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Abstract

We prove that the nearly invariant subspaces of a de Branges space
H(E) which have no common zeros are precisely of the form an expo-
nential function times a de Branges space H(E0).

1 Introduction and the main result

LetH be a space of analytic functions defined on some domain of the complex
plane C. A concept commonly appearing in operator theory and complex
function theory is that of nearly invariance of H. The space is said to be
nearly invariant if the zeros of functions in H can be divided out without
leaving the space. More precisely, if f ∈ H and f(λ) = 0, then f(z)/(z−λ) ∈
H. Nearly invariance is sometimes instead called for the division property.
More generally, if all functions in the space H vanish some subset of the
complex plane, then the space H will be called nearly invariant if zeros of
functions in H can be divided out as long as they do not belong to the
common zero set.

This short article is concerned with the (always norm-closed) nearly in-
variant subspaces of the de Branges spaces. An entire function E which
satisfies the inequality |E(z)| > |E(z)| for z in the upper half plane C+ =
{z ∈ C : Im z > 0} is called a de Branges function, and to each such function
there exists an associated de Branges space H(E). Let H2(C+) denote the
usual Hardy space of the upper half plane, and for an entire function f let
f ∗(z) = f(z). The de Branges space H(E) is the Hilbert space of entire
functions f which satisfy the following three properties:

(i) f/E ∈ H2(C+),

(ii) f ∗/E ∈ H2(C+),
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(iii) ‖f‖2H(E) :=
∫
R |f/E|

2dx <∞.

Then H(E), with norm given by (iii) above, is a reproducing kernel Hilbert
space with kernel given by

kE(λ, z) =
E(z)E(λ)− E∗(z)E∗(λ)

2πi(λ− z)
.

Conversely, any kernel of the above form, with E a de Branges function, will
of course be the reproducing kernel of a de Branges space. More background
information on this class of spaces can be found in de Branges’ monograph
[2].

The result that we will be proving here is the following structure theorem
for nearly invariant subspaces of de Branges spaces.

Theorem 1.1. Let N be a nearly invariant subspace with no common zeros
of a de Branges space H(E). Then there exists a de Branges space H(E0)
and α ∈ R such that

N = eiαzH(E0) = {eiαzf(z) : f ∈ H(E0)}.

For some special classes of de Branges functions E the above theorem
can be refined. As an application of Theorem 1.1, we shall give a new proof
of a result of [1], which characterizes the nearly invariant subspaces of the
Paley-Wiener spaces. As usual, for α > 0, the Paley-Wiener space PWα

consists of the entire functions F which are the Fourier transforms F = f̂ of
functions f in L2(−α, α), with an alternative characterization as the space
of entire functions of exponential type at most α which are square-integrable
on the real axis. Equipped with the usual L2-norm computed on the real
axis, the space PWα is a de Branges space corresponding to the function
E(z) = e−iαz.

Corollary 1.2 ([1]). If N is a nearly invariant subspace with no common
zeros of a Paley-Wiener space PWα, then there exists an interval I ⊆ (−α, α)
such that

N = {f ∈ PWα : supp f̂ ⊂ I}.

2 Proofs

We shall use the notation already introduced in the previous section. Fur-
thermore, we shall use the concept of the Nevanlinna class of the upper half
plane, which is the class of functions holomorphic in C+ that can be written
as a quotient of two bounded holomorphic functions.
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Lemma 2.1. If N is a nearly invariant subspace with no common zeros of a
de Branges space H(E), then the reproducing kernel kN of N is of the form

kN (λ, z) =
F (z)F (λ)−G(z)G(λ)

i(z − λ)
, (1)

where the functions F,G are entire and F/E, F ∗/E,G/E,G∗/E are in the
Nevanlinna class of the upper half plane.

Proof. The proof is very similar to the proof of [2, Theorem 23]. We re-
produce the argument here for the reader’s convenience. Fix α ∈ C \ R.
Let f be a function in N such that f(α) = 0. For λ ∈ C, the function
z−α
z−α

(
kN (λ, z)− kN (λ,α)

kN (α,α)
kN (α, z)

)
is in N , and we have that

〈
f(z),

z − α
z − α

(
kN (λ, z)− kN (λ, α)

kN (α, α)
kN (α, z)

)〉
H(E)

=
〈z − α
z − α

f(z), kN (λ, z)− kN (λ, α)

kN (α, α)
kN (α, z)

〉
H(E)

=
λ− α
λ− α

f(λ) =
〈
f(z),

λ− α
λ− α

kN (λ, z)
〉
H(E)

.

The function

z − α
z − α

(
kN (λ, z)− kN (λ, α)

kN (α, α)
kN (α, z)

)
− λ− α
λ− α

kN (λ, z) ∈ N

is thus orthogonal to any function in N which vanishes at α, and is thus a
scalar multiple of kN (α, z). Evaluation at z = α shows that

z − α
z − α

(
kN (λ, z)− kN (λ, α)

kN (α, α)
kN (α, z)

)
− λ− α
λ− α

kN (λ, z)

= −λ− α
λ− α

· kN (λ, α)

kN (α, α)
kN (α, z)

from which we can solve for kN (λ, z) to obtain that

kN (λ, z) =
1

(α− α)(z − λ)

(
kN (λ, α)

kN (α, α)
(z − α)(λ− α)kN (α, z)

−kN (λ, α)

kN (α, α)
(z − α)(λ− α)kN (α, z)

)
.
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By setting α = −i/2, F (z) = kN (α, α)−1/2kN (α, z)(z − α) and G(z) =
kN (α, α)−1/2kN (α, z)(z−α) we see that the kernel kN (λ, z) is of the form as
suggested in (1). Moreover, since kN(α, z) ∈ H(E), we have that kN(α, z)/E(z) ∈
H2(C+), and so it follows that F/E is in the Nevanlinna class of the upper
half plane. The same clearly true for F ∗/E,G/E and G∗/E.

Lemma 2.2. Let F,G be the entire functions in the expression for the re-
producing kernel of N in (1). Then the following properties hold:

(i) F ∗F = G∗G,

(ii) |F (z)| > |G(z)| if z ∈ C−,

(iii) |F (z)| < |G(z)| if z ∈ C+.

Proof. The function kN (λ, z) is of course an entire function of z, and setting
z = λ we see from (1) that F (λ)F (λ)−G(λ)G(λ) = 0. This establishes (i).
Properties (ii) and (iii) follow from setting z = λ and the fact that N has
no common zeros, so that kN (λ, z) is not the zero function, and thus

0 < ‖kN (λ, ·)‖2H(E) = kN (λ, λ) =
|F (λ)|2 − |G(λ)|2

−2 Imλ
.

1

Lemma 2.3. Let F,G be the entire functions in the expression for the re-
producing kernel of N in (1), and set U = G∗/F . Then U is an exponential
function, i.e., U(z) = eiαz for some α ∈ R.

Proof. The lemma will be established by verifying a series of claims:

(a) U has no zeros and no poles in C, and is thus an entire function,

(b) |U(x)| = 1 for every x ∈ R,

(c) U is in the Nevanlinna class of the upper half plane.

If the above three claims are established, then the fact that U is an
exponential function follows easily from the Nevanlinna factorization (see, for

instance, [2, Theorem 9 and Problem 27]). Assume that G∗(λ) = G(λ) = 0,
and additionally that λ does not lie on the real axis. We will show that F
has a zero at λ, of the same order as G∗. Since |G(λ)| = 0 we see from (iii)
of Lemma 2.2 that λ must be in the lower half-plane. From (i) of Lemma 2.2
it follows that either F or F ∗ has a zero at λ, but from (ii) of Lemma 2.2
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we see that |F ∗(λ)| = |F (λ)| > |G(λ)|, so F ∗(λ) is non-zero. Consequently
F has a zero at λ, of the same order as G∗. Thus U = G∗/F has no zeros
outside of the real axis. In the same manner we can show that U has no
poles outside of the real axis.

If x is on the real axis, then by (iii) of Lemma 2.2 we have

|F (x)| = lim
y→0,y>0

|F (x+ iy)| ≤ lim
y→0,y>0

|G(x+ iy)| = |G(x)|.

By considering the limit when y < 0 in a similar manner we obtain that
|F (x)| = |G(x)| for real x, so that |U(x)| = 1, and thus U has no zeros (or
poles) on the real axis. This complets the proof of claim (a) and (b). Claim
(c) follows from the fact that U is a quotient of G∗/E and F/E, which are
in the Nevanlinna class of the upper half plane by Lemma 2.1.

Lemma 2.4. Let N be a nearly invariant subspace with no common zeros
of a de Branges space H(E), with kernel given by (1), U(z) = eiαz as in
Lemma 2.3, and

√
U(z) = eiαz/2. Consider the space

H0 =
√
UN = {

√
U(z)f(z) : f(z) ∈ N}.

If H0 is normed by
‖
√
Uf‖H0 = ‖f‖H(E),

then H0 is a de Branges space.

Proof. It is easy to see from the definition of H0 and Lemma 2.1 that the
reproducing kernel kH0(λ, z) of the space is

kH0(λ, z) =
√
U(λ)

√
U(z)kN (λ, z)

=
F (z)

√
U(z)F (λ)

√
U(λ)−G(z)

√
U(z)G(λ)

√
U(λ)

i(z − λ)
.

Thus H0 will be a de Branges space if we can show that (F
√
U)∗ = G

√
U

and |F (z)
√
U(z)| < |F (z)

√
U(z)| for z ∈ C+. The former follows easily from

the equality F ∗F = G∗G, which implies that F ∗ = GU . Indeed, we also have
that U∗ = 1/U , and thus

(F
√
U)∗ = F ∗/

√
U = GU/

√
U = G

√
U.

For the latter, note that |F (z)
√
U(z)| = |F ∗(z)

√
U∗(z)| and thus, by squar-

ing, we need to establish the inequality in

|F (z)
√
U(z)|2 = |F ∗(z)|2|G(z)|/|F ∗(z)|

= |F ∗(z)G(z)| > |F (z)G∗(z)|
= |F (z)|2|G∗(z)|/|F (z)| = |F (z)

√
U(z)|2.
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We see that this inequality above holds from parts (i) and (iii) of Lemma 2.2.
Indeed, since z ∈ C+, we have

|F (z)G∗(z)| < |G(z)G∗(z)| = |F (z)F ∗(z)| < |G(z)F ∗(z)|.

Proof of Theorem 1.1. Follows now immediately from Lemma 2.4.

Proof of Corollary 1.2. By Theorem 1.1 there exists β ∈ R such that eiβzN
is a de Branges space. Because N ⊆ PWα, it follows that eiβzN is contained
in PWα+|β|. By the de Branges ordering theorem (see [2, Theorem 35]), for
every c ∈ (0, α + |β|), either PWc ⊆ eiβzN or eiβzN ⊆ PWc. Let c0 be the
supremum of c such that PWc ⊆ eiβzN and c1 be the infimum of c such
that eiβzN ⊆ PWc. If c0 < c1, then for any c ∈ (c0, c1) we would have that
PWc 6⊂ eiβzN and eiβzN 6⊂ PWc, which contradicts the ordering theorem.
Thus c0 = c1, and consequently PWc0 = eiβzN , or e−iβzPWc0 = N . This
implies the validity of the statement of the corollary.
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