure for H. First, we show that we can
assume that ν is supported on T. For this, we will use the inequality

‖znf‖2H ≤ C

∫
D
|znf(z)|2dν(z) + C

∫
T
|f(z)|2dν(z).

Since Lzf = f and L is a contraction, it follows that ‖zf‖H ≥ ‖f‖H, and thus letting n
tend to infinity in the above inequality we obtain

‖f‖2H ≤ C

∫
T
|f(z)|2d(ν|T)(z).

Thus we might replace ν by ν|T, as claimed. Next, we note that H∞ ⊂ H. Indeed,
H contains 1 and is Mz-invariant, thus contains the polynomials. If pn is a uniformly
bounded sequence of polynomials converging pointwise to f ∈ H∞, then the existence
of a reverse Carleson measure ensures that the norms ‖pn‖H are uniformly bounded, and
thus a subsequence of {pn} converges weakly to f ∈ H. Thus, the function z 7→ 1

1−λz
is

contained in H for each λ ∈ D. Define

H(λ) =:

∫
T

1− |λ|2

|1− λz|2
dν(z), λ ∈ D,
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which is positive and harmonic inD, and since ν is a reverse Carleson measure forH, there
exists a constant C > 0 such that∥∥∥∥∥

√
1− |λ|2

1− λz

∥∥∥∥∥
2

H

≤ CH(λ). (18)

The implication now follows from the mean value property of harmonic functions.
(ii)⇒ (iii): There exists an orthogonal decomposition

1

1− λz
=

1

1− |λ|2
k(λ, z)

k(λ, λ)
+ g(z),

where g is some function which vanishes at λ. Thus∥∥∥ 1

1− λz

∥∥∥2
H
=

1

(1− |λ|2)2k(λ, λ)
+ ‖g‖2

and consequently

1

(1− |λ|2)k(λ, λ)
≤

∥∥∥∥∥
√

1− |λ|2

1− λz

∥∥∥∥∥
2

H

. (19)

Thus (iii) follows from (ii).
(iii) ⇒ (i): If H = H[B] with B = (bi)

∞
i=1, then let w be the outer function with

boundary values satisfying |w(ζ)|2 = 1−
∑

i∈I |bi(ζ)|2. The existence of such a function is
ensured by (iii). The spaceM = wH2 = {f = wg : g ∈ H2} normed by ‖f‖M = ‖g‖2
is a Hilbert space of analytic functions with a reproducing kernel given by

KM (λ, z) =
w(λ)w(z)

1− λz
.

It is not hard to verify thatK = kH −KM is a positive-definite kernel. Then kH = K +
KM , and henceM is contained contractively inH. Thus for any function f ∈M we have
that ‖f‖2H ≤ ‖f‖2M =

∫
T

|f |2
|w|2dm, and |w|−2dm will be a reverse Carleson measure ifM

is dense inH. But 1/w ∈ H2 by (iii), and thusH∩A ⊂M , soM is indeed dense inH.
The limits defining h1 and h2 exist as a consequence of general theory of boundary

behaviour of subharmonic functions. The inequality h1(λ) ≤ C1v(λ) is seen immediately
from (18) and h1(λ) ≤ C2v(λ) is then seen from (19).

We remark that ifH is notMz-invariant, then the space might admit a reverse Carleson
measure even though (iii) is violated. An example is any L-invariant proper subspace of
H2.

An application of part (iii) of Theorem 4.2 to H = H(b), with b non-extreme, lets us
deduce a result essentially contained in [10], namely that H(b) admits a reverse Carleson
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measure if and only if (1−|b|2)−1 ∈ L1(T), and the measure µ = (1−|b|2)−1dm is then
a minimal reverse Carleson measure in the sense made precise by the theorem. A second
application is to Dirichlet-type spaces. Recall from Section 2.5 that for µ a positive finite
Borel measure supported on clos(D), the Hilbert space D(µ) is defined as the completion
of the analytic polynomials under the norm

‖f‖2D(µ) = ‖f‖22 +
∫
T

∫
clos(D)

|f(z)− f(λ)|2

|z − λ|2
dµ(z)dm(λ).

Corollary 4.3. The space D(µ) admits a reverse Carleson measure if and only if∫
clos(D)

dµ(z)

1− |z|2
<∞.

The minimal reverse Carleson measure (in the sense of Theorem 4.2) is given by dν = hdm
where

h(λ) = 1 +

∫
clos(D)

dµ(z)

|1− λz|2
, λ ∈ T.

Proof. The space D(µ) satisfies the assumptions of Theorem 4.2. A computation shows
that if kλ(z) = 1

1−λz
, then

(1− |λ|2)‖kλ‖2D(µ) = 1 +

∫
clos(D)

|λ|2

|1− λz|2
dµ(z).

The claim now follows easily from (ii) of Theorem 4.2 and Fubini’s theorem.

It is interesting to note that the condition on µ above holds even in cases when D(µ)
is strictly contained in H2 (see [3]).

Our last result in the context of reverse Carleson measures is a non-existence result
which answers in particular a question posed in [10].

Theorem 4.4. Assume that the identity

‖Lf‖2H = ‖f‖2H − |f(0)|2

holds in H. If H admits a reverse Carleson measure, then H is isometrically contained in the
Hardy space H2.

Proof. We will use Theorem 2.2 and Theorem 2.6. The limit in part (ii) of Theorem 2.6
vanishes, because the norm identity implies that ‖zLλf‖ = ‖Lλf‖H. It will thus suffice
to show that the limit in part (iii) of said theorem also vanishes, namely that

lim
r→1

∫
T
(1− r2)‖Lrλf‖2Hdm(λ) = 0. (20)
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If f ∈ H is continuous in clos(D) then so is Lrλf , and if µ is a reverse Carleson measure
forH, then we have the estimate

lim
r→1

∫
T
(1− r2)‖Lrλf‖2Hdm(λ)

≤ C lim sup
r→1

∫
clos(D)

∫
T

1− r2

|ζ − rλ|2
|f(ζ)− f(rλ)|2dm(λ)dµ(ζ) (21)

Since f is continuous and bounded in clos(D), we readily deduce from standard properties
of the Poisson kernel and bounded analytic functions that the functions

Gr(ζ) =

∫
T

1− r2

|ζ − rλ|2
|f(ζ)− f(rλ)|2dm(λ)

are uniformly bounded in clos(D) and that limr→1Gr(ζ) = 0 for all ζ ∈ clos(D). Dom-
inated convergence theorem now implies that the limit in (21) is 0, and so (20) holds.

From part (ii) ofTheorem 2.2we easily deduce that the condition onL ofTheorem 4.4
is equivalent toΘH2(Y1) = {0} in (8). In the case thatB = b is a scalar-valued function,
this occurs if and only if b is an extreme point of the unit ball of H∞. Thus an extreme
point b which is not an inner function cannot generate a spaceH(b) which admits a reverse
Carlesonmeasure. We remark also thatTheorem 4.4 holds, with the same proof, even when
H consists of functions taking values in a finite dimensional Hilbert space X , where the
norm identity then instead reads ‖Lf‖2 = ‖f‖2 − ‖f(0)‖2X , and definition of reverse
Carleson measure is extended naturally to the vector-valued setting.

4.3 Formula for the norm in a nearly invariant subspace. A space M is nearly
invariant if whenever λ ∈ D is not a common zero of the functions in M and f(λ) = 0

for some f ∈ M, then f(z)
z−λ ∈ M. If H is Mz-invariant, then an example of a nearly

invariant subspace is any Mz-invariant subspace for which dimM 	MzM = 1. The
concept of a nearly invariant subspace has appeared in [23], and have since been used as a
tool in solutions to numerous problems in operator theory.

We will now prove a formula for the norm of functions contained in a nearly invariant
subspaceM which is similar to Proposition 2.5 but which is better suited for exploring the
structure of M.

Proposition 4.5. Let M ⊆ H be a nearly invariant subspace and k be the common order of
the zero at 0 of the functions in M. Let ϕ ∈ M be the function satisfying

〈
f, ϕ
〉
H = f (k)(0)

ϕ(k)(0)

for all f ∈ M, Lϕ : M → M be the contractive operator given by

Lϕf(z) =
f(z)−

〈
f, ϕ
〉
Hϕ(z)

z
,
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and Lϕ
λ = Lϕ(1− λLϕ)−1, λ ∈ D. If the sequence {Ln}∞n=1 converges to zero in the strong

operator topology on H, then

‖f‖2H = ‖f/ϕ‖22 + lim
r→1

∫
T
‖zLϕ

rλf‖
2
H − ‖Lϕ

rλf‖
2
Hdm(λ). (22)

Proof. The fact that Lϕ maps M into itself follows easily by nearly invariance of M. The
formula

‖f‖2H = ‖f/ϕ‖22 + lim
r→1

∫
T
‖zLϕ

rλf‖
2
H − r2‖Lϕ

rλf‖
2
Hdm(λ) (23)

holds in much more general context and without the assumption on convergence of
{Ln}∞n=1 to zero. For its derivation we refer to Lemma 2.2 of [7], and the discussion
succeeding it. The equation (22) will follow from (23) if we can show that the additional
assumption on L implies that

lim
r→1

∫
T
(1− r2)‖Lϕ

rλf‖
2
Hdm(λ) = 0.

To this end, observe that for λ ∈ D we have

Lϕ
λf(z) =

f(z)− f(λ)

z − λ
− f(λ)

ϕ(λ)

ϕ(z)− ϕ(λ)

z − λ
= Lλf(z)−

f(λ)

ϕ(λ)
Lλϕ(z),

and so if f/ϕ ∈ H∞, then the argument in the proof of part (iii) of Theorem 2.6 shows
that

lim
r→1−

∫
T
(1− r2)‖Lϕ

rλf‖
2
Hdm(λ)

. lim
r→1−

∫
T
(1− r2)‖Lrλf‖2Hdm(λ) + ‖f/ϕ‖2∞

∫
T
(1− r2)‖Lrλϕ‖2Hdm(λ) = 0.

Next, construct the Hilbert space M̃ = M/ϕ = {f/ϕ : f ∈ M} with the norm
‖f/ϕ‖M̃ = ‖f‖H. It is easy to see that M̃ satisfies (A.1)-(A.3), and thus by Theorem 3.5

the functions with continuous extensions to clos(D) form a dense subset of M̃. Since
multiplication by ϕ is a unitary map from M̃ to M, we see that functions f ∈ M such
that f/ϕ has continuous extension to clos(D) form a dense subset ofM. Finally, consider
the mapping

Qf = lim sup
r→1−

∫
T
(1− r2)‖Lϕ

rλf‖
2
Hdm(λ), f ∈ M.

ThenQ(f + g) ≤ 2(Qf +Qg), and we have shown above thatQ ≡ 0 on a dense subset
of M. A peek at (23) reveals that Qf ≤ ‖f‖2H, and so Q is continuous on M. Thus
Q ≡ 0 since it vanishes on a dense subset.
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We will see an application of Proposition 4.5 in the sequel. For now, we show how it
can be used to deduce a theorem of Hitt on the structure of nearly invariant subspaces of
H2 (see [23]).

Corollary 4.6. If a closed subspace M ⊂ H2 is nearly invariant, then it is of the form M =
ϕKθ, where Kθ = H2 	 θH2 is an L-invariant subspace of H2, and we have the norm
equality ‖f/ϕ‖2 = ‖f‖2, f ∈ M.

Proof. If M is nearly invariant then the formula (22) gives ‖f/ϕ‖2 = ‖f‖2, sinceMz is
an isometry on H2. Thus M/ϕ := {f/ϕ : f ∈ M} is closed in H2, and it is easy to see
that it is L-invariant. Thus M/ϕ = Kθ by Beurling’s famous characterization.

4.4 Orthocomplements of shift invariant subspaces of the Bergman space.
The Bergman space L2

a(D) consists of functions g(z) =
∑

k=0 gkz
k analytic in D which

satisfy

‖g‖2L2
a(D)

=

∫
D
|g(z)|2dA(z) =

∞∑
k=0

(k + 1)−1|gk|2 <∞,

where dA denotes the normalized area measure on D. The Bergman space is invariant for
Mz and the lattice of Mz-invariant subspaces of L2

a(D) is well-known to be very com-
plicated (see for example Chapter 8 and 9 of [15] and Chapters 6, 7 and 8 of [21]). Before
stating and proving our next result, we will motivate it by showing that the orthogonal com-
plements ofMz-invariant subspaces of L2

a(D) can consist entirely of ill-behaved functions.
The following result is essentially due to A. Borichev [11].

Proposition 4.7. There exists a subspace M ( L2
a(D) which is invariant for Mz , with the

property that for any non-zero function g ∈ M⊥ and any δ > 0 we have∫
D
|g|2+δdA = ∞.

Proof. The argument is based on the existence of a function f such that f, 1/f ∈ L2
a(D),

yet if M is the smallestMz-invariant subspace containing f , then M 6= L2
a(D). Such a

function exists by [12]. Take g ∈ M⊥ and assume that
∫
D |g|2+δdA <∞ for some δ > 0.

SinceM isMz-invariant, for any polynomial p we have that∫
D
pfgdA = 0. (24)

By the assumption on g and Hölder’s inequality we have that fg ∈ Lr(D) for r > 1
sufficiently close to 1. Let s = r

r−1 be the Hölder conjugate index of r. Since 1/f ∈
L2
a(D), the analytic function f−ϵ is in the Bergman space Ls

a(D) for sufficiently small
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ϵ > 0, and hence can be approximated in the norm of Ls
a(D) by a sequence {pn}∞n=1 of

polynomials. If p is any polynomial, then

lim
n→∞

∫
D
|(pn − f−ϵ)pfg|dA

. lim
n→∞

‖pn − f−ϵ‖Ls(D)‖pfg‖Lr(D) = 0.

By choosing ϵ = 1/K for sufficiently large positive integerK, we see from the above that
for any polynomial p we have ∫

D
pf1−1/KgdA = 0,

which is precisely (24) with g replaced by f−1/Kg, and of course we still have ff−1/Kg ∈
Lr(D) for the same choice of r > 1. Repeating the argument gives∫

D
pf1−2/KgdA = 0,

and afterK repetitions of the argument we arrive at∫
D
pgdA(z) = 0

for any polynomial p. Then g = 0 by density of polynomials in L2
a(D).

Despite the rather dramatic situation described by Proposition 4.7, an application of
Corollary 3.6 yields the following result.

Corollary 4.8. Let M be a subspace of L2
a(D) which is invariant for Mz . Then the functions

in the orthocomplement M⊥ which are derivatives of functions in the disk algebra A are dense
in M⊥.

Proof. The operator U given by

Uf(z) =
1

z

∫ z

0
f(w) dw

is a unitary map between L2
a(D) and the classical Dirichlet space D, and Corollary 3.6

applies to the latter space. A computation involving the Taylor series coefficients shows
that UM∗

zU
∗ = L, and so if M ⊂ L2

a(D) is Mz-invariant, then UM⊥ ⊂ D is L-
invariant. Thus from Corollary 3.6 we infer that the set of functions f ∈ M⊥ for which
Uf(z) is in the disk algebraA is dense inM⊥, and for any function f in this set we have
f(z) = (zUf(z))′, so f is the derivative of a function in A.
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5 Finite rankH[B]-spaces

5.1 Finite rank spaces. The applicability ofTheorem 2.2 depends highly on the ability
to identify the spaces W and ΘH2(Y1) in (8). In general, ∆(ζ) defined by (7) is taking
values in the algebra of operators on an infinite dimensional Hilbert space. The situation is
much more tractable in the case of finite rank H[B]-spaces, for then ∆(ζ) acts on a finite
dimensional space. In this last section we restrict ourselves to the study of the finite rank
case. Thus, we study spaces of the formH = H[B] withB = (b1, . . . , bn), where n is the
rank ofH[B] which was defined in the introduction. It follows that b1, . . . , bn are linearly
independent. For convenience, we will also be assuming thatB 6= 0, 1, which correspond
to the cases H[B] = H2 and H[B] = {0}, respectively.

5.2 Mz-invariance and consequences. It turns out that the decomposition (8) is
particularly simple in the case when H[B] is invariant forMz .

Proposition 5.1. If the finite rank H[B]-space is invariant for Mz , then W = {0} in the
decomposition (8), and thus Theorem 2.4 applies, with A a square matrix and detA 6= 0.

Proof. In the notation of Theorem 2.2 we have Y ' Cn, thus (8) becomes

clos(∆H2(Cn)) =W ⊕ΘH2(Cm), (25)

where m ≤ n. We will see thatW = {0} by showing something stronger, namely that
m = n in (25). To this end, let f ∈ H[B] and consider Jf = (f,g) and JMzf =
(Mzf,g0), J being the embedding given by Theorem 2.2. Let g = w + Θh and g0 =
w0+Θh0 be the decompositions with respect to (25). Since LMzf = f , we see from part
(ii) of Theorem 2.2 thatw0(ζ) = ζw(ζ) and h0(ζ) = ζh(ζ) + cf , where cf ∈ Cm. By
part (i) of Theorem 2.2 we have that

B(ζ)∗ζf(ζ) + ∆(ζ)g0(ζ)

= ζ
(
B(ζ)∗f(ζ) + ∆(ζ)g(ζ)

)
+A(ζ)∗cf ∈ H2

0 (Cn), (26)

where, as before, A = Θ∗∆. We apply this to the reproducing kernel kλ(z) of H[B].
Recall from Section 2 that

Jkλ =

(
1−B(z)B(λ)∗

1− λz
,
−∆(ζ)B(λ)∗

1− λz

)
= (kλ,gλ).

A brief computations shows that

B∗(ζ)kλ(ζ) + ∆(ζ)gλ(ζ) = ζ
B(ζ)∗ −B(λ)∗

ζ − λ
.
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Using (26) we deduce that for each λ ∈ D there exists cλ ∈ Cm such that

B(ζ)∗ −B(λ)∗

ζ − λ
+A(ζ)∗cλ ∈ H2

0 (Cn).

Since B(0) = 0 we see that the constant term of the above function equals

0 = B(λ)∗/λ+A(0)∗cλ.

By linear independence of the coordinates {bi}ni=1 we conclude that A(0)∗ maps an m-
dimensional vector space onto an n-dimensional vector space. Thus it follows thatm = n,
and henceW = {0} in (25). SinceA is outer, invertibility ofA(0) implies that detA 6= 0,
and thus the function detA is non-zero and outer.

The following result characterizes Mz-invariance in terms of modulus of B, and is a
generalization of a well-known theorem for H(b)-spaces.

Theorem 5.2. A finite rank H[B]-space is invariant under the forward shift operator Mz if
and only if ∫

T
log(1− ‖B‖22)dm =

∫
T
log(1−

n∑
i=1

|bi|2)dm > −∞.

Proof. Assume thatH[B] isMz-invariant. Then detA(z) is non-zero by Proposition 5.1.
In terms of boundary values on T we have A = Θ∗∆ = Θ∗(In −B∗B)1/2, where In is
the n-by-n identity matrix, and so detA = detΘ(1 −

∑n
i=1 |bi|2)1/2 on T. Since Θ is

an isometry we have that | detΘ| = 1, and thus∫
T
log(1−

n∑
i=1

|bi|2)dm =

∫
T
2 log(|detA|)dm > −∞,

last inequality being a well-known fact for bounded analytic functions.
Conversely, assume that

∫
T log(1 −

∑n
i=1 |bi|2)dm > −∞. Thus 1−

∑n
i=1 |bi|2 =

det∆2 > 0 almost everywhere on T. Consider again the decomposition in (25). We
claim that W = {0}. Assume, seeking a contradiction, that W 6= {0}. W is invariant
under multiplication by scalar-valued bounded measurable functions, and soW contains a
function g which is non-zero but vanishes on a set of positive measure. Fix hn ∈ H2(Cn)
such that ∆hn → g. Let adj(∆) := (det∆)∆−1 be the adjugate matrix. Then adj(∆)
has bounded entries and thus

det∆hn = adj(∆)∆hn → adj(∆)g, (27)

in L2(Cn). By our assumption, there exists an analytic outer function d with
|d| = | det∆| = (1 −

∑n
i=1 |bi|2)1/2 almost everywhere on T. Then
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det∆ = ψd for some measurable function ψ of modulus 1 almost everywhere on T,
and det∆hn = ψdhn ∈ ψH2(Cn), where ψH2(Cn) is norm-closed and contains no
non-zero function which vanishes on a set of positive measure on T. But by (27) we
have adj(∆)g ∈ ψH2(Cn), which is a contradiction. Thus W = {0} in (25), so that
clos(∆H2(Cn)) = ΘH2(Cm) andTheorem 2.4 applies. We have 1−

∑n
i=1 |bi(ζ)|2 > 0

almost everywhere on T, and therefore ∆(ζ) is invertible almost everywhere on T. This
implies that m = n. Since A(ζ) = Θ(ζ)∗∆(ζ), we see that A(z) is an n-by-n matrix-
valued outer function. In particular, A(z) is invertible at every z ∈ D. Let J be the
embedding of Theorem 2.4 and Jf = (f, f1), where f ∈ H[B] is arbitrary. We claim
that we can find a vector cf ∈ Cn such that

B(ζ)∗ζf(ζ) +A(ζ)∗(ζf1(ζ) + cf ) ∈ H2
0 (Cn). (28)

Indeed, by (i) of Theorem 2.4 we have that B(ζ)∗f +A(ζ)∗f1(ζ) ∈ H2
0 (Cn). Let v be

the zeroth-order coefficient of the coanalytic function ζB(ζ)∗f + ζA(ζ)∗f1(ζ). It then
suffices to take cf = −(A(0)∗)−1v for (28) to hold. Thus by (i) of Theorem 2.4 we have
that zf(z) ∈ H[B], which completes the proof.

From now on we will be working exclusively withMz-invariant H[B]-spaces of finite
rank, and J will always denote the embedding ofH[B]-space that appears inTheorem 2.4.

Lemma 5.3. If a finite rankH[B]-space isMz-invariant, then the spectral radius of the operator
Mz equals 1.

Proof. We have seen above that if Jf = (f, f1), then JMzf = (zf(z), zf1(z) + cf ),
where cf ∈ Cn is some vector depending on f . This shows thatMz is unitarily equivalent
to a finite rank perturbation of the isometric shift operator (g,g1) 7→ (zg, zg1) acting on
H2 ⊕H2(Cn). It follows that the essential spectra of the two operators coincide, and so
are contained in clos(D). Thus for |λ| > 1 the operatorMz − λ is Fredholm of index 0.
SinceMz − λ is injective, index 0 implies that thatMz − λ is invertible.

A consequence of Lemma 5.3 is that the operators (IH[B]−λMz)
−1 exist for |λ| < 1.

Their action is given by

(IH[B] − λMz)
−1f(z) =

f(z)

1− λz
.

Let
J
f(z)

1− λz
=
( f(z)

1− λz
,gλ(z)

)
for some gλ ∈ H2(Cn). We compute

Jf = J(IH[B] − λMz)(IH[B] − λMz)
−1f =

(
f, (1− λz)gλ(z) + cf (λ)

)
,
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where cf (λ) ∈ Cn is some vector depending on f and λ. By re-arranging we obtain
gλ(z) =

f1(z)−cf (λ)

1−λz
, and so

J
f(z)

1− λz
=
( f(z)

1− λz
,
f1(z)− cf (λ)

1− λz

)
. (29)

We will now show that cf (λ) is actually a coanalytic function of λ which admits non-
tangential boundary values almost everywhere on T. To this end, let uf (z) ∈ H2

0 (Cn) be
the coanalytic function with boundary values

uf (ζ) = B(ζ)∗f(ζ) +A(ζ)∗f1(ζ).

By (i) of Theorem 2.4 and (29) we have

B(ζ)∗f(ζ) +A(ζ)∗f1(ζ)

1− λζ
−
A(ζ)∗cf (λ)

1− λζ
=

uf (ζ)

1− λζ
−
A(ζ)∗cf (λ)

1− λζ
∈ H2

0 (Cn), (30)

and projecting this equation onto H2(Cn) we obtain

uf (λ) = A(λ)∗cf (λ). (31)

SinceA(λ)∗ is coanalytic and invertible for every λ ∈ D, we get that

cf (λ) = (A(λ)∗)−1uf (λ) =
adj(A(λ)∗)uf (λ)

detA(λ)

is coanalytic. Moreover, the last expression shows that cf (λ) is in the coanalytic Smirnov
class N+(Cn), and thus admits non-tangential limits almost everywhere on T. For the
boundary function we have the equality

cf (ζ) = (A(ζ)∗)−1uf (ζ) = (A(ζ)∗)−1B(ζ)∗f(ζ) + f1(ζ) (32)

almost everywhere on T. The following proposition summarizes the discussion above.

Proposition 5.4. Let H[B] be of finite rank and Mz-invariant. If f ∈ H[B], then for all
λ ∈ D we have f(z)

1−λz
∈ H[B] and

J
f(z)

1− λz
=
( f(z)

1− λz
,
f1(z)− cf (λ)

1− λz

)
,

where cf is a coanalytic function of λ which admits non-tangential boundary values almost
everywhere on T, and (32) holds.
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5.3 Density of polynomials. Since we are assuming that 1 ∈ H[B], the Mz-
invariance implies that the polynomials are contained in the space. The following result
generalizes a well-known polynomial density result for H(b)-spaces (see Section IV-3 of
[30]).

Theorem 5.5. If finite rank H[B] is Mz-invariant, then the polynomials are dense in H.

Proof. Since J1 = (1, 0), an application of Proposition 5.4 and (32) shows that

J
1

1− λz
=
( 1

1− λz
,−(A(λ)∗)−1B(λ)∗1

1− λz

)
, λ ∈ D (33)

Assume that f ∈ H[B] is orthogonal to the polynomials. Then it follows that Jf = (f, f1)
is orthogonal in H2 ⊕H2(Cn) to tuples of the form given by (33). Thus

0 = f(λ)−
〈
f1(λ), (A(λ)∗)−1B(λ)∗1

〉
Cn

= f(λ)−B(λ)(A(λ))−1f1(λ).

Set
h(z) = (A(z))−1f1(z) =

adj(A(z))f1(z)

detA(z)
.

The last expression shows that h belongs to the Smirnov class N+(Cn). By the Smirnov
maximum principle we furthermore have h ∈ H2(Cn), since∫

T
‖h‖2Cndm(ζ) =

∫
T
‖Bh‖2Cndm +

∫
T
‖Ah‖2Cndm

=

∫
T
|f |2dm +

∫
T
‖f1‖2Cndm = ‖f‖2H[B] <∞.

Hence Jf = (f, f1) = (Bh,Ah) with h ∈ H2(Cn), so Jf ∈ (JH[B])⊥ and it follows
that f = 0.

5.4 Equivalent norms. In the finite rank case we meet a natural but fundamental
question whether the rank of an H[B]-space can be reduced with help of an equivalent
norm. Here we assume that the space satisfies (A.1)-(A.3) with respect to the new norm. If
that is the case, then the renormed space is itself anH[D]-space for some functionD. We
will say that the spacesH[B] andH[D] are equivalent if they are equal as sets and the two
induced norms are equivalent. As mentioned in the introduction, [14] shows that in the
case H[B] = D(µ) for µ a finite set of point masses the space is equivalent to a rank one
H(b)-space.

It is relatively easy to construct aB = (b1, b2) such thatH[B] = H(b)∩Kθ, where b is
non-extreme andKθ = H2	θH2. For appropriate choices of b and θ, the spaceH(b)∩Kθ

cannot be equivalent to a de Branges-Rovnyak space. We shall not go into details of the
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construction, but we mention that it can be deduced from the proof of Theorem 5.12.
However, it is less obvious how to obtain an example of an H[B]-space which is Mz-
invariant and which is not equivalent to a non-extreme de Branges-Rovnyak space. The
purpose of this section is to verify existence of such a space, and thus confirm that the
class of Mz-invariant H[B]-spaces is indeed a non-trivial extension of the H(b)-spaces
constructed from non-extreme b. The result that we shall prove is the following.

Theorem 5.6. For each integer n ≥ 1 there exists B = (b1, . . . , bn) such that H[B] is
Mz-invariant and has the following property: if H[B] is equivalent to a space H[D] with
D = (d1, . . . , dm), then m ≥ n.

Our first result in the direction of the proof of Theorem 5.6 is interesting in its own
right and gives a criterion for when two spaces H[B] and H[D] are equivalent. Below,
H∞ and N+ will denote the spaces of complex conjugates of functions in H∞ and N+,
respectively.

Theorem 5.7. Let H[B] with B = (b1, . . . , bn) and H[D] with D = (d1, . . . , dm) be two
spaces with embeddings J1 : H[B] → H2 ⊕H2(Cn) and J2 : H[D] → H2 ⊕H2(Cm)
as in Theorem 2.4, such that

J1
1

1− λz
=

(1, c(λ))

1− λz
=

(1, c1(λ), . . . , cn(λ))

1− λz
,

J2
1

1− λz
=

(1, e(λ))

1− λz
=

(1, e1(λ), . . . , em(λ))

1− λz
.

Then the spaces H[B] and H[D] are equivalent if and only if the H∞-submodules of N+

generated by {1, c1, . . . , cn} and by {1, e1, . . . , em} coincide.

Proof. Assume thatH[B] andH[D] are equivalent. Let i : H[B] → H[D] be the identity
mapping if = f . The subspaces K1 = J1H[B] and K2 = J2H[D] are invariant under
the backward shift L by Theorem 2.4, and if T = J2iJ

−1
1 : K1 → K2, then LT =

TL. The commutant lifting theorem (see Theorem 10.29 and Exercise 10.31 of [1]) implies
that T extends to a Toeplitz operator TΦ, where Φ is an (m + 1)-by-(n + 1) matrix of
bounded coanalytic functions, acting by matrix multiplication followed by the component-
wise projection P+ from L2 onto H2:

TΦ(f, f1, . . . , fn)
t = P+Φ(f, f1, . . . , fn)

t.

Thus we have
(1, e(λ))t

1− λz
= TΦ

(1, c(λ))t

1− λz
=

Φ(λ)(1, c(λ))t

1− λz
. (34)

By reversing the roles of H[B] and H[D], we obtain again a coanalytic Toeplitz operator
TΨ such that

(1, c(λ))t

1− λz
= TΨ

(1, e(λ))t

1− λz
=

Ψ(λ)(1, e(λ))t

1− λz
. (35)
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The equations (34) and (35) show that the H∞-submodule of N+ generated by
{1, c1, . . . , cn} coincides with the H∞-submodule generated by {1, e1, . . . , em}.

Conversely, assume that theH∞-submodules ofN+ generated by {1, c1, . . . , cn} and
{1, e1, . . . , em} coincide. Then there exists a matrix of coanalytic bounded functions Φ
such that

Φ(1, c1, . . . , cn)
t = (1, e1, . . . , em)t

where we can choose the top row ofΦ to equal (1, 0, . . . , 0), and there exists also a matrix
of coanalytic bounded functions Ψ such that

Ψ(1, e1, . . . , em)t = (1, c1, . . . , cn)
t

with top row (1, 0, . . . , 0). It is now easy to see by the density of the linear span of 1
1−λz

in
the spacesH[B] andH[D] (which can be deduced fromTheorem 5.5 and Lemma 5.3) that,
in the notation of the above paragraph, we have TΦK1 = K2, TΨK2 = K1, TΨTΦ =
IK1 , TΦTΨ = IK2 and thusH[B] andH[D] are equivalent.

Lemma 5.8. Let c = (c1, . . . , cn) be an arbitrary n-tuple of functions in N+. There exists a
B = (b1, . . . , bn) such that H[B] is Mz-invariant and an embedding J : H[B] → H2 ⊕
H2(Cn) as in Theorem 2.4 such that

J
1

1− λz
=

(
1

1− λz
,

c(λ)

1− λz

)
.

Proof. Since ci ∈ N+, there exists a factorization ci = di/ui, where di, ui ∈ H∞, and ui
is outer. Let D = (−d1, . . . ,−dn) andU = diag(u1, . . . , un). The linear manifold

V = {(Dh,Uh) : h ∈ H2(Cn)} ⊂ H2 ⊕H2(Cn)

is invariant under the forward shift Mz . It follows from general theory of shifts and the
Beurling-Lax theorem (see Chapter 1 of [28]) thatMz acting on clos(V ) is a shift of mul-
tiplicity n, and

clos(V ) = {(Bh,Ah) : h ∈ H2(Cn)}

for some analytic B(z) = (b1(z), . . . , bn(z)) and n-by-n matrix-valued analytic A(z)
such that the mapping h 7→ (Bh,Ah) is an isometry fromH2(Cn) toH2⊕H2(Cn). It
is easy to see that A must be outer, since U is, and that

∑n
i=1 |bi(z)|2 ≤ 1 for all z ∈ D.

If P is the projection from H2 ⊕ H2(Cn) onto the first coordinate H2, then as in the
proof of Theorem 2.2 we set H[B] to be the image of clos(V )⊥ under P , ‖f‖H[B] =

‖P−1f‖H2⊕H2(Cn) and J = P−1. The tuple ( 1
1−λz

, c(λ)

1−λz

)
is obviously orthogonal to

V , so J 1
1−λz

=
(

1
1−λz

, c(λ)

1−λz

)
. The forward shift invariance of H[B] can be seen using

the same argument as in the end of the proof of Theorem 5.2.
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The next lemma is a version of a result of R. Mortini, see Lemma 2.8 and Theorem 2.9
of [24]. The proofs in [24] can be readily adapted to prove our version, we include a proof
sketch for the convenience of the reader.

Lemma 5.9. For each n ≥ 1 there exists an outer function u ∈ H∞ and f1, . . . , fn ∈ H∞

such that the ideal {
g0u+

n∑
i=1

gifi : g0, g1, . . . , gn ∈ H∞
}

cannot be generated by less than n+ 1 functions in H∞.

Proof. Let M be the maximal ideal space of H∞. The elements of H∞ are naturally
functions on M, and if ξ ∈ M, then the evaluation of f ∈ H∞ at ξ will be denoted by
f(ξ). Let u be a bounded outer function and I be an inner function such that (u, I) is not
a corona pair, so that there exists ξ ∈ M such that u(ξ) = I(ξ) = 0. Let fk = Ikun−k.
We claim that the ideal generated by {un, f1, . . . , fn} cannot be generated by less than
n+ 1 functions.

The proof is split into two parts. In the first part we apply the idea contained in Lemma
2.8 of [24] to verify the following claim: if ϕ0, ϕ1, . . . , ϕn ∈ H∞ are such that ϕ0un +
ϕ1f1 + . . . ϕnfn = 0, then ϕk(ξ) = 0 for 0 ≤ k ≤ n. To this end, the equality

ϕ0u
n = −(ϕ1u

n−1I + . . .+ ϕnI
n)

shows that ϕ0 is divisible by I , since the right-hand side is, but un, being outer, is not.
It follows that ϕ0 = Ih0 for some h0 ∈ H∞, and therefore ϕ0(ξ) = I(ξ)h0(ξ) = 0.
Dividing the above equality by I and re-arranging, we obtain

(h0u+ ϕ1)u
n−1 = −(ϕ2u

n−2I + . . .+ ϕnI
n−1).

As above, we must have h0u+ ϕ1 = h1I , with h1 ∈ H∞. Then

ϕ1(ξ) = h1(ξ)I(ξ)− h0(ξ)u(ξ) = 0.

By repeating the argument we conclude that ϕ0(ξ) = ϕ1(ξ) = . . . ϕn(ξ) = 0.
The second part of the proof is identical to the proof ofTheorem 2.9 in [24]. Assuming

that the ideal generated by {un, f1, . . . , fn} is also generated by {e1, . . . , em}, we obtain
a matrixM of sizem-by-(n+ 1) and a matrixN of size (n+ 1)-by-m, both with entires
in H∞, such that

M(un, f1, . . . , fn)
t = (e1, . . . , em)t, N(e1, . . . , em)t = (un, f1, . . . , fn)

t.

Then (NM−In+1)(u
n, f1, . . . , fn)

t = 0, where In+1 is the identity matrix of dimension
n + 1. By the first part of the proof we obtain that N(ξ)M(ξ) = In+1, where the
evaluation of the matrices at ξ is done entrywise. Then the rank of the matrix N(ξ) is at
least n+ 1, i.e.,m ≥ n+ 1.
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We are ready to prove the main result of the section.

Proof of Theorem 5.6. By Lemma 5.9 there exist u, f1, . . . , fn ∈ H∞, with u outer, such
that the ideal of H∞ generated by {u, f1, . . . , fn} is not generated by any set of size less
than n+ 1. Let ci = fi/u ∈ N+ and apply Lemma 5.8 to c = (c1, . . . , cn) to obtain a
B = (b1, . . . , bn) and a space H[B] such that

J
1

1− λz
=

(
1

1− λz
,

c(λ)

1− λz

)
.

IfH[B] is equivalent to H[D], whereD = (d1, . . . , dm) and

J2
1

1− λz
=

(1, e(λ))

1− λz
=

(1, e1(λ), . . . , em(λ))

1− λz
,

where J2 is the embedding associated to H[D], then Theorem 5.7 implies that the sets
{u, f1, . . . , fn} and {u, e1u, . . . , emu} generate the same ideal inH∞. Thusm ≥ n.

5.5 Mz-invariant subspaces. Our structure theorem forMz-invariant subspaces will
follow easily fromTheorem 2.4 after this preliminary lemma.

Lemma 5.10. Let H[B] be of finite rank and Mz-invariant. If M is an Mz-invariant sub-
space of H[B], then for each λ ∈ D we have that dimM	 (Mz − λ)M = 1, and thus M
is nearly invariant.

Proof. Let f ∈ M, h ∈ M⊥ and Jf = (f, f1), Jh = (h,h1). ByMz-invariance of M
we have, in the notation of Proposition 5.4,

0 =
〈
(IH[B] − λMz)

−1f, h
〉
H[B]

=

∫
T

f(ζ)h(ζ) +
〈
f1(ζ),h1(ζ)

〉
Cn

1− λζ
dm(ζ)−

〈
cf (λ),h1(λ)

〉
Cn . (36)

LetKf,h be the Cauchy transform

Kf,h(λ) = λ

∫
T

f(ζ)h(ζ) +
〈
f1(ζ),h1(ζ)

〉
Cn

ζ − λ
dm(ζ). (37)

ThenKf,h is analytic for λ ∈ D and admits non-tangential boundary values on T. Adding
(36) and (37) gives

Kf,h(λ) =

∫
T

1− |λ|2

|ζ − λ|2
(
f(ζ)h(ζ) +

〈
f1(ζ),h1(ζ)

〉
Cn

)
dm(ζ)−

〈
cf (λ),h1(λ)

〉
Cn .
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By taking the limit |λ| → 1 and using basic properties of Poisson integrals we see that, for
almost every λ ∈ T, we have the equality

Kf,h(λ) = f(λ)h(λ) +
〈
f1(λ),h1(λ)

〉
Cn −

〈
cf (λ),h1(λ)

〉
Cn

= f(λ)h(λ)−
〈
(A(λ)∗)−1B(λ)∗f(λ),h1(λ)

〉
Cn

= f(λ)
(
h(λ)−

〈
(A(λ)∗)−1B(λ)∗1,h1(λ)

〉
Cn

)
,

where we used (32) in the computation. The meromorphic functionKf,h/f thus depends
only on h, and not on f .

Let f(λ) = 0 for some λ ∈ D \ {0} which is not a common zero ofM, so that there
exists g ∈ M with g(λ) 6= 0. From Kf,h/f = Kg,h/g we deduce that Kf,h(λ)g(λ) =
Kg,h(λ)f(λ) = 0, and thus

0 = Kf,h(λ) = λ

∫
T

f(ζ)h(ζ) +
〈
f1(ζ),h1(ζ)

〉
Cn

z − λ
dm(ζ)

= λ

∫
T

f(ζ)h(ζ) +
〈
f1(ζ)− f1(λ),h1(ζ)

〉
Cn

z − λ
dm(ζ)

= λ
〈f(z)
z−λ , h

〉
H[B]

.

Since h ∈ M⊥ is arbitrary, we conclude that f(z)
z−λ ∈ M, and thus dimM 	 (Mz −

λ)M = 1. The fact that dimM	MzM = 1 holds also for λ = 0 or a common zero
of the functions in M follows from basic Fredholm theory. The operators Mz − λ are
injective semi-Fredholm operators, and thus λ 7→ dimM 	 (Mz − λ)M is a constant
function in D.

The following is our main theorem on Mz-invariant subspaces of finite rank H[B]-
spaces.

Theorem 5.11. Let H = H[B] be of finite rank and Mz-invariant and M be a closed Mz-
invariant subspace of H. Then

(i) dimM	MzM = 1,

(ii) any non-zero element in M	MzM is a cyclic vector for Mz|M,

(iii) if ϕ ∈ M	MzM is of norm 1, then there exists a space H[C] invariant under Mz ,
where C = (c1, . . . , ck) and k ≤ n, such that

M = ϕH[C]

and the mapping g 7→ ϕg is an isometry from H[C] onto M,
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(iv) if J is the embedding given by Theorem 2.4, ϕ ∈ M 	MzM with Jϕ = (ϕ,ϕ1),
then

M =
{
f ∈ H[B] : f

ϕ ∈ H2, fϕϕ1 ∈ H2(Cn)
}
.

Proof. Part (i) has been established in Lemma 5.10 and part (ii) follows from (iii) by The-
orem 5.5. It thus suffices to prove parts (iii) and (iv).

We verified in Lemma 5.10 that M is nearly invariant, and thus norm formula (22)
of Proposition 4.5 applies. A computation shows that, in the notation of Proposition 4.5,
we have Lϕ

λf = Lλ(f − f(λ)
ϕ(λ)ϕ), at least when ϕ(λ) 6= 0. Thus if Jf = (f, f1) and

Jϕ = (ϕ,ϕ1), then by (22) and part (i) of Theorem 2.6 we obtain that

‖f‖2H[B] = ‖f/ϕ‖2H2 + ‖g1‖2H2(Cn) (38)

where g1(z) = f1(z)− f(z)
ϕ(z)ϕ1(z). Themapping If := (f/ϕ,g1) is therefore an isometry

from M into H2 ⊕H2(Cn). The identity ILϕf = (L(f/ϕ), Lg1) shows that IM is a
backward shift invariant subspace of H2 ⊕H2(Cn) ' H2(Cn+1). Consequently by the
Beurling-Lax theorem we have that (IM)⊥ = ΨH2(Ck), for some (n+1)-by-k matrix-
valued bounded analytic function such that Ψ(ζ) : Ck → Cn+1 is an isometry for almost
every ζ ∈ T. We claim that k ≤ n. Indeed, in other case Ψ is an (n + 1)-by-(n + 1)
square matrix, and hence ψ(z) = detΨ(z) is a non-zero inner function. We would then
obtain

ψH2(Cn+1) = Ψadj(Ψ)H2(Cn+1) ⊂ ΨH2(Cn+1) = (IM)⊥. (39)

But since M is shift invariant, the function pϕ is contained in M for any polynomial p,
and hence for any polynomial p there exists a tuple of the form (p,g) in IM. Together
with (39) this shows that the polynomials are orthogonal to ψH2, so ψ = 0 and we arrive
at a contradiction.

Decompose the matrix Ψ as

Ψ(z) =

[
C(z)
D(z)

]
where C(z) = (c1(z), . . . , ck(z)) and D(z) is an n-by-k matrix. Consider the Hilbert
space M̃ = M/ϕ = {f/ϕ : f ∈ M} with the norm ‖f/ϕ‖M̃ = ‖f‖H[B]. By (38), the
map

Ĩf/ϕ :=
(
f/ϕ, f1 − f

ϕϕ1

)
(40)

is an isometry from M̃ into H2 ⊕H2(Cn), and

(ĨM̃)⊥ = {(Ch,Dh) : h ∈ H2(Ck)}. (41)

The argument of Theorem 2.2 can be used to see that

kM̃(λ, z) =
1−

∑k
i=1 ci(λ)ci(z)

1− λz
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is the reproducing kernel of M̃. Thus M̃ = H[C], and the proof of part (iii) is complete.
Finally, we prove part (iv). The inclusion of M in the set given in (iv) has been es-

tablished in the proof of part (iii) above. On the other hand, assume that f ∈ H[B] is
contained in that set. We will show that (f/ϕ, f1 − f

ϕϕ1) is orthogonal to the set given
in (41), and thus f/ϕ ∈ M̃, so that f ∈ M. In order to verify the orthogonality claim,
we must show that C∗ f

ϕ +D∗(f1 − f
ϕϕ1) ∈ H2

0 (Cn). According to Proposition 5.4, we
have that

J
ϕ(z)

1− λz
=
( ϕ(z)

1− λz
,
ϕ1(z)− cϕ(λ)

1− λz

)
for some coanalytic function cϕ which satisfies cϕ = (A∗)−1B∗ϕ + ϕ1 on T. Setting
f(z) = ϕ(z)

1−λz
in (40) we obtain from (41) that

( 1

1− λz
,−

cϕ(λ)

1− λz

)
⊥ {(Ch,Dh) : h ∈ H2(Ck)}

and then it easily follows thatD∗(λ)cϕ(λ) = C∗(λ)1. Using (32) we obtain the boundary
value equality

C∗ = D∗(A∗)−1B∗ϕ+D∗ϕ1,

and thus on T we have

C∗ f
ϕ +D∗(f1 − f

ϕϕ1) = D∗(A∗)−1(B∗f +A∗f1). (42)

Since f ∈ H[B] we have that B∗f + A∗g ∈ H2
0 (Cn) and thus (42) represents square-

integrable boundary function of a coanalytic function in the Smirnov class. An appeal to
the Smirnov maximum principle completes the proof of (iv).

5.6 Backward shift invariant subspaces. The lattice of L-invariant subspaces of
H[B]-spaces is much less complicated than the lattice of Mz-invariant subspaces. The
following theorem generalizesTheorem 5 of [29] forH(b)with non-extreme b. Ourmethod
of proof is new, and relies crucially on Theorem 2.4.

Theorem 5.12. Any proper L-invariant subspace of a Mz-invariant finite rank H[B]-space is
of the form

H[B] ∩Kθ,

where θ is an inner function and Kθ = H2 	 θH2.

Proof. Let J : H[B] → H2 ⊕ H2(Cn) be the embedding of Theorem 2.4. If M is an
L-invariant subspace ofH[B], then JM is an L-invariant subspace ofH2 ⊕H2(Cn) by
(iii) of Theorem 2.4. Thus (JM)⊥ is anMz-invariant subspace containing (JH[B])⊥ =
{(Bh,Ah) : h ∈ H2(Cn)}. BecauseMz acting on (JH[B])⊥ is a shift of multiplicity n,
the multiplicity ofMz acting on (JM)⊥ is at least n, and since (JM)⊥ ⊂ H2⊕H2(Cn),
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it is at most n + 1. We claim that this multiplicity must equal n + 1. Indeed, if it was
equal to n, then it is easy to see that

(JM)⊥ = {(Ch,Dh) : h ∈ H2(Cn)}

for some C(z) = (c1(z), . . . , cn(z)) and D(z) an n-by-n-matrix valued analytic func-
tion. The fact that no tuple of the form (0,g) is included in JM implies that D is an
outer function, and thus D(λ) is an invertible operator for every λ ∈ D. The tuple( 1

1− λz
,−(D(λ)∗)−1C(λ)∗1

1− λz

)
is clearly orthogonal to (JM)⊥, and thus 1

1−λz
∈ M for every λ ∈ D. ThenM = H[B]

by the proof ofTheorem 5.5. We assumed thatM is a proper subspace, and so multiplicity
ofMz on (JM)⊥ cannot be n.

Having established thatMz is a shift of multiplicity n + 1 on (JM)⊥, we conclude
that

(JM)⊥ = ΨH2(Cn+1),

where Ψ is an (n + 1)-by-(n + 1) matrix-valued inner function, and θ = detΨ is a
non-zero scalar-valued inner function. Note that θH2(Cn+1) = Ψ adj(Ψ)H2(Cn+1) ⊆
ΨH2(Cn+1). Thus if f ∈ M, then Jf = (f, f1) ⊥ ΨH2(Cn+1) ⊇ θH2(Cn+1). It
follows that f ∈ Kθ, and thus we have shown thatM ⊆ H[B] ∩Kθ. Next, consider the
(n+ 1)-by-(n+ 1) matrix

M(z) =

[
B(z) θ(z)
A(z) 0

]
.

Then it is easy to see that f ∈ H[B] ∩Kθ if and only if Jf = (f, f1) ⊥ M(z)h(z) for
all h ∈ H2(Cn+1). If M(z) = I(z)U(z) is the inner-outer factorization of M into an
(n + 1)-by-(n + 1)-matrix valued inner function I and an (n + 1)-by-(n + 1)-matrix
valued outer function U, then we also have that

f ∈ H[B] ∩Kθ if and only if Jf = (f, f1) ⊥ IH2(Cn+1). (43)

From the containment M ⊆ H[B] ∩ Kθ we get by taking orthocomple-
ments that IH2(Cn+1) ⊆ ΨH2(Cn+1) and thus there exists a factorization
I = ΨJ, where J is an (n + 1)-by-(n + 1)-matrix valued inner function. Since
−θ detA = detM = det I detU, we see (by comparing inner and outer factors)
that det I = αθ, with α ∈ T, and so αθ = det I = detΨdetJ = θ detJ. We
conclude that detJ is a constant, and thus J is a constant unitary matrix. But then
(JM)⊥ = ΨH2(Cn+1) = IH2(Cn+1), and so the claim follows by (43).
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Nearly invariant subspaces of de Branges spaces

Bartosz Malman

Abstract

We prove that the nearly invariant subspaces of a de Branges space H(E) which
have no common zeros are precisely of the form an exponential function times a de
Branges space H(E0).

1 Introduction and the main result

Let H be a space of analytic functions defined on some domain of the complex plane C.
A concept commonly appearing in operator theory and complex function theory is that of
nearly invariance of H. The space is said to be nearly invariant if the zeros of functions in
H can be divided out without leaving the space. More precisely, if f ∈ H and f(λ) = 0,
then f(z)/(z−λ) ∈ H. Nearly invariance is sometimes instead referred to as the division
property. More generally, if all functions in the space H vanish on some subset of the
complex plane, then the space H will be called nearly invariant if zeros of the functions in
H can be divided out as long as they do not belong to the common zero set.

This short article is concerned with the (always norm-closed) nearly invariant subspaces
of the de Branges spaces. An entire function E which satisfies the inequality |E(z)| >
|E(z)| for z in the upper half plane C+ = {z ∈ C : Im z > 0} is called a de Branges
function, and to each such function there exists an associated de Branges spaceH(E). Let
H2(C+) denote the usual Hardy space of the upper half plane, and for an entire function f
define f∗(z) := f(z). The de Branges spaceH(E) is the Hilbert space of entire functions
f which satisfy the following three properties:

(i) f/E ∈ H2(C+),

(ii) f∗/E ∈ H2(C+),

(iii) ∥f∥2H(E) :=
∫
R |f/E|2dx < ∞.

The space H(E), with norm given by (iii) above, is a reproducing kernel Hilbert space
with kernel given by

kE(λ, z) =
E(z)E(λ)− E∗(z)E∗(λ)

2πi(λ− z)
.
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Conversely, any kernel of the above form, with E a de Branges function, will of course be
the reproducing kernel of a de Branges space. More background information on this class
of spaces can be found in de Branges’ monograph [2].

The result that we will be proving here is the following structure theorem for nearly
invariant subspaces of de Branges spaces.

Theorem 1.1. Let N be a nearly invariant subspace with no common zeros of a de Branges
spaceH(E). Then there exists a de Branges space H(E0) and α ∈ R such that

N = eiαzH(E0) = {eiαzf(z) : f ∈ H(E0)}.

For some special classes of de Branges functions E the above theorem can be refined,
and as an application of Theorem 1.1 we shall give a new proof of a result of [1] which
characterizes the nearly invariant subspaces of the Paley-Wiener spaces. As usual, for a >
0, the Paley-Wiener space PWa consists of the entire functions F which are the Fourier
transforms F = f̂ of functions f in L2(−a, a), with an alternative characterization as the
space of entire functions of exponential type at most a which are square-integrable on the
real axis. Equipped with the usual L2-norm computed on the real axis, the space PWa is
a de Branges space corresponding to the function E(z) = e−iaz .

Corollary 1.2 ([1]). Let N be a nearly invariant subspace with no common zeros of a Paley-
Wiener space PWa. Then there exists an interval I ⊆ (−a, a) such that

N = {F = f̂ ∈ PWa : supp f ⊂ I}.

2 Proofs

We shall use the notation already introduced in the previous section. Furthermore, we shall
use the concept of the Nevanlinna class of the upper half plane, which is the class of analytic
functions inC+ that can be written as a quotient of two bounded analytic functions inC+.
The lower half plane consisting of z ∈ C with negative imaginary part will be denoted by
C−.

Lemma 2.1. If N is a nearly invariant subspace with no common zeros of a de Branges space
H(E), then the reproducing kernel kN of N is of the form

kN (λ, z) =
F (z)F (λ)−G(z)G(λ)

i(z − λ)
, (1)

where the functionsF andG are entire, andF/E, F ∗/E,G/E,G∗/E are in the Nevanlinna
class of the upper half plane.
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Proof. The proof is very similar to the proof of [2, Theorem 23]. First note that nearly
invariance of N implies that if f ∈ N and f vanishes at a point α ∈ C, then actually we
have that z−α

z−αf(z) ∈ N , since

z − α

z − α
f(z) = f(z) +

α− α

z − α
f(z) ∈ N .

We will use this observation several times below. Fix α ∈ C \R, and let f be a function in
N such that f(α) = 0. For λ ∈ C, the function z−α

z−α

(
kN (λ, z) − kN (λ,α)

kN (α,α)kN (α, z)
)
is

in N , and we have that

⟨
f(z),

z − α

z − α

(
kN (λ, z)− kN (λ, α)

kN (α, α)
kN (α, z)

)⟩
H(E)

=
⟨z − α

z − α
f(z), kN (λ, z)− kN (λ, α)

kN (α, α)
kN (α, z)

⟩
H(E)

=
λ− α

λ− α
f(λ) =

⟨
f(z),

λ− α

λ− α
kN (λ, z)

⟩
H(E)

.

The function

z − α

z − α

(
kN (λ, z)− kN (λ, α)

kN (α, α)
kN (α, z)

)
− λ− α

λ− α
kN (λ, z) ∈ N

is thus orthogonal to any function in N which vanishes at α, and is thus a scalar multiple
of kN (α, z). Evaluation at z = α shows that

z − α

z − α

(
kN (λ, z)− kN (λ, α)

kN (α, α)
kN (α, z)

)
− λ− α

λ− α
kN (λ, z)

= −λ− α

λ− α
· kN (λ, α)

kN (α, α)
kN (α, z)

from which we can solve for kN (λ, z) to obtain that

kN (λ, z) =
1

(α− α)(z − λ)

(
kN (λ, α)

kN (α, α)
(z − α)(λ− α)kN (α, z)

−kN (λ, α)

kN (α, α)
(z − α)(λ− α)kN (α, z)

)
.

By setting α = −i/2,

F (z) = kN (α, α)−1/2kN (α, z)(z − α)
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and
G(z) = kN (α, α)−1/2kN (α, z)(z − α)

we see that the kernel kN (λ, z) is of the form as suggested in (1). Moreover, since
kN (α, z) ∈ H(E), we have that kN (α, z)/E(z) ∈ H2(C+), and so it follows from
the above expression for F that F/E is in the Nevanlinna class of the upper half plane.
The same is clearly true for F ∗/E,G/E and G∗/E.

Remark. The hypothesis of no common zero set for functions inN is not used in the proof
of the above result. It is however utilized in the following lemmas.

Lemma 2.2. Let F,G be the entire functions in the expression for the reproducing kernel ofN
in (1). Then the following properties hold:

(i) F ∗F = G∗G,

(ii) |F (z)| > |G(z)| if z ∈ C−,

(iii) |F (z)| < |G(z)| if z ∈ C+.

Proof. The function kN (λ, z) is of course an entire function of z, and setting z = λ we see
from (1) that F (λ)F (λ)−G(λ)G(λ) = 0. This establishes (i). Properties (ii) and (iii)
follow from setting z = λ and the fact that N has no common zeros, so that kN (λ, z) is
not the zero function, and thus

0 < ∥kN (λ, ·)∥2H(E) = kN (λ, λ) =
|F (λ)|2 − |G(λ)|2

−2 Imλ
.

Lemma 2.3. Let F,G be the entire functions in the expression for the reproducing kernel ofN
in (1), and set U = G∗/F . Then U is an exponential function, i.e., U(z) = eiαz for some
α ∈ R.

Proof. The lemma will be established by verifying a series of claims:

(a) U has no zeros and no poles in C, and is thus an entire function,

(b) |U(x)| = 1 for every x ∈ R,

(c) U is in the Nevanlinna class of the upper half plane.

If the above three claims are established, then the fact that U is an exponential function
follows easily from the Nevanlinna factorization (see, for instance, [2, Theorem 9 and Prob-
lem 27]). We will now establish the three stated claims. Assume thatG∗(λ) = G(λ) = 0,
and additionally that λ does not lie on the real axis. We will show that F has a zero at λ,
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of the same order as G∗. Since |G(λ)| = 0 we see from (iii) of Lemma 2.2 that λ must
be in the lower half-plane. From (i) of Lemma 2.2 it follows that either F or F ∗ has a
zero at λ, but from (ii) of Lemma 2.2 we see that |F ∗(λ)| = |F (λ)| > |G(λ)|, so F ∗(λ)
is non-zero. Consequently F has a zero at λ, of the same order as G∗. Thus U = G∗/F
has no zeros outside of the real axis. In the same manner we can show that U has no poles
outside of the real axis.

If x is on the real axis, then by (iii) of Lemma 2.2 we have

|F (x)| = lim
y→0,y>0

|F (x+ iy)| ≤ lim
y→0,y>0

|G(x+ iy)| = |G(x)|.

By considering the limit when y < 0 in a similar manner we obtain that |F (x)| = |G(x)|
for real x, so that |U(x)| = 1, and thus U has no zeros (or poles) on the real axis. This
complets the proof of claim (a) and (b). Claim (c) follows from the fact that U is a
quotient of G∗/E and F/E, which are in the Nevanlinna class of the upper half plane by
Lemma 2.1.

Lemma 2.4. LetN be a nearly invariant subspace with no common zeros of a de Branges space
H(E), with kernel given by (1), U(z) = eiαz as in Lemma 2.3, and

√
U(z) = eiαz/2.

Consider the space

H0 =
√
UN = {

√
U(z)f(z) : f(z) ∈ N}.

IfH0 is normed by
∥
√
Uf∥H0 = ∥f∥H(E),

thenH0 is a de Branges space.

Proof. It is easy to see from the definition of H0 and Lemma 2.1 that the reproducing
kernel kH0(λ, z) of the space is

kH0(λ, z) =
√
U(λ)

√
U(z)kN (λ, z)

=
F (z)

√
U(z)F (λ)

√
U(λ)−G(z)

√
U(z)G(λ)

√
U(λ)

i(z − λ)
.

Thus H0 will be a de Branges space if we can show that (F
√
U)∗ = G

√
U and

|F (z)
√
U(z)| < |F (z)

√
U(z)| for z ∈ C+. The first claim follows easily from the equal-

ity F ∗F = G∗G, which implies that F ∗ = GU . Indeed, we also have that U∗ = 1/U ,
and thus

(F
√
U)∗ = F ∗/

√
U = GU/

√
U = G

√
U.

For the second claim, note first that part (i) and (iii) of Lemma 2.2 imply that for z ∈ C+

we have

|F (z)G∗(z)| < |G(z)G∗(z)| = |F (z)F ∗(z)| < |G(z)F ∗(z)|.
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Furthermore, note that |F (z)
√
U(z)| = |F ∗(z)

√
U∗(z)|. Thus

|F (z)
√
U(z)|2 = |F ∗(z)|2|G(z)|/|F ∗(z)|

= |F ∗(z)G(z)| > |F (z)G∗(z)|

= |F (z)|2|G∗(z)|/|F (z)| = |F (z)
√
U(z)|2,

and so the second claim is also established. It follows that H0 is a de Branges space.

Proof of Theorem 1.1. Follows now immediately from Lemma 2.4.

Proof of Corollary 1.2. By Theorem 1.1 there exists b ∈ R such that eibzN is a de Branges
space. Because N ⊆ PWa, it follows that eibzN is contained in PWa+|b|. By the de
Branges ordering theorem (see [2, Theorem 35]), for every c ∈ (0, a+ |b|), either PWc ⊆
eibzN or eibzN ⊆ PWc. Let c0 be the supremum of c such that PWc ⊆ eibzN and
c1 be the infimum of c such that eibzN ⊆ PWc. If c0 < c1, then for any c ∈ (c0, c1)
we would have that PWc ̸⊂ eibzN and eibzN ̸⊂ PWc, which contradicts the ordering
theorem. Thus c0 = c1, and consequently PWc0 = eibzN , or e−ibzPWc0 = N . This
shows that N consists precisely of the Fourier transforms of functions supported in the
interval I = (−c0 + b, c0 + b).
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