TANGENTIAL BOUNDARY BEHAVIOR IN HILBERT SPACES OF
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SHUAIBING LUO AND BARTOSZ MALMAN

ABSTRACT. Sarason’s Hilbert space version of Carathéodory-Julia Theorem connects the
non-tangential boundary behavior of functions in de Branges-Rovnyak space H(b) with the
existence of angular derivatives in the sense of Carathéodory for b, an analytic self-mapping
of the unit disk. In this article, we continue the study of higher order extensions of this
result that deal with derivatives of functions in H(b), and we consider notions of approach
regions more general than the non-tangential ones. Our main result generalizes the recent
work of Duan-Li-Mashreghi on boundary behavior in model spaces to H(b)-spaces and to
higher order derivatives, and we give a new self-contained proof of that result. It also
generalizes earlier radial results of Fricain-Mashreghi. In relation to existence of angular
derivatives, we show that in the classical Carathéodory-Julia Theorem one cannot replace

the non-tangential approach region by any essentially larger region.

CONTENTS

(1. Background| 2
[ 1.1. Angular derivatives in the sense of Carathéodory.| 2
[ 1.2. Other equivalent conditions and higher order analogs.| 4
[ 1.3. More general approach regions. Work of Duan-Li-Mashreghi.| 5)
2. Main results| 8
[ 2.1. Boundary limits for general approach region and symbol.| 8
[ 2.2, Norm convergence ot kernels.| 8
[ 2.3. Carathéodory-Julia Theorem for general approach regions: failure and a |

positive result.| 9
3. Proof of Theorem Al 11
[ 3.1. Blaschke product case.| 11
[ 3.2, Zero-free casel 14
[ 3.3. Combining the special cases into the general result.| 16
[ 3.4. Proofs of the auxiliary lemmas.| 17

Luo is supported by NNSFC (12271149), Natural Science Foundation of Hunan Province (2024JJ2008).

Malman is supported by Vetenskapsradet (VR2024-03959).



2 SHUAIBING LUO AND BARTOSZ MALMAN

4. Proof of Theorem Bl 19

TS MG . 19
| 4.2. Blaschke product case.| 21
L_4.3. Zero-free casel 23
| 4.4. Combining the special cases into the general result.| 24
. Proof of Theorems C and DI 24
[References 27

1. BACKGROUND

1.1. Angular derivatives in the sense of Carathéodory. Let D :={z € C: |z| < 1}
denote the unit disk. We single out the point 1 on its boundary circle T := {z € C : |z| = 1}

and consider inside D the ordinary non-tangential approach region I' with vertex at 1:
(1.1) I'=T(c)={z€D:1—|z| >clargz|}, ¢>0,argz € (—m, 7]

(parameter ¢ being fixed but arbitrary). Our choice of 1 € T as our base point is done

for notational convenience. It can be replaced by any other point (, € T. The angular

derivative at the point 1 of an analytic function f defined in I is the non-tangential limit
(1) == lim f'(2),

z—1
zel

if it exists. It is widely known that the existence of the limit does not depend on the
parameter ¢ used to define I'.

A specialized notion of angular derivative exists in the context of analytic self-mappings
of D. We say that b : D — ID has an angular derivative in the sense of Carathéodory at
the point 1 if b has an angular derivative at 1, and additionally b(1) := lim, 1 ,er b(2) is
unimodular, i.e., [b(1)| = 1. The famous Carathéodory-Julia Theorem from [Car29] and
[Jul19] reads as follows.

Theorem 1.1. (Carathéodory-Julia) Let b : D — D be analytic. The following two

conditions are equivalent.

(i) The function b has an angular derivative in the sense of Carathéodory at the point 1.

(ii) There exists a sequence (z,), of points in D which converges to 1 and satisfies

L [b(z)
1.2 _
(12) up
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It is known that is in fact equivalent to a similar condition

1—1b(2)]?

o
The implication (i) = (i) is immediately seen to hold by setting z = r € RND
and noting that 1 — |b(r)| is dominated by |b(1) — b(r)|, a quantity which is O(1 — r)
under (7). An insightful proof of implication (i) = (i) has been given by Sarason in
[Sar88], who identified the quantity in (i) as the norm of the functional of evaluation in
a certain Hilbert space of analytic functions, and in effect connected the geometric notion
of angular derivatives with operator theory. The de Branges-Rovnyak space H(b) is the
Hilbert space of analytic functions on ID characterized by the property that it contains the

kernel functions
(1.3) kb (w) =
and its inner product <-, > , satisfies

(1.4) f2) = (f kD), feHD).

Good references for background on H(b)-spaces is Sarason’s book [Sar94] and the more

recent extensive two-volume monograph by Fricain and Mashreghi [FM16a], [FM16b].
It follows from the reproducing property in (1.4]) that

1 — |b(2)]?
15 Ik41E = G2, ), =
1= ]
Under condition (i) of Theorem [L.1] the boundary kernel function
1—-0b(1)b
(1.6) K (w) = # weD

can be identified as a weak limit of a subsequence of the (k% ),,, and is thus a member of
H(b). Naturally, it should have the evaluation property that < f ki’>b = f(1). Indeed this
is so, if f(1) is duly interpreted. The following result appears in [Sar88| and is reproduced

in Sarason’s book [Sar94].

Theorem 1.2. (Sarason’s extension) The following condition is equivalent to the two

conditions in the Carathéodory-Julia Theorem.

(iii) We have norm convergence of k% — kb in H(b) as z — 1 in U'. In particular, for

every f € H(b), the non-tangential limit
f(1) :=1lim f(z)

z—1
zel
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exists and satisfies (f, k:i’>b = f(1)

1.2. Other equivalent conditions and higher order analogs. Consider the Nevan-

linna factorization of b as
(1.7) b(z) = B(2)S,(2)bo(2),

where B is a Blaschke product with zero sequence (an)n,

H |an| a, —
an, 1 — apZ
n

S, is the singular inner factor

SV(Z):eXp<_ C+Z

TC—2

av(Q)).

and b, is the outer factor

bo(z) = exp [ 105 (0) )

Here dm is the Lebesgue measure on T, normalized by the condition m(T) = 1. Existence

of the angular derivative has been characterized in terms of the quantities appearing in
this factorization. We proceed to present these results in the more general context of
higher order Carathéodory-Julia theory, which arises in the investigation of conditions for
existence of boundary values for higher order derivatives of b and functions in H(b).

Let 0, and 0. denote the usual complex differentiation operators with respect to the

complex variable z. For every z € D, the limit

k? k?
D.kb = lim —=th__ =
h—0 h

exists in the norm of #H(b). Similarly, the higher order kernels 9, k! are also members of
H(b), and it is not hard to see that

(1.8) (f,0:."KY), = [ (2).
According to (|1.5)), we have the useful formulas

- S ~—m1—|b(z)]?
(19) o = @ e, — ora L EE

— |z
If the quantity in (1.9) is uniformly bounded over a sequence of points (z,), tending to
1, then we may as before define the boundary derivative kernel Emk’{ as a weak (and
pointwise in D) limit of a subsequence (07'k? ),,. Throughout the article, 0,k is to be
interpreted according to that weak limit definition. We will not need any more precise

pointwise formula for this function (but see [FMO0S8D]).



TANGENTIAL BOUNDARY BEHAVIOR IN HILBERT SPACES OF ANALYTIC FUNCTIONS 5

The following result of Fricain and Mashreghi has been obtained in [FMO08a] and [FMOSD]

and characterizes the existence of radial limits for derivatives of functions in H(b) in terms
of the quantities appearing in (1.7)).

Theorem 1.3. (Fricain-Mashreghi, higher order radial characterization) For

every non-negative integer m, the following conditions are equivalent.

(i) As T — 1, we have the norm convergence 0, kb — 0. kb in H(b).
(ii) For every f € H(b), the radial limit
(M) (1Y o Ty £0)
£ (1) 2= i £ (1)
exists.
(1i1) We have

1 — a,/? dv(¢) —log [b(¢)]
;Il + + [ =28 g(¢) < oo

—a P T U= Ty = (P

Earlier results in this direction which pertain to inner b are due to Ahern and Clark
and can be found in [ACT0b]. It may be worth mentioning that, with some work, one
can replace the radial convergence in (i) and (i7) by non-tangential convergence. There
exist results in the spirit of Theorem with part (iii) replaced by similar conditions on
the Aleksandrov-Clark measure corresponding to b (see the discussion in [Sar94, Chapter
VII]). We note also the automatic strengthening from weak convergence (9_zmkff — G_ka:’l’
implicit in (é¢) to the norm convergence in ().

We wish to mention also the work of Bolotnikov-Kheifets, in which a more direct higher
order generalization of the Carathéodory-Julia Theorem has been obtained. In their result
[BKOG, Theorem 1.2], the existence of non-tangential limit for a higher order derivative of
b and positivity of a certain matrix is shown to be equivalent to the boundedness of the
supremum of the expressions in (1.9 over a non-tangential approach region. Recently, an
interesting generalization of the Carathéodory-Julia Theorem to the setting of arbitrary

reproducing kernels and arbitrary domains X instead of D appeared in the work of Dahlin
in [Dah24].

1.3. More general approach regions. Work of Duan-Li-Mashreghi. A different
generalization of the Carathéodory-Julia theory arises when replacing the non-tangential
approach region I' with a more general one. In our article, an approach region at 1 will
be an open simply connected domain €2 C D which satisfies the boundary intersection
property 02 N'T = {1}. Being interested in regions at least as large as the non-tangential

region, we shall for convenience also assume that () is star-shaped with respect to 1 in a
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neighbourhood of that point, by what we mean that for all z € Q sufficiently close to 1,
the line segment between 1 and z is contained in 2. This requirement will exclude some
pathological examples which are outside of the scope of our investigation.

An approach region can be associated to an increasing and continuous function p that is
defined for non-negative x, and satisfies p(0) = 0, p(z) > 0 for z > 0. Consider a domain

of the form
(1.10) Q,={zeD:1-|z] >p(|largz|)}.

Then p(x) = cx corresponds to the non-tangential regions I'(c), while p(z) = cx? corre-
sponds to the usual oricyclic approach regions, which in a neighbourhood of the point 1
resemble a disk inside D which touches T at 1.

It is natural to ask if analogs of the earlier stated theorems exist for more general

approach regions. Specifically, one may try to obtain conditions on b so that the boundary

limit

(1.11) Fm) = lim FmM(2)
zZ—r
z€Q

exists for all f € H(b). The limit must, of course, coincide with the ordinary non-tangential
one, if both exist, so our above notation is consistent. This particular question was inves-
tigated in the work of Leung in [Leu78]|, in which various results are obtained in the case
that b is an inner function and the approach regions are of the form ((1.10) with p(z) = cz”
for some v > 1. A related study was carried out by Protas in [Pro72]. The first-order re-
sults (i.e, m = 0) in Leung’s work have been recently generalized by Duan-Li-Mashreghi in
[DLM25] from the regions €2, considered by Leung to general approach regions. It requires
a little bit of preparation to state the main theorem in [DLM25]. For z € D close to 1 and

with positive imaginary part (argz € (0,7), say) consider the arc
(1.12) B, ={c"ecT:argz/2 <t <2argz}.

For z with negative imaginary part, let £, be the reflection in the real axis of the arc -,

and set E, to be empty for z =r € (0,1). Define also the circle sector
(1.13) S, ={re"eD:e" € E.}.

The Duan-Li-Mashreghi result reads as follows (see [DLM25, Theorem 2.1] for a slightly

extended formulation).

Theorem 1.4. (Duan-Li-Mashreghi) Let b = BS, be an inner function with zero set

(@p)n, and let Q@ be an approach region at 1. Then the following conditions are equivalent.
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(i)
kb
sup ||k2 ]y < oo.
FISY)

(ii) For every f € H(b), f(z) has a limit as z — 1 in Q.
(111) We have

(1.14) Zl_—WJr O _

1—an*  Jr |1 =(P

and
1 — |an|? / dv(¢)
1.15 su — + — > <0
1) o :Z [1—anz* e [1-C2?

Condition (i7i) above is stated for our convenience in a slightly different form than the
original condition in the statement of [DLM25] Theorem 2.1] (see the proof given in the
reference for details). Condition appears already in the context of non-tangential
approach regions in [AC70b], and condition (1.15)) is what has to be added to compensate
in the case of an approach region larger than the non-tangential one. The condition (ii7)

above is easily seen to be equivalent to

(iii’)

1 — a,[? dv(¢)

2 1=z~ Jr |1 (2P
Indeed, this condition is clearly stronger than ([1.15]), and it implies by Fatou’s
lemma. In the other direction, we note that the sets F, and S, satisfy the following readily
established estimate (see [DLM25, Lemma 3.4]) from which the mentioned equivalence
readily follows: given two points w € D :=TUD and z € D, if w ¢ S. U E., then

1 4
1—wz| = |1 —w|
Upside of (iii) over (iid’) is that isolates the information needed to conclude the

norm convergence of k¥ — kb as z — 1 in ), which is not automatic in the context of

(1.16)

more general approach regions considered here. Indeed, according to [DLM25, Theorem
2.2], under the equivalent conditions of the above theorem, this norm convergence occurs
if and only if the quantity in ([1.15)) tends to 0 as z — 1:

. 1- |an|2 dl/(g)
1.1 1 _ —2 = (.
(1.17) lim 1= Za,P +[EZ T—zp 0

2€Q n:an €S

In the non-tangential case 2 = I, it can be proved that (1.14]) implies ((1.17) (and a
fortiori (1.15])). It follows that norm and weak convergence k® — k% as z — 1 in I are

equivalent.
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2. MAIN RESULTS

2.1. Boundary limits for general approach region and symbol. The first of our
main results is an extension of Theorem by Duan-Li-Mashreghi to symbols with a

non-trivial outer part, and to higher order.

Theorem A. Let b : D — D be an analytic function with zero set (ay), and singular
inner factor S,. Let Q0 be an approach region at 1. For any integer m > 0, the following
conditions are equivalent.

(i)

sup |0, k2 |ly < 0.
2€Q

(ii) For every f € H(b), f™(z) has a limit as z — 1 in €.
(iii)
Supz 1— |an|2 + dV(C) + _1Og |b(§)| dm(() < o0,

2e0 & |1 _ a—nz|2m+2 - ’1 _ ZZ’2m+2 T |1 _ ZZ|2m+2

As before, the condition in (i4i) can be rewritten as conditions analogous to (|1.14) and
(1.15), namely

; ’11 — |an|2 + dV(() + —IOg |b(<)|dm(<) < 00

_ an|2m+2 T |1 _ C|2m+2 T |1 _ <‘2m+2

and

sup Z 1_—’%’2—1-/ dV—(Q+/E Mdm(()<oo.

st o |1 —azfPme? 1 — (z|2m+2 L |1 — Cz|?m+2

Our proof of the theorem does not use the technique of Duan-Li-Mashreghi of expressing
the kernel norms according to certain formulas of Ahern and Clark from [AC70a] (see
Section 3 in [DLM25]), and can therefore be seen as more elementary. In fact, such a
formula for the kernel norm may not exist for the outer function b,. Our approach to

overcome this difficulty is described at the beginning of Section [3]

2.2. Norm convergence of kernels. We extend also the above mentioned kernel norm
convergence result of Duan-Li-Mashreghi, characterized in the case m = 0 as equivalent to

([T17).

Theorem B. Assume that the equivalent conditions in Theorem[A] hold for some m. Then

the following two conditions are equivalent.

(i) We have the norm convergence 9, kb — 9, k! in H(b) as z — 1 in Q.
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(i)

fim Sl Y Y (N 7 (9 MY (e -1 (S RS
e} 11 — @, z[2m+2 B, |1 — Cz|Pm+? B |1 = Cz2m+2 -
z€Q n:an€S: z z

Again, in the non-tangential case 2 = I, the condition in (i7) of Theorem |B]|is auto-
matically satisfied if the equivalent conditions of Theorem [4] are satisfied. Thus we have
another proof of the fact that weak and strong convergence (’3—ka2 — 8_kall’ asz— 1in T
are equivalent.

The following reformulation of the result may shed more light on the matter. Introduce

the non-negative finite Borel measure M on D given by

dM = (1 |ay|*)dd,, + dv — log |bldm,

where d,, is a unit mass at the point a, € D. Then the condition (éi7) in Theorem
simply means that the functions
(2.1) w W 2eQ
form a bounded subset of the Lebesgue space L'(M). Although we shall not go into
the details of a proof, we wish to mention that one can show that the condition (ii) of
Theorem (B| is equivalent to the uniform integrability of the family with respect to
the measure M, which by definition means that to any ¢ > 0 there corresponds a 6 > 0
such that if £ C D is a Borel set satisfying M (F) < 4, then

ilelg/E —|1 _w12|2m+2dM(w) < e.
Due to the pointwise convergence

1 1

|1 _wz|2m+2 - ’1 _@|2m+2

as z — 1, by basic measure theory this condition is further equivalent to the compactness of
the family of functions (2.1]) in L'(M). In this way we connect the properties of families of
kernel functions 9, kP in H(b) with the properties of families of functions (2.1 in L'(M).

2.3. Carathéodory-Julia Theorem for general approach regions: failure and a
positive result. Given that Sarason’s extension of Carathéodory-Julia Theorem has an
analog in the context of more general approach regions, one may wonder if the classical
theorem also generalizes in a similar way. Our main result in this direction shows that
a natural restatement of the original theorem of Carathéodory-Julia is not valid in the
broader context. To wit, consider the domains 2, in . Intuitively speaking, a domain
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of this form will be strictly larger than a non-tangential region in the vicinity of the point
1 if we have lim, .o p'(x) = 0. An easy exercise shows that if p is convex, then this last
condition is actually equivalent to €2, not being contained in any non-tangential region I'(c)
for any ¢ (recall ) The following theorem shows the failure of a direct generalization

of the classical result to general approach regions.

Theorem C. Assume that p is continuously differentiable and increasing on (0, 00), p(z) >

0 forx >0, and

lim p'(z) = 0.

z—0

Then there exists b: D — D such that

sup Hk’z’Hb < o0
2€Q,

but

lim b'(z2)
z—1
2€8,

does not exist.
However, as a consequence of Theorem [B| we can prove the following partial result.

Theorem D. Let Q be an approach region at 1. If we have norm convergence k> — k% in
H(b) as z — 1 in Q, then the limits
V(1) =1lmd (2), b(1)=1limb(z)

z—1 z—1
z€Q) F1S9)

exist, and |b(1)| = 1.

We do not know if the converse of the result holds for any approach region {2 essentially
larger than the non-tangential ones, and we have not produced any counter-example. We

therefore leave the following question unanswered.

Question. For a general approach region €, is there a way to characterize the existence
of the limits

(1) = lmd(z), b(1)=limb(z), |b(1)|=1,
= =

in terms of some type of behavior of the kernel functions k2, 2 € Q?
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3. PROOF OF THEOREM A

It will be convenient to divide the proof into the two special cases of b being a Blaschke
product and b being zero-free in D. The result in general will be shown to follow from
these two special cases.

The proof of the equivalence of conditions (¢) and (iii) in Theorem [A]is the most involved
part, but it will be established in a natural way. In the case that b is a Blaschke product,
certain observations and the Leibniz rule will express 070, ||k2||? = ||0. k2||? as a sum
of various terms involving derivatives of b or its factors, and a single positive quantity of
magnitude proportional to the terms appearing in (iii) of Theorem . Estimation of the
derivatives of b and its factors in Lemma [3.1| and Lemma [3.3| will show that the positive
quantity is the principal one. The complementary case of zero-free b will be treated in a

way not much different.

3.1. Blaschke product case. For the remainder of this section, let b be the Blaschke
product corresponding to the zero sequence (ay,),>1. The condition (ii7) in Theorem |A|is
then

[e.9]

1— |a;|?
(3.1) sup ]

—— < Q.
2cQ = |1 _ a—jz|2m+2

Let b;(z) be the finite Blaschke product product corresponding to (a,)’_, (by = 1). For a

n=1

product b = B; By, we have the readily-established decomposition formula
(3.2) K25 = B2 5, + [ Bu(2) PR |5,

Recall also the well-known identity

_lz—a (A~ a’)

3.3 1 = , ,z €D.
(3:3) 11— azp? 11— az? @
In the case of a Blaschke factor
la| a — z
B = — D
1(2) a 1— EZ, a,z €l
we note that (3.3)) implies
i, = =1l
z 1B 1 —az]?

Now, an iteration of the above decomposition formula leads to
1 —a;|?

1 —a;z*

(3-4) K21 = by (=)

J=1
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As a consequence of the Blaschke condition on (ay,),, it is not hard to see that the derivatives
of ||k%||? can be computed by term-wise differentiation of the series in (3.4). An application

of the Leibniz rule and an exchange of the order of summations shows that

(3.5) 7o KE = Cra(2)
k,1=0
where
— m m (m k) (m 1) —k 1.7 1_|aj|2
o) Cutr= X (1) (7 )t et el
j>1 j j

1—a;|?
1—ajz)1t*(1—a;Z)

According to the next lemma, the coefficients of the terms ( =7 in the

expression for Cy;(z) are well-behaved.

Lemma 3.1. Let b and b; be Blaschke products as above.

o If (i) in Theorem [A| holds, then the derivatives up to order m of b; are uniformly
bounded in 2, and lim,_,; .cq |b(2)| = 1.
o [f (iii) in Theorem |A| holds, then the derivatives up to order 2m + 1 of b; are
uniformly bounded in S, and lim,_1 ,eq |b(2)| = 1. Moreover, the limits
lim 5% (2), lirr% bgk)(z), j>0,k=0,1,...,2m
2—

z—1
zeQ z€Q

exist.

Remark 3.2. Note the asymmetry in the above statement. Since the two conditions (7)
and (7i7) in Theorem |A| will ultimately be proven to be equivalent, the conclusion in the
first part of the lemma can be upgraded to the stronger conclusion of the second part. For

the time being, however, the above statement both suffices and is more convenient.

We will prove the lemma a bit later. Assuming it for now, we see from Cauchy-Schwarz
inequality applied to (3.6 that if either (i) or (i7i) in Theorem |A| hold for b and m, then

there exists a constant C' > 0 such that

|a]‘ 1 — |a1’2
(3.7) Cra(2)l = C Z — @[22 Z — a2 2 €14

J>1 ]>1

Hence (3.1)) implies that the left-hand side in (3.5|) is uniformly bounded for z € Q. Thus,
for Blaschke products b, the condition (i7i) implies the condition (i) in Theorem .
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Let us now prove the other implication (i) = (¢i7) in Theorem [A4| by induction on m.
For the base case m = 0, it suffices to note that by Lemma 3.1} for z €  sufficiently close

to 1, we have
1/2 < [b()] < by (2)] < 1,

Hence the case m = 0 follows from ({3.4]). For the induction step, we assume that condition
(¢) implies (iti) for m — 1, and we suppose (i) holds for m. Then the derivative of order
m of every function f € H(b) is bounded in €2, and so the same is true for derivatives of
lower order. From principle of uniform boundedness it follows that sup,.q ||8_zzkg||b < 00

for i« < m. By the induction hypothesis, we deduce that
1 —|a,|?
(3.8) sup Z % < 00.

The idea is to show that the term C,, ,,(2) in . ) dominates the other terms. Consider
first the terms on the right-hand side of (| . ) which are indexed by k < m, [ < m. It
follows from (3.8) and the estimate (3.7), which is again valid by Lemma [3.1] that

(3.9) sup Z |Cra(2)] < 0.

zEle —0

Now consider the terms on the right-hand side of (3.5]) for which one of the indices & or [

is equal to m. Similarly, we deduce that

— la;|?
(3.10) Clam(2)] 4> |Cou Z — Z(ZW, zeQ,

k=0 1=0 j>1

-y 1— |a;|”
2m 1\2 J
|b ’ |aJ| (m) |1 _a—jz‘ngrQ'

j>1

We may without loss of generality assume that |a;| > 1/2 holds for all j (removing finitely
many points from the sequence (a;); clearly does not affect the validity of any of the
equivalent conditions in Theorem . As in our earlier proof of the base case m = 0, it

follows from Lemma [3.1] that we have

1= Ja,f?
2m—2 I e B
(3.11) Coron(2) 2 27202V Y s

j>1
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for all z € £ which are sufficiently close to 1. Now we may combine (3.5) with the three
estimates (3.9)), (3.10) and (3.11)) to conclude that for z € Q sufficiently close to 1, we have

—2m— 1—’61‘ ‘CL| ma M
9-2m=2( le L < '+ D le_a—szaz K212

—a Z’2m+2 Z‘2m+2
j>1 7>1

where C” and D’ are positive constants. If () of Theorem |A| holds, then this inequality
can hold only if (4i7) of Theorem |A| holds. This completes the proof of the equivalence
(1) < (4i7) in the case of Blaschke products (assuming the earlier-stated lemma).

It remains to show that condition (77) in Theorem [A|is equivalent to the remaining two.
It certainly implies (i), by the principle of uniform boundedness and (1.8). Conversely, if
(4) and (i) hold, then from the second part of Lemma [3.1]and and from (1.3) we conclude
that the derivative of order m of any finite combination of kernels functions in H(b) have a
limit as z — 1 in Q. Thus lim, 1 ,cq f(2) = lim, 41 ,eq <f, 8_kalz’>b exists for a dense set
of functions f in H(b). This together with sup,.q ||0. k%||, means that 0.  k® converges

weakly as z — 1 in Q, which is clearly equivalent to the condition (i) in Theorem .

3.2. Zero-free case. Let us now consider the case of a zero-free symbol b. In ([1.7), set
dp := dv —log|b|dm, so that

(3.12) b(2) = exp (- /T ¢ Zwo), 2eD.

(—=z

Condition (4¢7) in Theorem |A| becomes

(3.13) sup dl_jJ—(O
2€Q JT |]- - CZ|2m+2

Since Re ¢ C+Z = Ii:'é';, (3.12) implies that

—log |b(2)]? _ du(Q)
2(1 — |2]2) |1 —Cz?

(3.14)

Since —logz =Y % (1;’:)” for x € (0,1), we see from this expression and from (|1.5]) that

du(C) _ 2\ 11 7.b1|2
(3.15) ATeRari S(b(=) )R]
where
(3.16) S(x) = Z(l_%, x € (0,1].

n=1
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Clearly S is a smooth function on (0,1), and lim,_,; S®)(x) exists for each non-negative
integer k. Moreover, S is bounded from below by 1/2. Applying the operator 8;”(9_zm and
the Leibniz rule to (3.15)), we see that

(m' )*du(C) 99
(3.17) Z P, j(2) - 0.0." |23

‘1_Cz‘2m+2 by

where P, ;(z) is a product of derivatives of S evaluated at |b(z)|?, and of derivatives of b,
all up to order m. Moreover, Pyo(z) = S(|b(2)]?).

We will need a variant of Lemma [B.1]

Lemma 3.3. Let b be zero-free in D.

o If (i) in Theorem holds, then the derivatives up to order m of b are uniformly
bounded in €2, and lim,_,1 ,eq |b(2)| = 1.
o [f(iii) in Theorem holds, then the derivatives up to order 2m+1 of b are uniformly

bounded in €, and lim,_,1 ,eq |b(2)| = 1. Moreover, the limits

lim b (2), k=0,1,...,2m
z—1
z€Q

exist.

As in the case of the corresponding lemma for Blaschke products, we leave the proof for
later. Note that

(3.18) 020 R3] = 102 K, 3K, | < 102 Kl - 1192 Kl

As before, the condition (¢) in Theorem E implies that sup,.q [|0- k:2||b < oo for i < m.
Then together with Lemma [3.3] show that the left-hand side in ([3.17) is bounded
for z € Q, and we have proved the implication (i) = (éi7) in Theorem [A| for zero-free b.
Conversely, let us prove the implication (#i7) = (¢) by induction on m. The base case
m = 0 is obvious from , the second statement in Lemma and the boundedness
from above and below of S for € (1/2,1). Assuming that the implication (i77) = (i) in
Theorem [A] is valid for m — 1, we see in that

(m)2dp(Q)

7|l — ZZ|2m+2
where D(z) is bounded for z € . As the left-hand side is assumed bounded in §2, so
must be the right-hand side. Since S(|b(z)|?) is bounded from below in 2, we deduce that

(1(2)%) - 19" KEII5 + D (=) - 18:" k2]l + O(1)

Sp,cq 192K < oo.
The proof that the conditions (i) and (éi7) in Theorem [A| are equivalent to (i7) in the

case of zero-free b is analogous to the corresponding proof for the case of the Blaschke
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product. The only difference is that we use the second part of Lemma |3.3] instead of the
second part of Lemma We leave out the details.

3.3. Combining the special cases into the general result. In the last two sections
we have proved Theorem [A] in the two cases that b = B is a Blaschke product or b = B,
is zero-free in ID. Let us now show that these two cases imply the result for the general
symbol b = B B,.

Assume that (7) in Theorem [A] holds for b = B;Bs, where B; is a Blaschke product
and B, is zero-free in . It is well known that we have the contractive containments
H(By) C H(b), H(B2) C H(b), and that f € H(b) can be decomposed as

(3.19) f=DBafi+ fa, fir €H(DB1), fo € H(B2)

(see, for instance, [Sar94, page 5] or [FM16b, Theorem 16.23]). The contractive contain-
ment H(B;) C H(b) implies the set containment

{f e H(B) :|[flls, =1} < {f € H) : [ Flls < 1}

and therefore

(3.20) 10" kP ||, = sup |fU(2)]
fEH(B1)
£z, =1
< sup | (2)|
FEH(D)
Iflls<1

= [10." k2.

Hence by the special cases of Theorem , fi(k)(z) has a limit as 2 — 1 in Q for k < m,
1 = 1,2. The same is true for the zero-free function B, according to Lemma |3.3| By
(3.19)), we see that f(™)(z) has a limit as z — 1 in . The proof in the general case of the
implication (i) = (¢4) in Theorem |A|is thus complete.

We prove (ii) = (4i7). The containments H(B1) C H(b), H(Bz) C H(b) show that (ii)
in Theorem |A| holds for the symbols B; and Bs, and therefore so does (7ii), which means
that and are satisfied. Summing the conditions, we obtain (iii) in Theorem
for the symbol b = B Bs.

Finally, let us prove the remaining implication (i7i) = (i) in the general case. The

special cases imply that

Sup||8_zlkZBi||Bi <o00,i=1,2, [=0,1,...,m.
z€Q
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It suffices to apply the Leibniz formula, the inequality (3.18]) and either Lemma or
Lemma to the decomposition in (3.2) to conclude that sup,.q ||0. k°|ly < oo. The

proof is complete.

3.4. Proofs of the auxiliary lemmas.

Proof of Lemma[3.1]. We start by assuming the condition (i) in Theorem . We use in-
duction on m to prove that the b§m) are uniformly bounded in €2, with the base case m = 0
being trivial. Let m > 0 and assume that sup,.q ||0, k2|ly < co. As before, we conclude
that sup,cq Hﬁ_;k:gHb < oo for i < m, and by the induction hypothesis derivatives of b; up
to order m — 1 are uniformly bounded in Q. Fix A € D for which b(A) # 0. The term TIXZ
and all of its derivatives are bounded in D, hence in 2. Since b and b; are inner functions,

the space #(b,) lies isometrically embedded in H(b). Therefore by (1.5)), we have

L= [b;(M _ 1= bV

kbj 2: k,bj 2 —
153 15 = 1% 1[5, D \ERE R Y

< |I&1;

and so
m bj o bj am bj _m —m
|0k (2)] = [(ky?, 82 kD), | < (K57 1102 K2Ml < (RS 11610=" K2 lb-

The rightmost quantity is uniformly bounded for z € €. Leibniz rule applied to the
expression for k% in ((1.3)) shows that

~b; (W™ (2)

3.21 omkbi () = J
(3.21) kY (2) %

+1;(2)

where 7;(2) is a linear combination of products of derivatives of b; of order strictly less
than m and powers of (1 — Az)~'. By induction we have that r; is uniformly bounded in
Q. Since [b;(A)| > |b(N)| > 0, it follows from that bg-m) is also uniformly bounded in
2. The fact that condition (¢) in Theorem [A|implies lim,_,; ,eq |b(2)| = 1 follows at once
from sup.q [|k2||s < co and (L.5]). We have proved the first point in Lemma

Let us now prove the second point, so instead assume (7ii) in Theorem . Using
and our hypothesis, we note that for z € €2 we have
(3.22)

lmal g, WD o) 5~ A2 DA 0l o ppy,

o 1 —a;zf?

1_
R T A TR PR

J
We conclude that there exists r € (0,1) such that for z € 2 with |z| > r, we have the lower
bound

|z — ay|
3.23 1/2 < ——————,
(3.23) /2 < T
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Differentiating the expression

|z — a,|?
log |b; (= ZIO (|1—a R

results in
b (2) d 1 — |an|?
(3.24) = =0, log|b;(2)| =
b(2) 2 -
By (3.23)) we obtain that
2
V(2 ;—’1 —El z € 2] > 7.

For z satisfying |z| < r, we may use the usual Bloch-type estimate

2sup.ep |f(2)]
1 =[]

F'(2)] <

to conclude the uniform boundedness of 0; in . The case m = 0 of our proof is complete.
To prove the cases m > 1, simply multiply through by b;(z) and differentiate k times
to see that b ngrl)( ) is a finite sum of products of derivatives of b; of order lower than £,
and of terms controlled by anl % in €2. Then the general case follows readily by
induction. Since b; — b uniformly on compacts as j — 0o, these estimates show also that
b*) is bounded in € for k < 2m + 1. This means that bg-k) and b are Lipschitz in Q for
k < 2m, and so they extend to continuous functions on 0€2. In particular lim,_,; .cq b(k)(z)
and lim,_,; .cq bg-k)(z) exist for k < 2m. The fact that lim, ,; .cq |b(2)] = 1 is yet again a
byproduct of the proof. Indeed,
log [b(2) Zl (”f_ a“"Z’P)

n>1

and from the estimate (x —1)/2 <logx <z —1, x € (1/2,1) and (3.3]), we deduce that
log |b(2)] = O(1 — |z)*), z€q.
Hence |b(z)| = 1 as z — 1 in (. O

Proof of Lemma [3.3] The proof of the first point is completely analogous to the corre-
sponding part of the proof of Lemma [3.1 with b = b;. To prove the second point, we use

(3.12) to see that

V(z) _ [ 2¢dp(C)
. Rl Ay
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Multiplying through by b(z) and differentiating 2m times shows that (3.13) (i.e., (¢i7) of
Theorem |A)) implies boundedness of 5?™*V in Q. As in the proof of Lemma , it follows

that lim, ;1 ,eq bk (2) exists for k < 2m. Finally, we have

1— |z
—log |b(2)| = ——du(C
bl = [ g
and so (3.13]) shows that |b(z)] — 1 as z — 1 in Q. O

We state the following result which follows from Lemmas [3.1] and [3.3]

Corollary 3.4. Assume that the equivalent conditions in Theorem [A] hold for some m.
Then the derivatives up to order 2m~+1 of b are uniformly bounded in 2, and lim,_,; ,eq |b(2)|

1. Moreover, the limits

limb®)(2), k=0,1,...,2m
z—1
2€Q

exist.

We will see in Theorem |C|that in a general region €2, lim,_,; ,cq b(2m+1)(z) may not exist.

4. PROOF OF THEOREM B

In this section we prove Theorem [B] and so throughout we assume that the equivalent
conditions of Theorem [A] are satisfied for some fixed integer m. Consequently, we often

will use in our arguments the various partial results derived in the previous section (such

as Lemma and Lemma, .

4.1. Some initial observations. The following is our main simplifying observation.

Lemma 4.1. Assume that b satisfies the equivalent conditions stated in Theorem [A] for
some m > 0. To conclude the norm convergence Z’”k’; — (9_ka11’ as z — 1 in Q, it suffices
to show that
(41) lim 12" K2

z€N

extsts.

For convenience we will use in the following proof the Fricain-Mashreghi result presented

in the introduction (Theorem , although this is not, strictly speaking, necessary.

Proof of Lemma[A.1]. Suppose that the limit in (4.1)) exists. Note that part (#i¢) in The-

orem is satisfied as a consequence of Fatou’s lemma and our assumption of (7iz) of
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Theorem [A| being satisfied. Hence all three conditions in Theorem hold. By part (i) of
Theorem [1.3] we conclude that

Tim (2.7 Kl = 1107 k7o

Hence the limit in (1)) must also equal |8, k||, Noting that
o Aam AT b N (B b2
lim 978, k(=) = [0 K
z€Q)

we conclude the proof as follows:

lim |8, K2 — 0. k7 llp = Lim [|9." K21 + [10." K7 s — 2Re 070" ki (2) = 0.
z— z—

z€Q) zeQ

The following two lemmas will also be useful.

Lemma 4.2. If we have norm convergence (9_ka:lz’ — 8_kalf as z — 1 in , then also we

have norm convergence G_Z]k;lz’ — 9, kb as z —1in Q for j < m.

Proof. Recall that we assume that if z € Q close enough to 1, then the line segment between
z and 1 is contained in . Then, since |fU)(z) — D] =17 fU(w) dw|, we get

limsup||(9_zjkg—8_ijll’||b:limsup sup |f9(2) — FO(1)]
z—1 z=1 fi flly=1
2€Q z€Q
< limsup ||3 k:§||b Sz —1].

z—1
zeQ

Thus norm convergence 9, k% — 9.’k as z — 1 in Q is implied by mere boundedness of
—+1 .
the norms ||8szr K|y for z € €, and a fortiori by the assumed norm convergence. The

claim then follows by iteration down from case j +1 = m. U
Recall the definition of the intervals F, in (1.12)) and the sectors S, in (1.13)).

Lemma 4.3. Assume that the equivalent conditions of Theorem [A] are satisfied for some

integer m. Then

(4.2) lim Z|11_|an|2 + dz(o + _10§|b<o|dm(g)

— %Z|2m+2 T |1 _ <Z|2m+2 T |1 _ <2‘2m+2

exists if and only if

: 1 —|a,? dv(¢) / —log [b(¢)|
( ) z—&gleﬁmzs ’1 —a_n2’2m+2 + /Ez |1 _ Czl2m+2 + B, ‘1 _ CZ‘2m+2 m(C)
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Proof. By condition (7i7) in Theorem |4| and Fatou’s lemma, we obtain

J = Z |11 — |an|2 + dV(C) + _1Og |b(C)| dm(() < o0,

SRR TN NS

According to (1.16]), for any z € D we have the estimate

1
1 —wz| = |1 —w|

, weDwgE,US..

Dominated Convergence Theorem thus implies

: 1 — |an|” dv(¢) /
4.4 lim =
44 120 2 1 — @ z[?m+2 i /’JI‘\Ez 1= Gzt i T\E;

n:anéS,

~log[b(O)] ,
1— ZZ|2m+2

m(C) = J.

For z = r € (0,1), we have by definition that £, = S, = &, and so if the limit in (4.2)
exists, it follows from (4.4]) that it must equal J. Then the difference of the quantities in
(4.2) and (4.4]) must tend to 0 as z — 1 in €. This is precisely condition (4.3]). Conversely,

assuming (4.3)), it follows immediately from (4.4) that (4.2) exists (and equals J). O

As in the previous section, we will proceed by dividing the rest of the proof into the two

cases: Blaschke products, and zero-free functions.

4.2. Blaschke product case. Consider the space ¢! of summable unilateral sequences
z = (z(n)), indexed by natural numbers n > 1 and denote by |||y := Y, [z(n)| the usual
norm in ¢'. It will be useful to introduce the sequences Ay, given by

L= ‘%\2 n>1.

Apz(n) = (1 — Gp2) (1 — a,z) 0 =

Here a,, are the zeros of the Blaschke product b. By the Blaschke condition ) 1—]a,| < oo,

the sequences Ay, are members of £!. The condition (4ii) of Theorem [A|on b reduces to

(3.1) and it implies that

sup || Al < o0
zeQ,1<k,I<m

and

Ak,l,l € fl, 1< k},l < m.

Moreover, we have the following norm convergence result.

Lemma 4.4. If the equivalent conditions of Theorem [A] are satisfied for the Blaschke
product b and integer m, then for k + 1 < 2m we have

hm ||Ak,l,z — Akz,l,l”l =0.
z—1
z€Q
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Proof. Because for every n it holds that Ay, .(n) — Ag;1(n) as z — 1, it is a standard
result in measure theory that the desired norm convergence will follow from

Hm [[Aggzllr = [[Araalls-

z—1

z€Q
Now, this convergence is established by an argument completely analogous to the one used
in the proof of Lemma [4.3]if we can show that

1 — |an|?
4.5 li ———— =0.
(4.5) zg);} L 11— @z [2HRH
To see this, we prove first that
(4.6) lim sup |1 —a,z|=0.

igs% n:an €S,

Should this not be true, then there exists a positive number ¢, a sequence (z,), of points
in Q converging to 1, and a sequence (a}), of distinct zeros of b, such that a} € S, and

d < |1 —a’z,| for all n. Now, the standard estimate
1 —agzn] < (1 —lap]) + (1 = [zn]) + [ arg(agzn)|

shows that 1—|a}| is bounded from below, since the other two terms on the right-hand side
above tend to 0 as z — 1. This says that the Blaschke product has infinitely many distinct
zeros in a disk centered at the origin of radius strictly less than 1, which is impossible.
This establishes (4.6). Accordingly, given any € > 0, if z € Q is sufficiently close to 1, then
SUD,.q.es. |1 — @nz| < €, and hence

lim sup Z 1——|an|2 = lim sup Z 11— a_nz|2m_k_l1_—|an|2

11— @pz|2hH 11— @z [2m+2
2€Q  mMan€S: n 2eQ man€S: n

11— |an|2
sup

z€Q n |1 _anz| m

Since 2m — k —1 > 1, we see from the above estimate that (4.5) holds, and so the proof is
complete. Il

We may now finish the proof of the equivalence of (i) and (iz) in Theorem |B|in the case
b is a Blaschke product. We go back to the equations (3.5)) and (3.6]), and note that

Cra(2) =Y Bru(5) A7)

where by Lemma [3.1] the sequences

. m\ (M k), ol
By = (Bk,l,z(]))j = ((k) ( ] )b§~1 k)(z)bg-fl l)(z)ajkaé-k!l!)

J
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are uniformly bounded for z € €2 and converge in each coordinate as z — 1 in 2. It follows
from Lemma that for k+1 < 2m, Cj(z) converges as z — 1 in Q. The remaining term
on the right-hand side of ({3.5]) is

2 2 1%y
ZV% 1(2) |a;|*"(m!) H_a_jm

j>1

and it follows that this term converges if and only if 979, ||k?||? converges. By the
inequality [b(z)| < |bj_1(2)| for all z € D and the convergence |b(z)] — 1 as z — 1 in 2
(recall Lemma [3.1)), as well as the convergence |a;| — 1 as j — oo, we see that Cpy, p(2)

1—[a|?
J |1=ajz[?m+2

Theorem |B|in the Blaschke product case is thus complete after an invocation of Lemma
and Lemma [4£.3]

converges as z — 1 in Q if and only if ) converges as z — 1 in 2. Our proof of

4.3. Zero-free case. In order to prove Theorem [B]for b zero-free, recall first the equation

(3.17), which we repeat here for convenience of the reader:

(4.7) Z Piy(z) - 0. ||k
|1_CZ|2m+2 50
We note that
o0 P ()
zeN

exist by Lemma and the assumption of validity of the conditions in Theorem [4] since
P, j(z) are products of derivatives of b(z) and S(|b(z)|?) of order m and below.

Assume now that the first condition in Theorem [B] is satisfied, i.e., we have the norm
convergence 9, k! — 0. kb as z — 1in Q. By Lemma , for every pair of non-negative
integers 7,7 < m, we have that
(4.8) hm 9.0, ||k’be = hm <8 b.,0. k’b>

p=! =
exist. Thus the right-hand side in converges as z — 1 in 2. Hence so does the
left-hand side. By Lemma 4.3 we see that part (i7) of Theorem |B|holds for zero-free b.

Now let us prove the converse implication (i) = (7). Proof proceeds by induction on
m. Validity of the base case m = 0 follows immediately from , Lemma and
Lemma [£.3] since the term S(|b(z)[?) converges as z — 1 in Q. For m > 0, we go back
to the formula (4.7). It is not hard to see that condition (i) of Theorem [B| for some m
implies the same statement for m — 1. Then by the induction hypothesis we conclude that
the limits in (4.8)) exists for i,7 < m — 1. For ¢ = m and j < m, the limit in exists

by the weak convergence of a_zmk‘g and norm convergence of 9, k?. Thus we have shown
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that all but one term on both sides of the equation in (4.7) converge as z — 1 in €, the
exceptional term being indexed by i, j = m. This term equals S(|b(2)|?)070, " ||k%||2, and
it must of course also converge. Then so does 870, ||k%||?, and the proof of the implication

(i1) = (7) of Theorem |B|is complete in the case of zero-free b.

4.4. Combining the special cases into the general result. Consider, as before b =
B Bs, where By is a Blaschke product and By is zero-free. We have just proved Theorem [B]
for B; and Bs.

Assume that part () of Theorem |A| holds for b. Arguing in the same way as we did in
but for differences of kernels, we obtain that
(4.9) lim 0. kP — 8," kL

2,2 =1
z€Q

5, =0, i=12

Hence 8_ka;ZBi converges in norm as z — 1 in ). By the special cases of Theorem |B| proved
for By and By, we see that part (i) in Theorem |B|holds for b = B Bs.

Conversely, assume that part (i) of Theorem [B| holds for b = By B,. Then it holds for
By and B, separately, and so holds. Applying the operator 3." to

Ki(w) = k2 (w) + Bi(w) Bi(2)k* (w)

results in
Bk (w) = 8RB (w) + Byw) > (m) T B ()
=0

It is known that Bj; is a bounded multiplier from #H(Bs) into H(b) (see [Sar94, page 5]).

By Lemma , the coefficients 9, By (z) converge as z — 1 in Q. By the contractive
containments H(B;) C H(b), Lemma and (£.9), the terms 9, kP' and 9, kP? converge
in norm in H(b) as z — 1 in Q. Thus 9. k® converges in norm as z — 1 in Q, and the

proof is complete.

5. PROOF OF THEOREMS C AND D

In the proof we will use the following simple calculus lemma.

Lemma 5.1. Let p be an increasing continuous function on [0,00), continuously differen-
tiable on (0,00). Assume that

. / o

}gr(l) p'(z) =0.
For all sufficiently small positive x and x* satisfying v < x*, we have

20" — 2| > p(a*), 2= (1-p(x))e”.
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Proof. We have

2l — | > %]x* 2|+ plx) = D().
Note that for < 2* we have D'(z) = —1 + p/(2) which, if z is sufficiently small, is a
negative quantity by the assumption on p. Thus D is decreasing on the interval (z,x*),
and therefore p(z*) = D(z*) < D(x) < 2]e®®" — 2. O

T

Proof of Theorem[C]. Since p(x) = [, p'(z) dz = o(x), by our assumption we can pick a
decreasing sequence (), of positive real numbers which converges to 0 and satisfies the

two conditions

2
(5.1) }:5§@f<m
and

(5.2) Tpt1 < Tp/2.

We take b to be the singular inner function

b(z)zexp(— ¢tz

1¢—2

dmo) 2 eD

where

v = Z P ()0 gien

and d,ie, is a point mass at e € T. We will soon show that sup,cq %2245y < o0 holds.
Assuming this, according to Theorem |A| (or the Duan-Li-Mashreghi Theorem) and Fatou’s

lemma, we have

dv(¢)
|1 —¢J?
Moreover, lim .1 b(2) exists. Noting that

2€8Q,
V() [ 2dv(Q)
b(z) /’ﬂ‘ (€ —2)*

to show that lim,_,; .cq, b'(2) does not exist, it will suffice to show that

2
i [ 55

z€Q,
does not exist. To see this, we will check that the radial limit z = » — 1 and the limit

< 0Q.

along the sequence z,, = (1 — p(z,))e" € 99, differ. For the case of the radial limit, we

employ the inequality ﬁ < ﬁ and the Dominated Convergence Theorem to see that

CracdnQ) [ 2du(Q)
15?/T<c—r>2‘/qr<<—1>2'
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Recall the definition of the arcs E, in (1.12)). This time, the Dominated Convergence
Theorem and the estimate in (|1.16|) show that

. 2dv(¢) _ [ 26dv(Q)
o /\E (€= ) / (-1

same as the radial limit. However, according to (5.2), for z, := (1 — p(x,))e™" € 9Q,, we
have that F,, Nsupp(r) = {e*"}, and so

tim [ B gy g g,
n—oo Jp (C — zn) n—00
Thus
2 2
lim / _C(MC)Q = lim / —CCMC% +2,
n—00 [ (C — Zn) r=1 [ (C — 7“)
and it follows that lim . &'(z) does not exist.

2€Q,
It remains to show that sup,cq  [|k2]|s < oo. According to Theorem , we need to show

the finiteness of

dv (¢ Tn)
5 ¥ )

2€Q, |Z_C| —zer -

It will suffice to do this with the above suprema restricted to z € 92,. Moreover, it will
suffice to do this for all z € €2, sufficiently close to 1.

Let then z = (1 — p(z))e™ € 9L2,. There exists a unique m for which we have z,,11 <
z < Zp,. We will divide the sum ) @) into terms index byn>m+2andn <m-—1,

|e7,a:n_z|2

with special arguments for terms indexed by n =m + 1 and n = m.

Let us treat the two special terms first. We will show that |e¢®*™ — z| and |e"®m+! — 2| are
controlled from below by p(z,,) and p(x,,+1) respectively. For n = m + 1, note that since p
is increasing, 1 —|z| = p(z) > p(2,11) and so |+l — 2| > 1 — |2| > p(xpmy1). Forn =m,
iwm

apply Lemma [5.1| to z* = z,, to conclude that 2|e"*™ — z| > p(x,,). It follows from these

two estimates that

Pl) |, Plw) _
1Tm _ ~|2 T4l — ~|2 — °°
e z| e 2|

Consider now the terms indexed by n > m + 2. Then x = arg z lies further away from
T, than z,,.; does, and it follows that |, 11 — z,| < |z, — 2| < 4| — z|. Moreover,
by (5.2)) we have 2z, < x,,,1 which then implies that x, < |z, — z,| < 4|e® — z|. We

conclude that
() P
E <16 E
|€w:n _ Z|2 —

n>m+2 n:n>m-+2
So this part of the sum is controlled by ((5.1)).
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At last, consider the terms indexed by n < m — 1. Then, similarly to the previous part,

we get 4]z — | > |z, — x| > ,/2 and so

> e Y

n:n<m—1 nn<m-—1

Our above estimates combine to show that sup,ecq |1K2]], < oo. O

Finally, let us now prove Theorem @ Take the logarithmic derivative of b and combine
the earlier-derived expressions and - to obtain

b (2) B 1-— ’anP B 2¢dp(C)
(5.4) b(z) En: (z — an)(1 — @p2) /T (¢ —2)?

with du = —dv + log |bldm, as before. According to the standard measure theory result

already mentioned at the beginning of the proof of Lemma [4.4] the right-hand side above

L-an? fT 2410 ag 7 — 1 in Q if we can show that

will converge to >

n |[1—-a, |2 (¢—=1)2
1— ’anP 1— |an|2
I S N L
b ) el w2 ap
z€Q) n n
and p
d
lim M(C)2 _ u(()2
= T ¢ — 2| T |¢—1]
Since
1 = lim |b(z)| < limsup | 21| <1,
ZGQ z—1 |1 —CLnZ|
z P19
it follows that ) ’ ’2
1-— |(In’ 1— Qp,
li | _
S T o

if these limits exist. Now we may simply repeat the argument given in the proof of
Lemma to establish the required convergence of the right-hand side above. Hence
the right-hand side in (5.4)) converges as z — 1 in Q. Since the denominator b(z) on the

left-hand side also converges, we obtain the desired result.
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