WEIGHTED KORENBLUM-ROBERTS THEORY
BARTOSZ MALMAN

ABSTRACT. The classical Korenblum-Roberts Theorem characterizes the cyclic singular
inner functions in the Bergman spaces of the unit disk D as those for which the corre-
sponding singular measure vanishes on Beurling-Carleson sets of Lebesgue measure zero.
We solve the weighted variant of the problem in which the Bergman space is replaced by
a P!(u) space, the closure of analytic polynomials in a Lebesgue space L!(1) correspond-
ing to a measure of the form dA, + wdm, with dA, being the standard weighted area
measure on D, dm the Lebesgue measure on the unit circle T, and w a general weight
on T. We characterize when P*(u) of this form is a space of analytic functions on I by
computing the Thomson decomposition of the measure u. The structure of the decom-
position is expressed in terms of what we call the family of associated Beurling-Carleson
sets. We characterize the cyclic singular inner functions in the analytic P?(u) spaces as
those for which the corresponding singular measure vanishes on the family of associated
Beurling-Carleson sets. Unlike the classical setting, Beurling-Carleson sets of both zero
and positive Lebesgue measure appear in our description. As an application of our results,
we complete the characterization of the symbols b : D — D which generate a de Branges-
Rovnyak space with a dense subset of functions smooth on T. The characterization is
given explicitly in terms of the modulus of b on T and the singular measure corresponding
to the singular inner factor of b. Our proofs involve Khrushchev’s techniques of simulta-
neous polynomial approximations and linear programming ideas of Korenblum, combined

with recently established constrained £!'-optimization tools.

This research is supported by Vetenskapsradet (VR2024-03959).
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1. INTRODUCTION

1.1. A bit of background. Let P denote the set of analytic polynomials in a single

complex variable z,

P = {Zpizi:piéC,nENU{O}}
i=0

and let u be a finite non-negative Borel measure compactly supported in the complex
plane C. Given such a measure and a number ¢ € (0, 00), the closure of P in the Lebesgue
space L'(p) is customarily denoted by P!(u). If du = dm, the Lebesgue measure on the
unit circle T = {z € C : |z] = 1}, then P’(p) is the classical Hardy space H' of analytic
functions on the unit disk D = {z € C : |z|] < 1}, while if du = dA is the area measure
on D, then P*(p) is the Bergman space of area t-integrable functions on D. In contrast, if
dp = dxp, the Lebesgue measure on an interval I C R, then P*(u) = L£'(u) is the Lebesgue
space itself, a space of measurable functions exhibiting no analytic properties. In general,
the nature of P’(u) is complicated, and the three mentioned examples illustrate in a sense
the extreme cases. By the decomposition theorem of Thomson from [Tho91], the space
P*(u) can always be split into pieces, P*(p) = @;P*(11;), which with at most one exception
are analytic, in the sense that functions in the space are analytic on some open set. The
potential exceptional piece is a full Lebesgue space.

The identification of the pieces u; for a general planar measure p is a task too ambitious
for the present work. With regard to this, we mention that identification of the pieces in
the Thomson decomposition of a deceptively simple-looking measure 1 composed of two
parts, a radially weighted area measure on D with very fast decay near T, and a weighted
Lebesgue measure on T, is essentially equivalent to Volberg’s deep theorem from [Vol82]
on summability of the logarithmic integral of functions with appropriate one-sided Fourier
decay (see also the exposition by Volberg and Joricke in [V.J87], and the introductory sec-
tions of [KM90] and [VoI91]). Other results of this type can be deduced from Khrushchev’s
profound work in [Khr78] on simultaneous polynomial approximation, which can be used
to establish Thomson decompositions with applications to the theory of the Cauchy inte-
gral operator. In [LM23] it was found that the structure of invariant subspaces of the shift
operator M, : f(z) — zf(z) acting on certain P?(u) spaces is connected with the prob-
lem of approximation by functions of various boundary regularity in de Branges-Rovnyak
spaces H(b). In this context, an issue arises which calls for an extension of the results of
Korenblum from [Kor81] and Roberts from [Rob85] on cyclic singular inner functions in
the Bergman spaces to the context of P?(u) spaces. It is these applications that are the

main motivation for the research presented in this article.
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1.2. Main research questions. The measures i considered here will be of the form
appearing in below. The particular structure of the measure makes P!(u) exhibit
properties commonly associated with three distinct spaces which have already been men-
tioned: the Hardy space P'(dm), the Bergman space P'(dA), and the Lebesgue space

L*(dm). The following two questions are answered in the article.

Question 1. What measures p of the form (1.2) make the space P'(u) into a genuine

space of analytic functions on D7

Question 2. Given that the space P'(u) of the form (1.2)) really is a space of analytic
function, what bounded functions f € P!(u) are cyclic for the shift operator M, : f(z) —
2f(2)? Namely, what bounded functions are such that [f], the smallest closed M,-invariant

subspace of P*(u) which contains f, is the whole space itself?

The first question will be answered by computing the Thomson decomposition of a
measure of the form . The methods which we shall use for this have already been
presented in previous articles [BM24], [Mal25] and [Mal23b], but they need to be combined.
It is the second question that we consider here to be the important one. Modulo standard
arguments, the question can be answered by describing the cyclic singular inner functions
(1.1) Sy(z) == exp(—/g+zdy(g)>, z € D.

7¢—2

Here v is a finite non-negative Borel measure on T, singular with respect to Lebesgue

measure dm. The singular inner functions are members of H*, the algebra of bounded
analytic functions in D, and are characterized as those functions in H* which are non-
vanishing in D and have non-tangential boundary values on T of unit modulus, almost
everywhere with respect to the Lebesgue measure dm.

The restriction in the second question to consider bounded functions is important. See

Section [L.5l for comments on this.

1.3. Beurling-Carleson sets associated to a space. We will obtain complete results

for measures p of the following structure:

(1.2) dp = dA, +wdm.
Here
(1.3) dAy(2) = (1 — |2|)¥dA(2), o> -1

is the standard weighted area measure on the unit disk D, and w is a non-negative Borel

measurable function on T.
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Answers to the two questions will be given in terms of a class of subsets of T associated
with the space. Let h(z) : (0,1) — R, be the function

(1.4) h(z) = xlog(e/x).

The class of Beurling-Carleson sets consists of those closed subsets £ C T for which the

system {/j}, of maximal open arcs complementary to E in T satisfies
(1.5) > h(jl]) < o
k

Here, and throughout the article, |\S| = m(S) is the Lebesgue (arclength) measure of the
set S. We denote the class of Beurling-Carleson sets by BC, and we emphasize that BC is
not restricted to contain only sets of Lebesgue measure zero, as in some earlier works on
cyclic vectors. Furthermore, we introduce the family of w-associated BC sets, which is the

subclass of BC on which w is logarithmically integrable:
(1.6) AssocBC(w) = {E E € BC,/ log w dm > —oo}.
E
Note that if £ € BC is of Lebesgue measure zero, then F € AssocBC(w) automatically.

1.4. Main results. Our first theorem answers the first of the questions stated above. It
is a direct generalization to the weighted context of the main result in [Mal23b]. The
statement requires some definitions which are generalizations of those in [Mal23b].

Consider the non-negative quantity
C :=sup {]E| IR AssocBC(w)}.
If C' =0, we set core(w) = &, and otherwise we define

core(w) = U E,

where {E,}, is any increasing sequence of sets in AssocBC(w) for which lim, |E,| = C.
The existence of such a sequence is ensured by the class AssocBC(w) being closed under
finite unions (see [Mal23b, Proposition 3.2]). It is not hard to see that core(w) is in this
way well-defined up to a set of Lebesgue measure zero, and it does not depend on the initial
choice of the sequence {E, },. Clearly, sets of Lebesgue measure zero in AssocBC(w) play
no role in shaping core(w), but they will play a role in our description of cyclic singular
inner functions.

We define the residual set of w as the difference of its natural carrier and the core:

res(w) :={z € T :w(z) >0} \ core(w).
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Throughout the article, a carrier for a Borel measure o on T will be any subset C' C T for
which we have o(C'N S) = o(S) for all Borel subsets S of T. If w € £!(dm), then we say
that C' is a carrier for w if it is a carrier for the measure w dm.

Like core(w), the set res(w) is also defined only up to a set of Lebesgue measure zero.

We decompose w into pieces w,., w, living on the core and residual, respectively:
w. = w|core(w), w, = w|res(w).

In the considered family of P*(u) spaces corresponding to measures j of the form ((1.2)),
the restriction f|D of any element f € P*(u) is an analytic function living in a Bergman
space P'(dA,). We will say that the space P'(u) of the form (1.2)) is irreducible if the
restriction mapping f +— f|D is injective on P*(11). In such a case, each element f € P'(u)
can be uniquely identified with an analytic function on D, and so P*(u) is itself a space of
analytic functions on I, continuously contained in the Bergman space P*(dA,). Although
it may not be a priori obvious, our definition of irreducibility for our class of spaces coincides
with the more general one in [ARS09] and [Tho91] which involves non-existence of non-
trivial indicator functions in the space. We will sometimes use the term analytic P'(u)

space synonymously with irreducible P*(p1) space.

Theorem A. Let u be as in (1.2). We have the decomposition
Pl(u) = PH(dAy + w.dm) & L' (w, dm),

where P'(dAs + wedm) is irreducible.

More precisely, the decomposition is to be interpreted in the following sense: any f
in one of the summands on the right-hand side has an extension to an element L£'(u) by
setting f to zero outside of its initial carrier set, and these extended elements are in fact
members of Pf(u) and they span the whole space.

Theorem |A] is a refined version of a result from [BM24], which established the decom-
position in an important special case w = w,, and which confirmed an old conjecture of
Kriete and MacCluer from [KM90]. It is also a weighted version of the decomposition es-
tablished in [Mal23b]. The irreducibility of the piece P*(dA, 4+ w. dm) has essentially been
known since the 1970s as a consequence of the work of Khrushchev in [Khr7§|, although his
results are not coined in terms of P*(u) spaces. We will fill in the details of the necessary
modifications of his proof in Section [3} A different proof of irreducibility for ¢ = 2 is given
in [LM24, Proposition 5.1]. Our principal contribution in this direction establishes that
PH(dAs + w.dm) is the maximal irreducible piece. We deduce from Theorem [A| that our

P'(p) is a space of analytic functions on D if and only if core(w) is a carrier set for w.
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Having settled the analyticity question, we may get to the main matter. Here is our

cyclicity result.

Theorem B. Let pu be as in (1.2)), and assume that P*(u) is a space of analytic functions
on D. The singular inner function S, is cyclic in P*(p) if and only if v vanishes on all

associated sets:

v(E)=0, FE € AssocBC(w).

It is the sufficiency for cyclicity of the vanishing condition on the associated sets that
should be seen as the main new contribution of this article. The necessity of the condition is
easier to establish than the sufficiency, and one can say a bit more. In [LM24, Corollary 6.5]
it has been proved that if v is supported on a set in AssocBC(w) and [S,] is the M, -invariant
subspace generated by S, in P?(u), then we have f/S, € H* for any f € [S,]NH™. In
other words, S, appears as a factor in the usual inner-outer factorization of any non-zero
f € [S,] NH>. This property of course implies that 1 & [S,], so such S, is not cyclic. In
Section [4] we use methods from [BBC84| to extend this result to ¢ # 2.

Using the result indicated in the above paragraph, we may describe the M, -invariant
subspace [f] of P*(u) generated by a bounded function f in the following way. Let f =
BS,U be the inner-outer factorization of f into a Blaschke product B, singular inner
function S,, and a bounded outer function U. Let v, be the least upper bound of all

restrictions v|E of v to sets E' € AssocBC(w), and write
(1.7) V=1,+,.

One way to construct v, more explicitly is to employ an argument similar to the one
used in the construction of the set core(w). Namely, take an increasing sequence {E, },, of

sets in AssocBC(w) which satisfies

lim v(E,)= sup v(E)

=00 E€AssocBC(w)

and define v, as the restriction of v to the Borel set |, E,. Clearly v, constructed in
this way satisfies the measure inequality v|E < v, for any E € AssocBC(w). We note
that v, has as a carrier a countable union of sets in AssocBC(w), and v.(E) = 0 for

E € AssocBC(w). From Theorem [B| we can deduce the following consequence.
Corollary. Let f = BS,U be the inner-outer factorization of a function f € H*. Then

/] = [BSy,],

and every function h € [f] NH* satisfies h/BS,, € H*.



WEIGHTED KORENBLUM-ROBERTS THEORY 9

We give a proof of the corollary at the end of Section [f| Theorem [B] and the corollary
answer the second of our questions stated above.

We remark that there is a huge difference between the trivial case T € AssocBC(w),
which implies that |T \ core(w)| = 0, and this latter condition |T \ core(w)| = 0. In the
first case we have logw € £'(dm), and the structure of P!(u) is simple. It is then a space
of analytic functions contractively contained in a weighted Hardy space W - H!, where W
is an outer function satisfying |W| = w™/* on T, and where the norm of W - f in W - H!
is the norm of f in H!. In particular, no singular inner functions are then cyclic in P*(u).
However, in the second case, such an identification does not in general hold. Although we
shall not go into details of a construction, we wish to mention that it is possible to exhibit

examples of singular inner functions S, which are cyclic in a space P*(u) constructed from

p of the kind (1.2)) for which |T \ core(w)| = 0.
1.5. Related results and comments.

1.5.1. Korenblum-Roberts Theorem. A singular inner function is not cyclic in the Hardy
spaces H' = P*(dm). The situation is different in the context of Bergman spaces P'(dA,),
and was explained in the 1980s in the works of Korenblum in [Kor81] and Roberts in
[Rob85]. They gave two very different proofs of the following statement, a precursor of our

main result in Theorem [5l

Theorem (Korenblum-Roberts Cyclicity Theorem). The singular inner function S,
is cyclic in the standard weighted Bergman spaces P'(dAy), t € (0,00), if and only if v

vanishes on all Beurling-Carleson sets of Lebesque measure zero:
v(E)=0, EeBC, |E|l=0.

Korenblum derives the result from his famous works [Kor75] and [Kor77] on cyclic vector
in the so-called growth classes. The proof of Roberts is completely different and of impor-
tance in its own right. Recently, in a work by Limani in [Lim24], the Korenblum-Roberts
Cylicity Theorem has been extended to a larger class of weighted Bergman spaces.

Note that if we set w = 0 on T, then AssocBC(w) coincides with the family of BC sets of
Lebesgue measure zero. Consequently, the Korenblum-Roberts Theorem is a special case
of Theorem [B], but the argument we present below is not a new proof of the classical result.
To establish Theorem |B] we will use extensions of linear programming techniques of Ko-
renblum from [Kor75|, [Kor77] augumented with recently obtained specialized constrained
L'-optimization tools from [BM24] which we describe in Section . Techniques of Roberts,
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on the other hand, have recently found interesting applications, for instance in the works
of Tvrii in [Ivr19] and Ivrii and Nicolau in [IN22].

1.5.2. Faster decreasing weights on ID. Several of our results have versions for measures p
of structure similar to but where dA, is replaced by a radial measure G(|z])dA(2)
with G(z) — 0 as x — 1 sufficiently slowly, see below. These results have essentially
the same proofs as our main theorems, and in the coming sections we shall carry out our
arguments in the general context and state the generalized results. Our method does not
apply to weights of the form G(x) = exp ( —c/(1 — a:)) for ¢ > 0. The structure of the
space P?(p) of this form has been studied in [Mal25] and [Mal23a], and is analogous to
the one presented here in Theorem [A] and Theorem [B], but where the associated sets in
AssocBBC(w) are replaced by the family of intervals on which w has an integrable logarithm.
The new difficulties in the setting considered here are related to the complexity of the sets
in AssocBC(w) in comparison to intervals. In particular, in [Mal25] and [Mal23a] no use

of linear optimization theory was necessary.

1.5.3. The work of Aleman, Richter and Sundberg. Work on analytic P*(u) spaces from
a different viewpoint than ours has been carried out by Aleman, Richter and Sundberg.
Their article [ARS09] is concerned with function and operator theory in P!(u) spaces for a
general measure y supported in the closed unit disk D = DUT. In the article, the authors
work from the get go under the assumption that P'(u) is a space of analytic functions
on D, without any additional assumptions on the structure of the measure p. Using in
part methods of Thomson from [Tho91], they obtain the important existence result for
non-tangential boundary values for functions in the space, and as a consequence obtain
information regarding zero and interpolating sequences. They prove also the important
index theorem for M, -invariant subspaces: given any M, -invariant subspace N C P'(u),

the orthogonal complement of M, N inside N has dimension 1.

1.5.4. Unbounded cyclic functions. We stress that the restriction to consider bounded func-
tions f € H* in our cyclicity problem is motivated by the applications, which we shall
soon present, but it is also critical. Our main result in Theorem [B] and the corollary above
has a straight-forward extension to cyclic functions f in the Nevanlinna class, i.e, quotients
f = d/c of bounded analytic functions d, ¢ in D (see the end of Section 5| for the precise
statement and a short argument), but the problem of characterizing the cyclicity for a
more general function f € P'(u), even in the case du = dA, is a well-known open problem

in the theory of Bergman spaces.
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Complete characterization of cyclic vectors exists for the Korenblum class A~>°, which
consists of functions f satisfying a growth restriction of the form | f(2)| < (1—1z])7%, 2 € D,
C a positive constant. The space can alternatively be realized as the union A~ =
U,~0 P'(dA) with a suitable topology. In his works [Kor75] and [Kor77], Korenblum as-
sociates to every non-vanishing f in A~ a premeasure (see Appendix which can be
used to reconstruct f by a Poisson-type formula. He characterizes the cyclicity of f in
A~ in terms of a certain vanishing condition on the premeasure, somewhat similar to our
Theorem [Bl

From Korenblum’s techniques and results one may infer some sufficient and some nec-
essary condition for cyclicity of a general function f € P'(dA). We emphasize, however,
the rather significant difference between the (solved) cyclicity problem in 47> and the
corresponding (unsolved) problem in th Bergman spaces P*(dA). For instance, a function
f € A= for which 1/f € A= (i.e,, |f(2)| > (1 — |2|)¢ for some ¢ > 0) is always cyclic
in A, but the conditions f,1/f € P*(dA) are not sufficient for cyclicity in P*(dA), as
demonstrated by Borichev and Hedenmalm in [BH97|. Estimates from below which guar-
antee cyclicity of f in P?(dA), and weighted variants, appear in Borichev’s work [Bor96].

One may hazard a guess that our present results can be extended to general functions
in a corresponding weighted variant of the Korenblum class, namely U;soP*(du), i as in
(1.2). Any such widening would however require further significant efforts, and we do not

pursue it in this article.

1.6. An application to H(b) spaces. Our corollary to Theorem [B|has a direct applica-
tion to the theory of de Branges-Rovnyak spaces H(b), a family of Hilbert spaces of analytic
functions in D associated to analytic self-maps b of D. We refer the reader to [FM16a],
[EMI16b] and [Sar94] for the theory of these spaces. With aid of the results in [LM23] and
[LM24], results of the present work enable us to complete the characterization of the class
of symbols b corresponding to spaces H(b) admitting a norm dense subset of functions in
A the algebra of analytic functions in D with C'*° extensions to the boundary T.

It was found in [LM23| Theorem 1.1] that two necessary conditions for the density of

A>® N H(b) in H(b) can be expressed in terms of the structure of M, -invariant subspaces

of P?(u), where u has the form (1.2)), and
(1.8) w=A:=+/1— b

The parameter « in the definition of dA, is unimportant. If b = BS,U is the inner-outer
factorization of b into a Blaschke product B, singular inner functions S, and outer function

U, then the two necessary conditions, expressed in the language of this article, are that
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(i) P%*(p) should be a space of analytic functions,
(ii) any function h € [S,] N H> should satisfy h/S, € H>.

The results of this article imply that (i) is satisfied if and only if the set core(A) is
a carrier for A, while (ii) is satisfied if and only if v = v, in (1.7). Moreover, in [LM24!
Theorem B] it is shown that these last two conditions are sufficient for density of A*NH (b)

in #(b). Combining these results, we obtain a complete and explicit characterization.

Theorem C. Let b = BS,U be the inner-outer factorization of b, and let A be given by
(1.8). The set A>® NH(b) is norm dense in the space H(b) if and only if the following two

conditions are satisfied:

(i) the set core(A) is a carrier for A,

(11) we have v = v, in (1.7)).

In other words, the two conditions say that both A and v live on a countable union
of sets in AssocBC(A). The union corresponding to v may need to be a blend of BC
sets of both zero and positive Lebesgue measure. Note that Sarason’s classical condition
log A € £'(T), which appears for instance in [Sar94] and characterizes the density of the
set of analytic polynomials P in #(b), simply means that T € AssocBC(A). In this case,
conditions (7) and (#7) in Theorem |C] are obviously satisfied.

Theorem [C] can be seen as a companion to a previous result of the author and Aleman
in [AMI17], in which it is asserted that functions in H(b) continuous up to the boundary T

are always dense in H(b).

1.7. Outline of the article. In Section [2| we introduce our principal optimization tools
from [BM24] which form the technical backbone of the article. In Section [3| we use the
results of the previous section to establish Theorem [A] Section [] is concerned with estab-
lishing the necessity for cyclicity of the vanishing condition on associated sets in Theorem B}
The proof of Theorem [B]is completed in Section [5] There, we combine the optimization
tools from Section [2] with Korenblum’s linear programming techniques from [Kor75] and
[Kor77] to establish the sufficiency for cyclicity of the vanishing condition in Theorem .
Section || contains also proofs of some other auxiliary results mentioned above.

Mainly for convenience, we follow Korenblum’s idea to use the concept of a premeasure.
Because of our need for certain simple generalizations of Korenblum’s premeasure results,
we include Appendix [A] which covers the basic facts regarding premeasures that are used

in the proofs.
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2. AN OPTIMIZATION PROBLEM AND THE HAUSDORFF FUNCTIONAL

In this section, we introduce our principal £!-optimization problem and the functionals
M(h, R) from [BM24]. We derive the critical lower estimate in on the optimal value
in the optimization problem from a duality theorem relating it to the functional M(h, R).

In the context of our main results, we think of h as a positive scalar multiple of ,
but the functional M (h, R) may be defined on a larger class of functions h which we will
introduce next. The broader context leads to no additional difficulties in the proofs, and

on the upside it allows us to prove results slighly more general than the ones presented in
Theorem [4l and Theorem [Bl

2.1. The principal £!'-optimization problem. The most important properties of the
function h in are that h is increasing and continuous on [0, 1], satisfies h(0) = 0, and
additionally
(R1) h(z)/x is decreasing in z,
(R2) lim, 0 h(z)/x = oc.
We will say that any function h is a gauge function if it satisfies the above properties. It is
easy to verify subadditive inequality h(z +y) < h(x) + h(y). The argument x of h(x) will
for the most part be the length || of an interval I C T. We use throughout the article the
normalization |T| = m(T) = 1.

Given a function R : T — [0, 0o] and a gauge function h, the family F(h, R) is to consist
of all non-negative functions on T dominated pointwise by R and satisfying a local mass

distribution bound defined in terms of the gauge h:
(2.1) F(h,R) := {f €LY dm):0< f < R,/f dm < h(|€]) for all intervals E}.
¢

Denote by [|f|l1 = [; |f|dm the usual £L'(dm) norm of f. The optimal amount of mass
that can be distributed under the constraints defining F(h, R), namely

sup {1l : f € F(h,R) },

will be of main importance in the article.

2.2. Hausdorff functionals and their duality. Here is a dual way to express the pre-

vious supremum. With notation as above, we introduce the quantity

(2.2) Aﬂm}D::%f<§:hﬂﬂ%+/‘

T\Ueeril

R dm>

Leu
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where the infimum above is taken over all countable families &/ = {¢} of open intervals ¢
in T. With h fixed and R = oo - 1, where 1g is the indicator function of a measurable
subset £ C T, the mapping F — M(h, o0 - 1) is similar to a degree to the definition of
the usual Hausdorff content of the set £E. We will call M(h, R) the Hausdorff functional.

The importance of the Hausdorff functional comes from the following result established in

[BM24]. Tt is of the type commonly encountered in the duality theory for linear programs.

Proposition 2.1. (Duality for Hausdorff Functionals) We have the inequality
6-sup { ||l : f € F(h.R)} > M(h, R).
We note that the reverse inequality
sup {IIflly: f € F(h,R)} < M(h, R)

follows readily from the definitions (see [BM24]).

2.3. Generalized cores, residuals, and the residual bound. We may define the fam-
ily AssocBCp(w) and the sets corep(w), resp(w) analogously to how it was done in the In-
troduction by replacing the function in ([1.4)) with a more general gauge function. Namely,
for any gauge function h, we define the family BC; of closed subsets of T which satisfy

(1.5), and we let AssocBCj(w) be defined as in (1.6) with BC), replacing BC. The sets

corep(w) and res,(w) are also defined analogously. We set
corep(w) = U E,

for any increasing sequence {E, }, of BCj, sets satisfying

lim |E,| = sup {|E| :E e AssocBCh(w)},
and we set

resp(w) = {z € T : w(z) > 0} \ corey(w).

For h in (|1.4]), our generalized definitions reduce to the ones stated in the Introduction.
Properties of core and residual sets in the unweighted context are presented in [Mal23b)].
With some necessary and natural modifications, these properties carry over to the weighted

context. The most important property of the set corey,(w) is the implication
(2.3) E € AssocBCp(w) = |E\ corep(w)| = 0.

In other words, up to differences of Lebesgue measure zero, the set corey,(w) contains
all sets in AssocBCp(w). The implication (2.3)) is non-trivial only for sets E of positive
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Lebesgue measure, of course. The proof of the implication is straight-forward (see the
proof of [Mal23h, Proposition 3.3] for a similar argument).
The following weighted version of [Mal23bl, Proposition 3.5] is the most important prop-

erty of the set res,(w) which we shall use.

Lemma 2.2. (Residual Lower Bound) Let R = log™ (1/w). If I is an interval in T
and R|I is the restriction of R to I, then

M(h, R|I) > h(]1 N resy(w)]).

In the above statement, and throughout the article, we use a slightly non-standard
convention: we interpret the restriction f|S of a function f to a set S as the function
coinciding with f on the set S, and vanishing elsewhere. As usual, we set log™(z) :=

max(logz,0).

Proof of Lemma[2.2) Let U = {¢} be any family of open intervals contained in I for which
the right-hand side in (2.2)) is finite (with R replaced by R|I). Setting E := I \ Uy, it
follows that

(2.4) /ERdm:/E1og+(1/w) dm < oo.

If we assume that I is closed, which we clearly may without loss of generality, then E is
also closed. Since ), h(|f]) < oo, it follows that I € BCj,, and since clearly we have the

equivalence
/ log*(1/w)dm < +o0 & / log w dm > —oo0,
E E
in fact (2.4 shows that £ € AssocBCp(w). This implies by (2.3) that |E \ core,(w)| = 0,

and so E is contained in core,(w), up to a set of Lebesgue measure zero. In particular, we
must have |E Nres,(w)| = 0, from which it follows that I Nresy,(w) is contained in Upey/,

again up to a set of Lebesgue measure zero. But then

|7 Nresy(w)] < [ Upers 0] <)1),

Leu
and, since h is increasing and subadditive, we obtain

h(IT Nresy(w)]) < (1) <D h(|e) +/ Rdm.

teu teu NUeeut

The claim follows by taking infimum over families & = {¢} in the last inequality. O

Combining Proposition [2.1] with Lemma [2.2] and using notation as in Lemma we

obtain the important lower bound
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h(]I Nresy(w
(2.5) sup {IIflly: € F(h,RIT)} > ( - ()]
which holds for any interval I C T. This critical estimate will let us generalize the main
result of [Mal23b] into Theorem [A] Note that a truncation shows that there always exist
a bounded function f € F(h, R|I) for which

6/Ifdm: M(h, R|I) > h(|1 Nresy(w)]).

3. THOMSON DECOMPOSITION OF THE MEASURE

The goal of the section is to prove Theorem [A] At no additional strain, we carry out
the proof in the context of general gauge function h and in this way obtain more general
results. We assume throughout that logw ¢ L£L!(dm), since the contrary case is trivial, as
explained at the end of Section [1.4]

3.1. A more general class of measures. Given a gauge function h satisfying the prop-
erties (R1) and (R2) stated in Section[2.1] we may associate to it the the family of measures

(3.1) dip = GopdA+wdm, a >0,

where
h(1 —
Gan(z) = exp ( - a(l_—||;||)
Note that the functions G, (z) are decreasing in x € (0, 1), and so strictly speaking (3.1
does not include measures of the form (|1.2)) for o € (—1,0). This difference will turn out

to be insignificant in our context, because very minor alterations of proof techniques of

>, z € D.

results for measures of the form (3.1]) will suffice to extend them to the mentioned missing
cases. For certain choices of the gauge h a direct generalization of Theorem [A] to measures
of the form (3.1)) holds. The corresponding decomposition of the weight w is

w, = wlcorep(w), w, = wlres,(w)

with definitions as in Section [2.3] More precisely, we will show that for any h we have the

decomposition
(3.2) Pl(1) = P GandA + wedm) @ L (w, dm).

The irreducibility of the piece P!(Gqp, + w.dm) will be established in Section below,
but only under some additional regularity assumptions on A which in particular hold for

the gauge function in (|1.4]).
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In context of the measures p of the form ([1.2)), we always assume that the gauge h has
the form ((1.4)).

3.2. A sufficient condition for establishing the decomposition. To establish the
direct sum decomposition in Theorem |A] or the one in (3.2)), it will suffice to show that

(3.3) L (w, dm) C P (u).

Here we interpret f € L' (w, dm) as an element of £'(u) by extending f to be zero outside
of the set {z € T : w,(z) > 0} (which is well-defined up to a set of Lebesgue measure zero).
Indeed, if holds, then for every f € P'(u) we have that f — flres,(w) € P'(dA, +
wedm) NPHp), and flres,(w) € L (w, dm) NP ().

The following lemma, essentially contained in [Mal25, Lemma 2.1 and proof of Lemma

3.1], lets us reduce our task to a construction of a specific function inside P*(u).

Lemma 3.1. In order to establish (3.3)), it suffices to show that there exists F € P*(p)
which satisfies F|D = 1, Flres,(w) =0, and F|T € L (wdm) for some t* > max(t,1).

Proof. If f € P'(u) is as stated, then ¢ = 1 — F € P*(u) vanishes on D and is non-zero
almost everywhere on res;(w). The M, -invariant subspace [g] of P'(u) generated by ¢ is
then a subspace of £'(w dm), with containment interpreted as in ([3.3)).

Let us first assume that ¢ > 1. Then, since [g] is a subspace of L'(wdm) which is

invariant for the operator M., the space
w''g] == {w""h : b € [g]}

is contained in L'(dm) and it has one of the two forms well known from the classical

Beurling-Wiener Theorem (see [Mal25 Section 2.3]). Namely, either we have
(3.4) wtg] = {qH : H ¢ HY}

for some unimodular function g on T, H! being the Hardy space, or for some S C T we

have
(3.5) w't[g] = LY(dm|S) = {f € L'(dm) : f =0 m-a.c outside of S}.

In the first case, every non-zero function d € [g] can be expressed as w'/td = ¢qH for some

non-zero H € H', and so

/1og(w1/t|d])dm:/10g|H|dm> —00,
T T
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the last inequality being a well-known property of non-zero functions in H!. Since g €

LY (wdm), t* > t, a simple computation shows that

/ log(w"/*|g|)dm = —o0
T

(see [Mal25], proof of Lemma 3.1] and recall that we assume logw & £'(dm)). Since we can
set d = g above, the alternative (3.4) is excluded, and we deduce that we are in the situation
in (3.5). Since w'/*g does not vanish on the set res,(w), the set S in (3.5) must contain

resy (w), up to a difference of Lebesgue measure zero. It follows that if f € £'(w, dm), then
wtf € L£(dm|S) = w/t[g]

Hence L'(w,dm) C [g], and we have verified in the case t > 1.

If ¢ < 1, then since for t < ¢, convergence in £ (w dm) implies convergence in L£*(w dm),
the previous argument may be applied to some t’ > 1 slightly smaller than ¢* to conclude
that [g] (which, we emphasize, is a subspace of P'(u1)) contains the corresponding M-
invariant subspace generated by ¢ in L (w dm). By the proof of the case t > 1, in particular
[g] will contain all bounded measurable functions living on the set where w, is non-zero.

A density argument then shows that [g] contains L(w, dm). 4

3.3. The construction. We proceed to show how to obtain f € P!(u) satisfying the
properties mentioned in Lemma (3.1, The function f will be obtained as a weak cluster

point of the outer functions

(3.6) Fn(z) :==exp (/

where fy € L>(dm) are carefully chosen real-valued functions. Note that Fy € H™,

%fN(g)dm(g)>, €D, NeN
and so the containment Fy € P'(u) follows from a straight-forward argument involving a
dilation and a Taylor series truncation.

The following result is the improvement of [BM24, Lemma 3.1] needed to establish the
sought-after direct sum decomposition. The proof is the same, with the exception that we
utilize the new inequality .

Lemma 3.2 (Main Construction). Let h be a gauge function. There ezists a sequence
of real-valued function {fx}n on T satisfying the following conditions:
(i) for any e > 0, the pointwise inequality fn < €-log™(1/w) holds for all N sufficiently
large,
(i) for any € > 0, the inequality [, fx dm < e-h(|I|) holds for all intervals I C T and all
N sufficiently large,
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(iii) [y fx dm =0,

() fn <0 on resp(w), and fy(x) — —oo m-almost everywhere on res,(w).

Proof. Fix a positive integer N and set
(3.7) Ay = {¢ € resy(w) : R(¢) =log* (1/w(¢)) < M(N)},

where M (N) is some positive number soon to be specified. Note that if M(N) — oo as
N — o0, then Uy Ay is a set of full measure in res,(w), namely |Uy Ay| = |resp(w)|. This
will be important at the end of the proof, when part (iv) above will be verified for our
construction.

Denote by 14 the indicator function of a set A and recall the definition of the families
F(h,R) in (2.1)). Divide T into N half-open intervals {I;}; of equal length, and define

fn according to

(3.8) b(N) - fn = Z gk Linay — Ong o Lnay,
k:|IxNAN|>0
where b(V) is a large positive number soon to be specified, where gy € F(h, R|I}) is

bounded and satisfies

h(|I
(39) [ owam > M)
I,

and where Cly, is the unique positive number which ensures that [ I fndm =0, that is,

f[ A gdem
3.10 Chy o = AN 7
(3.10) ML N Ay

The existence of gy is ensured by the inequality and the comment following it.
Since gy i € F(h, R|I},), it follows that b(N) - fxy < log*(1/w) on T, and so we ensure (4)
if b(N) is chosen sufficiently large. In particular, this holds if a priori we have b(IN) — oo
as N — oo, which we will be able to ensure.
If I is any interval on T, then b(V)- fy integrates to zero over any interval Iy contained in
I, and so if [; and I, are the the two intervals among {I; }&, which contain the endpoints
of I, we obtain

I ]l 1

S/ gn, dm+/ gndm
nni NI

<2-h(|1)).
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We used that gn; € F(h, R|]}) and gy, € F(h,R|l,) in the last inequality. Again, we
obtain (ii) if B(N) — 0o as N — oo.
Part (i4i) holds since
b(N)-/dem:b(N)~ > fnvdm = 0.
T k:| LN Ay |>0 7 Tk
[t remains to show that choices of M(N) in and b(N) in can be made so that
(iv) holds. Since Ay C resy(w) implies |y N An| < |1y Nresy(w)], and gy < R < M(N)

on Ay, we may use (3.9 and (3.10) to estimate

|Ik ﬂresh(w)| . CN,k Z |Ik N AN| . CN,k

:/ gN k dm—/ 9Nk dm
Ik IkﬂAN

- h(|I Nresp(w)]|)
- 6
> h(|[k N resh(w)|)
- 6

If |1 N Ay| > 0, then we may divide by the larger quantity | Nres,(w)| to obtain

h(|I; Nresp(w)]) B h(1/N) B
(3.11) Cni > 617, 1 ros ()] M(N) > —6/N M(N).

The second of the above inequalities holds since |I; Nresy,(w)| < |Ix| = 1/N, and h satisfies
property (R1) stated in Section Set

M(N)=0b(N)=+/N-h(1/N).
Then M(N),b(N) tend to oo as N — oo as a consequence of (R2), and we obtain from

B-II) that

| Ix N Ay - M(N)

— [Ty Nresy(w)| - M(N).

Cnje S Nh(1/N)
b(N) — 12
for N sufficiently large. Since fy = —Cn/b(IN) on I N Ay irrespective of k, we obtain

VNR(1/N)

<
v < 12

on Ay. Since the sets Ay are increasing with N, and UyAy is a set of full measure in

resy (w), property (R2) ensures that (iv) also holds. O

It is well known that the outer function Fy satisfies |Fy| = |exp(fn)| m-almost ev-
erywhere on T . Thus for any small € and all sufficiently large N, we obtain from (i) of
Lemma B.2] that

|Fn]'w < exp (telog® (1/w))w < w+w' ™" € L (dm),
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which shows that the family {Fx}y is uniformly norm bounded in £'(wdm) for any ¢t €

(0,00). We have also the estimate

h(1 — [2])
1—12])

for any small € > 0 and all sufficiently large N. This follows immediately from a classical

(3.12) |Fn(2)] < exp (e ), zeD

Poisson integral estimate and part (i7) of Lemma Namely, if h is a gauge function, o is
a real-valued Borel measure satisfying o(T) =0, and o(I) < h(|I|) for all intervals I C T,
then there exists a constant C' = C'(h) > 0 for which the estimate

— |22 h(l —
(3.13) Re</Tg7_Lj ) !C—i:? gc.(l_—”;"), 2eD

holds. See [HJ12, p. 297] for a simple proof.

For h as in ([1.4]), whenever € is so small that o« — te > —1 and N is sufficiently large, we
obtain from (3.12)) that

[Fv(2)['(1 = [2))* <3+ (1= [2])*7" € L1(dA).

Thus {Fy} is a uniformly norm bounded subset of L(dA,) for any ¢ € (0,00). Similarly,
we obtain from (3.12)) that for any gauge function h and all large N we have

|Fn(2)['Gan(2) <1, zeD.

Combining our estimates, we have just verified that for any of the considered measures p

and any ¢ > 0, the family {Fx}y is uniformly norm bounded in £f(u).

Proof of the direct sum decomposition in Theorem and in . Let t* > max(¢,1). By
reflexivity of £ (), we may pass to a subsequence to ensure that the sequence {Fy}x
constructed above converges weakly to some F € L' (u). Since P! (1) is norm-closed in
L (1), it is also weakly closed, and so F' € P¥ (u). The estimate shows that {Fx}n
is a normal family of analytic functions in D, so by refining the subsequence we may
assume that {Fy}y converges pointwise in ID. Note that from ¢* > ¢ and the containment
F € PV (1) we obtain that I € P!(u), since a sequence of analytic polynomials converging
to F in P (u) converges also to F' in P!(u). We need to verify that F satisfies the
conditions of Lemma [3.1] By property (i) of Lemma [3.2] we get F(0) = limy Fy(0) = 1.
Also, by and by letting € — 0, we get |F(z)| = limsupy_,, |[Fn(2)| < 1 for z € D.
By the maximum modulus principle, we obtain that F' = 1 in D. We see from part (iv) of
Lemma [3.2| that |Fv| < 1 on res,(w) and also |Fy| — 0 m-almost everywhere on res(w).
The weak convergence in £ (1) implies in particular that the restrictions Fy|T converge

weakly in £ (wdm), and the weak L' (wdm) limit equals F|T. We readily deduce from
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the pointwise convergence of {Fy}y to 0 on resy(w) that FF = 0 on res,(w). Thus F

satisfies the hypotheses of Lemma and our proof is complete. O

3.4. Irreducibility proof. The irreducibility of the first summand on the right hand side
in the displayed equation in Theorem [A] holds if we assume some additional properties of
h. One of them is

(R3) For some constant C' = C'(h) we have [ h(z)dx < C-h(a), a € (0,1).
An easy computation shows that h(x) = xlog(e/z) satisfies (R3). The proof of irreducibil-

ity under this assumption is essentially contained in Khrushchev’s article [Khr78] and is

stated without proof in [KM90]. We need a simple adaptation.

Lemma 3.3 (Khrushchev’s Uniqueness Theorem). Assume that the gauge function
h satisfies the additional condition (R3). Let E € AssocBCp(w) have positive Lebesgue
measure and wg be the restriction of w to E. If {p,}n is a sequence of analytic polynomials,

P — [ in LY(wg dm), and if the following two conditions hold:

(1) |pn(2)| < exp (a £1||T ) for some a > 0 and for all z € D,
(i1) pn(z) = 0 for z € D,
then f = 0.

Proof. The only technical part of the proof is the estimation of harmonic measure of a
certain domain, which Khrushchev accomplishes in [Khr78, Section 3]. He defines the
domain Q = D\ (U, B(¢,)), where B((,) = {z € D : z/|z| € ly,|2]| > 1 — |4,]} is a
curvilinear box, and ¢, is a maximal open interval complementary to £ in T. It is not hard
to verify that 0f) is a rectifiable Jordan curve.

We denote by w the harmonic measure in Q at 0 € 2. In [Khr78, Proof of Theorem 3.1],
Khrushchev shows that under condition (R3) on h, we have
(3.14) / de(z) < 00.

sorm 1 — |z

whenever E' € BC;,. We use this result as a given, and proceed with the rest of the proof.

Introduce the outer function Wy in D with the following modulus |Wg| on T:
L ¢eT\E,

(3.15) (We(Q)] =
min (1, (w(()""), ¢€E.

Such a function Wy exists as a consequence of E € AssocBC(w), since it implies that
for |Wg| in (3.15) we have log [Wg| € £'(dm). Note that |Wg(z)] < 1 for z € D, since
|[Wg| <1onT.
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Let z € 900N D. Then by (i) we have

log" ([Wg(2) - pu(2)]) < a zeD.

By convergence of {p,}, in L (wgdm), and by the inequality |Wg|* < w which holds

m-almost everywhere on E, we also have

(3.16) sup/ (W - p|tdm < sup/ |pn|fw dm < oo.
n JE n JE

Khrushchev in his proof observes that dw restricted to F is absolutely continuous with
respect to dm, and that dw < dm on E. This follows by monotonicity of the harmonic
measure (see [Ran95, Corollary 4.3.9]) applied to the inclusion 2 C D. This observation,
together with hypothesis (i), and the estimates (3.14) and (3.16)), implies that

sup/ log " ([Wg - pa|) dw < .
G

If 9 : D — Q is a conformal map fixing the origin, then a change of variables and the
conformal invariance of harmonic measure, namely dm = d(w o ¢), shows that
sup [ 1og" (W 00) - (o)) dm < o.

The rectifiability of 02 implies that ¢ is conformal at m-almost every point on T (see
[Gar07, VI.1]) which implies that [(Wg o ¢) - (p, o ¢)| coincides m-almost everywhere with
the non-tangential boundary values of the bounded functions (Wgo¢)-(p,o¢) defined in D.
Hence the finiteness of the supremum above shows that {(Wgo¢)- (p, o @)}, is a bounded
subset of the Nevanlinna class in ID. Since after passing to a subsequence we may assume
that p, — f almost everywhere on E, we may also assume that (Wgoo)-(p,0¢) — (Wgo
) - (f o ¢) almost everywhere on E = ¢~(E). We have |E| > 0 since |E| = w(E) > 0 as a
consequence of w and arclength measure on 02 being mutually absolutely continous (see
[GMO05, VI.1.2]). We are now in the setting of the classical Khinchin-Ostrowski theorem
[HJ12, Part II, 2.3]). This theorem implies that (Wgo @) - (f o) = 0 as a consequence of
(Wg o) (pno¢) — 0 pointwise on D, which follows by our hypothesis (ii). Hence f =0,

since |[Wg| > 0 m-almost everywhere on E. O

To apply Lemma in the setting of P*(u) spaces, we need a bound of the form
h(1 = |z])
(3.17) Ip(2)| < Cexp (a™——=F)
1= [z])
where p is a polynomial and C' > 0 is a constant depending only on the norm of p in
Pt(u). If the bound exists, then any sequence {p,}, of polynomials in P*(u) converging
to an element f € P'(u) with f|D = 0 satisfies the assumptions of Lemma for every
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E € AssocBCp(w), |E| > 0. The conclusion is that f|E = 0, and since a countable union
of sets in AssocBCp(w) constitutes a carrier for w,., we deduce that f|T = 0 as an element
of L'(w.dm). Thus f = 0 in P'(p) if w is residual-free, in the sense that w = w,. This
establishes irreducibility of P*(GgndA + w.dm) for any h admitting a bound of the form
(3.17)).

In the case that h has the form , the bound reduces to

Ip(2)] < C(1—|2])~

for some a > 0. A well-known estimate in Bergman spaces states that

t 1/t —a
S ([ Inl'aa) @ -ph zeD

for some a = a(a,t) > 0 (see, for instance, [DS04, Theorem 1 of Chapter 3]). Thus for u of
the form , a convergent sequence of polynomials {p,}, in P*(u) satisfies assumption
(7) in Lemma , and our discussion in the previous paragraph gives us the irreducibility
of the piece P*(dA, + w.dm) in the decomposition in Theorem Al This finishes the proof
of that result.

Although we shall not explicitly verify the conditions, we mention that the regularity
conditions (R1), (R2) and (R3), and the estimate (3.17)), hold for the particular choice
h(z) = 2 for any B € (0,1). As a consequence, the following variant of Theorem |A| holds.

Theorem. Let h(z) = 27 for some 3 € (0,1), and let u have the form (3.1)) for some
a>0. For any t € (0,00), we have

P'(p) = P GandA + wedm) & L' (w, dm)
where
w, = w|corep(w), w, = w|res,(w)

and PHGapdA 4+ w. dm) is irreducible.

4. PERMANENCE OF SINGULAR MEASURES LIVING ON ASSOCIATED SETS

4.1. The goal. The result to be proved in this section applies strictly to measures p of
the form ((1.2), and not to the class (3.1). We shall not go into further details regarding
the generality in which the argument given below applies, but we wish to mention that the

choice h(x) = z°, B € (0,1), leads to some issues in the proof.

Proposition 4.1 (Permanence of singular inner factors). Let p be of the form (1.2)).

Ift € (0,00), P'(p) is a space of analytic functions and S, is a singular inner function for



WEIGHTED KORENBLUM-ROBERTS THEORY 25

which the corresponding singular measure v is supported on a set E € AssocBC(w), then
any function f € [S,] N H™ satisfies f/S, € H>.

The result is a type of indestructibility property (the term was coined in [HKZ00]) of
S, under convergence in P*(1) norms. In relation to Theorem , it shows the necessity of
vanishing of v on associated sets for cyclicity of S,,.

As remarked in the Introduction, the case ¢t = 2 of Proposition has been established
in [LM24]. The proof given there essentially involves a functional analytic argument. The
proof of the proposition in the general case, which we will present here, involves a simple
extension to associated sets of an argument in [BBC84] by Berman, Brown and Cohn which
applies to BC sets of Lebesgue measure zero. Before explaining their work, let us state two
lemmas which we will use at a later stage in the proof. The first of them is the permanence

property in H?.

Lemma 4.2. Assume that {f,}, is a sequence of functions in H' = P*(dm), satisfying

sup/ | fl dm < 0.
n JT
Let f € H', and assume that S, f, — [ pointwise in D. Then f/S, € H'.

The claim is certainly true for t = 2. In that case, we may extract a weakly convergent
subsequence of {S, f,, }», which must converge to a function in the closed subspace S, H?>.
Then f € S,H? so that f/S, € H% TFor t # 2, we may reduce to the previous case
by multiplying the sequence {f,}, by appropriate outer factors. For details, we refer to
[LM22], proof of Theorem 1.4].

Lemma 4.3. Let F' be a bounded outer function. If ¢ : D — D is analytic, then F o ¢ is

outer.

Proof. 1t is a standard fact that a bounded analytic function F'in D is outer if and only if
a sequence {g, }, of functions g, € H*> exists for which we have the convergence g, F — 1
pointwise in D and a uniform bound sup, .y |g,(2)F(2)| < C independent of n. If ¢ is as
in the lemma, then for g* := g, 0 » € H™ we have that g’ - (F o ¢) converges pointwise to
1 in D and satisfies the mentioned bound. So F o ¢ is outer. U

4.2. A subdomain of the disk. In [BBC84], the authors use a subdomain €2 of I with
smooth boundary 092 which satisfies 00 NT = E. If {{,}, is the sequence of maximal
open intervals complementary to £ on T, and a,, b, are the endpoints of the interval ¢,
then they define the curve y C DUT by

vy={1—r@)e":te0,2m)}
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where 7(t) is chosen so that r(t) ~ c(dist(e”, F))?®. The constant ¢ > 0 is soon to be

specified. More precisely, we will set 7(t) = 0 if ¢ € E and otherwise

|an_6it|2|bn_eit|2 it

r(t) =c TAE , et el,.

The domain (2 is defined to be the interior of the curve +. The choice of the function r
makes 02 = v smooth enough to apply Kellogg’s theorem, [GMO05], Theorem I1.4.3], which
asserts that any conformal mapping ¢ : D — Q has a derivative ¢’ which extends to a
continuous non-vanishing function on T. We will fix ¢ which satisfies ¢(0) = 0.

An important property of € is that if the singular measure v is supported on F, then
S, is bounded from below on D\ Q. To see this, note first that for any z € D\ Q
and z* := z/|z| € T\ E we have that S, is holomorphic in a neighbourhood of z*, and
|S,(2*)| = 1. Secondly, the explicit formula and the chain rule imply that for z € D

we have
S = | [ ]IS

< 2u(T) - dist(z, E) 2.

Thirdly, if z € Q, then the distance between z and z* is dominated by a constant multiple
of ¢(dist(z*, £))?. Finally, consider any w € D\  and let L be the straight line segment
between w and w* = w/|w| € T. For any z € L, we have also that dist(z, ) domi-
nates a constant multiple of dist(z*, F) = dist(w*, E). Using in combination our above

observations, we obtain that

1 =[Sy (w)| <[5, (w") = Sy (w)]

= ‘ / S)(2) dz‘
L
S [ (aist(z, B) 7
L

< Jw — w*|(dist(w*, E)) ™2

<ec.
It follows that we may choose ¢ > 0 small enough to ensure that
(4.1) 1S,(2)| >1/2, zeD)\Q.

4.3. Singular factor of S, o ¢. It is the non-vanishing condition on ¢/|T that allows the
authors in [BBC84] to conclude that the function S, o ¢ has a non-trivial singular inner

factor. We need a small extension of this result.
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Lemma 4.4. The composed function S, o ¢ : 1D — D has the inner-outer factorization
S,op=0-U,

where 6 is a non-trivial singular inner function, and U is an outer function bounded from

above and below in D.

Proof. The non-triviality of € is established in [BBC84, Theorem 2.1]. In regard to the
second claim, we clearly have |U| = |S, o ¢| < 1 in D, so it remains to verify that U
is bounded from below in D). Since U is outer, this we can do by showing that |U]| is
essentially bounded from below on T. Certainly we have |U| = 1 m-almost everywhere on
¢ Y(E), for ¢ respects subsets of full m-measure in £ and ¢~'(E), and so for m-almost

every w = ¢(z) € E and m-almost every z € ¢~1(E) we have
1= [Sy(w)] = [0(2) - U(2)] = [U(2)].

If 2 € T\ ¢ '(E), then w = ¢(z) € DN I, and so | S, (w)| > 1/2 according to Section [4.2]
Therefore
U(2)] 2 10(2) - U(2)| = [Su(w)] > 1/2.
O

4.4. Proof of the permanence property. In the notation of Proposition the func-
tion f/S, is bounded outside of €2 as a consequence of . What remains to be shown
is that it is bounded inside of 2 also. Because f € [S,], there exists a sequence {p,}, of
polynomials for which S, -p, — f in the norm of P*(u). In particular, we have convergence
pointwise for every z € D. If the composed sequence (S, 0 ¢) - (p, 0 ¢) were bounded in the
norm of H!, then in the notation of Lemmawe could conclude that (fo¢)/0 € H*>, and
consequently f/S, would be bounded in 2. We can’t quite obtain the desired norm bound
for (S, 0 @) - (pn © ¢), but we can after a multiplication of the sequence with appropriate
outer functions.

We introduce the outer function Ffg satisfying the following equality m-almost every-

where on T:

dist(¢, E), ¢€T\E,
(4.2) [FE(¢)| =

1, (e FE.
That is,

Fi(z) = exp (/T\E g - i log dist (¢, E) dm(g)), 2 eD.
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The convergence of the integral in the definition of Fg is assured as a consequence of
log dist(¢, E) € L' (dm) for sets E € BC and a brief computation showing that

/Z log dist(C, E)dm(¢) =~ |¢|log(e/|¢])

for short enough maximal intervals ¢ complementary to T. Note that by adding finitely
many points to £/, we may ensure that the complementary intervals ¢ have a length bounded
from above by any desired small constant. The operation of adding finitely many points
to E clearly does not affect its membership in AssocBCp(w).

If we d2ND, then w* = w/|w| € T\ E, and by construction of {2 we have, for some

constant ¢ > 0,
(4.3) dist(w, w*) = 1 — |w| ~ (dist(w*, E))%

The harmonic measure in I at w of the interval I, of length (1 — |w]|)/2 centered at w*,

1 Juf?
/Iw i),

is then readily seen to be bounded from below independently of w, say by 6 > 0. If the

namely

complementary interval ¢ containing w* is sufficiently short, then by (4.3|) we have
1 — [w|

< dist(w*, E).

Thus, by the remark in previous paragraph, we may assume that I, does not intersect E.
By this observation and (4.3]), we conclude that for every ( € I, we have the estimate

ﬂg,/l_,w,,

Fu(C) = dist(¢, E) < dist(w*, ) + ~ .

So, since |Fg| is bounded in D, we obtain from the well-known Two Constants Theorem
that

(1.4) Fo) < (sup |FE(O1) S (1= u), weo0nD,

By replacing Fg by a positive power of itself, we may replace §/2 above by a positive

number arbitrarily large.

Proof of Proposition [1.1]. Assume that f € [S,]NH>, and that S, -p, — f in P'(u), {pn}n
being a sequence of polynomials. Since p has form ([1.2)), the convergence implies that we

have the two bounds

sup/ 1S, - palfdA, < 00
n JD
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and
(4.5) sup/ 1S, pulfw dm < oo,
n Jr
The first of the two bounds implies the growth estimate
C
1S,(2) “pu(2)| £ 7, 2€D
(1—1[z])"

with constants B,C > 0 independent of n (see [DS04, Theorem 1 of Chapter 3]). As
a consequence of (4.4), or more precisely as a consequence of the comment immediately
following that equation, we may assume that

sup |Fp(z) - 5,(2) - pa(2)] < 1.
z€00ND

Recall the definition of the outer function Wg in (3.15)). If |E| = 0 then Wg reduces to
the constant 1, and in that case W plays no role in the following estimates. In any case,

as a consequence of the inequality |[Wg| < w'/* which holds m-almost everywhere on E,
the second bound ({4.5]) tells us that

sup/ (Wg - S, - palt dm < oo.
n JE

The bound holds trivially if | E| = 0, of course. Since 02 = EU(02ND), the two estimates
imply
Sup/ ‘FE'WE'SV'pn’tdS<OO>

G

n

where ds denotes the arclength element on 0€2. Setting
Ggn i =Fg-Wg-S,-p, € H™

and changing variables, we obtain
sup [ lgn 061/l dm < o0
n Jr

where ¢ : D — € is the earlier introduced conformal map. Since |¢’| is bounded from below
on T, we obtain that {g, o ¢}, is a bounded subset of the Hardy space H'. The pointwise
convergence S, - p, — f in D implies that g, 0 ¢ — (Fg-Wg- f) o ¢ in D, and since g, o ¢
has € as an inner factor according to Lemma [4.4] (more precisely, we mean that (g, 0 ¢)/0 is
bounded in D), so does (F-Wg- f)o ¢, this time by Lemmafd.2] The functions Fo ¢ and

Wg o ¢ are outer by Lemma [£.3] Hence actually f o ¢ has the inner factor #. In notation
Joo _ (foo)-U
0 0-U
being bounded in 2. Since U is bounded from below, f/S, is bounded in

of Lemma 4.4}, the function is bounded in D, which is equivalent to

[-Uocg™)
Sy




30 BARTOSZ MALMAN

Q). By an earlier remark, f/S, is bounded in D\ Q, and so f/S, € H*>. The proof is
complete. O

5. CYCLICITY OF SINGULAR INNER FUNCTIONS

5.1. The goal. The result to be proved in this section is the sufficiency part of Theorem [B],

and also the following variant.

Proposition 5.1 (Main Cyclicity Result). Let u be of a measure of the form (3.1). If
€ (0,00), Pt(u) is a space of analytic functions, and S, is a singular inner function for

which the corresponding singular measure satisfies
(5.1) v(E)=0, E C AssocBCp(w),
then S, is cyclic in P*(p).

We make a few remarks before proceeding with the proof.

e It suffices to prove the result for large ¢ > 1. Indeed, if t; < t5 and S, is cyclic in
P' (1), then denoting by || - |+ the (quasi)norm in L£'(y), there exists a sequence
{pn}n of polynomials such that ||.S,p, — 1|, — 0. By Jensen’s inequality applied
to the convex function = — 2?4 and a normalized version of the measure j, we
obtain readily that ||.S,p, — 1||,+, — 0. In particular, we may in our proofs work
in the more convenient reflexive range ¢t € (1,00). It is worth noting here that
increasing the parameter ¢ does not destroy the analyticity of the space P*(u), in
the sense that if P (p) is analytic, and to > t;, then P (u) is also analytic. To
see this, note that if P2(u) is not analytic, and so contains a function f satisfying
fID = 0, then whenever ¢; < ¢, we have also that f € P"(u), and consequently
Pl () is not analytic either. However, for most natural gauge functions h, such
as the one in , it is a consequence of Theorem |A] or the variants presented in
Section [3.4] that analyticity of P*(u) is independent of the choice of the parameter
t, since it is decided entirely by the structure of the weight w appearing in or
BD).

e It suffices to show that Si/” is cyclic in P¥(u) for some positive integer B. Indeed,
if m; and my are two cyclic bounded functions, then so is their product. The claim

follows from the estimate

|mimapg — 1

it < llmag — e - [[mapllee + [Imap — 1|4
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where p and ¢ are polynomials. If m; is cyclic, we may choose p to make the second
term on the right-hand side small. Having fixed p, if ms is cyclic we may choose ¢
to make the first term on the right-hand side small. Cyclicity of mims follows.

e We emphasize again that the necessity for cyclicity of S, of vanishing of v on
associated set has been established in Section [4] only for the case of measures p of
the form . In particular, the converse has not been established in the context
of more general gauges h. Thus we make no claims regarding the necessity of the

vanishing condition in Proposition [5.1]

5.2. Modification of Korenblum’s linear program. Let v be a finite non-negative

singular Borel measure on T, and set

(5.2) vo =: v —v(T)dm.

Let N be a positive integer, and {I,}?_; be a partition of T into the half-open intervals
I, ={e":2n(s—1)/N <t <2ms/N}, s=1,...,N.

Note that the partition depends on the choice of N, but for convenience we suppress this

in our notation. We introduce a notation for unions of consecutive intervals I, as follows:

l
(5.3) Iy = JI.
s=k

As before, we set
R = log™ (1/w).
We will study a variant of Korenblum’s linear program in [Kor77, Equation 3.6]. Our

program, with real unknowns z,, s =1,..., N, is as follows:

( l

—vo(Ixy) + sz <e-h(|1gl),

s=k

l
(54) sz S M(A : h7 R|Ik,l)7

s=k

N
Z z, = 0.
s=1

The notation R|I stands for the restriction of R to the interval I, interpreted as before

\

to vanish outside of the interval I. The quantities € and A are positive numbers. The most
significant difference between ({5.4) and the linear program in [Kor77] is the appearance of

the Hausdorff functional M(A - h, R|I};) in our version, in the place where in Korenblum’s
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original program the quantity h(|lj;|) is present. In accordance with the presentation of
Korenblum’s theorem in the book by Hedenmalm, Korenblum and Zhu in [HKZ00], we
will say that the program is consistent if for every choice of € > 0 there exists a choice of
A = A(e) > 0 for which the linear program has a solution {z }Y, for any N > 0.
Otherwise, the program is inconsistent, in which case there exists a fixed € > 0 such that
for any choice of A > 0 the program fails to have a solution for some N = N(A).

Our purpose in the rest of the section is to establish two claims. The first claim is that
if the program ([5.4]) is consistent, then S, is cyclic in the corresponding P*(u) space. The
second claim is that if is inconsistent, then v(E) > 0 for some set £ € AssocBCp(w).
If the claims are established, then it follows from the first claim that if S, is not cyclic
in P!(u), then the program is inconsistent, and consequently from the second claim we
obtain v(E) > 0 for some E € AssocBCp(w). Thus Proposition and the sufficiency
part of Theorem [B| are consequences of these two claims. Our proofs will use adaptations
of Korenblum’s technique from [Kor77], with the main new ideas relating to the way in
which the functional M(h, R) enters the picture.

5.3. Sufficiency of consistency for cyclicity. We are assuming that the program is
consistent. We fix a small € > 0 and are given a corresponding A = A(e) > 0 for which the
system in (5.4) has a solution {z,}Y ;| for every N.

5.3.1. Construction of a partial solution. From a solution {z,}Y | we construct a bounded

function f, n : T — R according to the formula

N
(5.5) fon =v(T)+> gs.

where g, is supported on the interval I,. If x, < 0, we set g, to be constant on I, so that

fls gsdm = x,. If x5 > 0, then the second inequality in ([5.4]) implies that
zs < M(A(e) - h, R|L),

and so by Proposition there exists a bounded non-negative function ¢ supported on I
which satisfies the pointwise inequality g} < R, the upper estimate [, ¥ dm < A(e) - h(|1])
for all intervals I C T, and the equality || 1. 695 dm =z, We set g, := 6g;. Then, for every
s € {l,..., N} we have that

e g, < 6R pointwise on T,

o [,gsdm < 6A(e) - h(|I|) for every interval I C T,

° fls gsdm = x,.

We use the last two of the above three properties to establish the following lemma.
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Lemma 5.2. In the notation as above, for every interval I C T we have the estimate
[ Fvim <2640 B2 + v(DIT
I

Proof. Assume for the moment that I does not include the point 1 € T in its interior. Let
{I,}!_, be those intervals in the partition of T corresponding to N that intersect I. For
the first interval I, the second point above implies that we have the estimate
fendm = grdm + v(T) |, N I|
IeNI TN

< 6A(e) - h(|I N Iy |) +v(T) |1, N 1]
< 6A(e) - h(|I|) + v(T)|Ix N I|.
For the last interval I;, we similarly have
fendm < 6A(e)h(|I]) + v(T)|L; N I].
nnI

For the union of intervals I, contained inside I (if any), we use the third point above and
the second inequality in ([5.4]) to obtain

-1
[ fawdm= Y st (Dl
Tpi10-1

s=k+1

< M(A(€) - hy Rljq10-1) + v(T) [ Lig1,0-1]
< A(e) - h(I) + v(T) [ Iry1,0-11,

the last inequality following easily from the definition of the Hausdorff functional in .
By adding our three estimates, we obtain that [, fox dm < 13A(e) - h(|1|) + v(T)|1|, if T
does not contain the point 1 in its interior. If it does, then we may express I as a union
of two intervals, none of which contains the point 1 in its interior, and apply the already

established estimate to the two parts. O

We note that in the estimate in Lemma it is A(e) that is the dominating quantity,
and that we lack control on its size. We may therefore think of the right-hand side in the
inequality in Lemma as A'(e) - h(|I]), where A’(e) is a large quantity comparable to
Ale).

5.3.2. Limiting argument. At this point we will introduce a premeasure which is a weak-
type limit of a subsequence of {f.n}ny. Premeasures are set functions defined on the
algebra of intervals of T. Their basic properties are explained in Appendix [A] and will be

used frequently below.
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By the definition of f.x in , properties of gy listed just before Lemma and
the third equation in (5.4), the sequence {f. ny}x differs from a sequence of normalized
premeasures only by the constant v(T)dm (see Definition in Appendix [A). Applying
Lemma [A.4] combined with Lemma [5.2] we conclude that we may let N — oo along a

sequence and assume that we have the convergence
(5.6) fen —v(T)dm — fo —v(T)dm

in the sense stated in Lemma [A.4 Here f, is a premeasure and not a function, and

fe(T) = v(T).

Lemma 5.3. In the notation as above, we have the estimate
(5.7) —v(I) + fe(I) < € h(|1])
for each interval I C T.

The corresponding statement in Korenblum’s paper [Kor77] is left without proof. We

fill in the details, which requires us to use some specific properties of premeasures stated
in the Appendix [A]

Proof of Lemma 5.3 The estimate follows from the convergence in . Without loss of
generality, we may assume that the partitions of T associated to larger N are refinements of
those associated to smaller N. It follows that for any 0 > 0 there exists a half-open interval
I’ which is a union of intervals in any partition {I,}Y, associated to N large enough, for

which the following four statements hold:

e the jumps J, (t), J, (¥') defined in (A-3) corresponding to the endpoints e”, e’ of
I’ are smaller than ¢,

o 15.(1) — F(D] <5,

o () — (D) <5,

o [II'| = 1] <.

All four parts can be ensured by choosing I’ to be the interval obtained from I by a small

perturbation of its endpoints. The first point can be ensured by Lemma [A.3] and the

second and third points can be ensured by properties (P2) and (P3) of premeasures stated

in Definition [A.1] Then from the first inequality in (5.4), our definitions (5.2)) and (5.5)),
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the pointwise convergence property in (A.5)), and the first bullet point above, we obtain
—v(I') + f(I') = —v(I") + ps.(t') = pr.(t)

< (1) + Timsup (g, o () = pr (1)) + 20

N—oo

= —v(I') + lim Sup/ fendm+26
I/

N—oo

= —vo(I') + lim sup Z x5+ 20

A

<e-h(|I') + 20.
It follows from the last three bullet points above that
—v(I) + fo(I) <40 + e h(|I| +9).
By letting 6 — 0 we obtain ((5.7]). U

5.3.3. A candidate solution. In order to prove cyclicity of S, we should construct a candi-

date function F' for which S, F' approximates the constant function 1 in P*(u). Set

(5.8) Fo(z) == exp (/[0%) it 4 dee(eit)>7 2D,

et — z
the integral being defined in the sense of premeasures as in ((A.4)) and the following discus-

sion. We have

S.FE =ew ([ PEd-v s £)E). zeD.

[0,27)
where P, is the Poisson kernel in (A.8). From a combination of Lemmal5.3|and the Poisson
integral estimate (A.9) in Appendix A, we obtain
h(1 —
(5.9) 1S, (2)Fe(2)] < exp (C’e(l—||z||)>, z €D,
— |z
where C' > 0 is a constant independent of €. This implies that

limsup|S,(2)F(z)| <1, zeD

e—0

and that
limsup/ 1S, F|'GandA < 0
D

e—0

for any a > 0 (recall the definition of G in (3.1])). Since S,(0)F.(0) = 1, it follows that
as € — 0, the functions S, (z)F.(z) converge to 1 uniformly on compact subsets of D (more
precisely, we need to let ¢ — 0 along an appropriate sequence). To conclude that S, is

cyclic in P!(u), we still lack something. Firstly, it is not clear if we have a norm bound on
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S,F. in P'(u), since the measure p involves a part on the boundary T also. Secondly, we
do not know if S,F, is a member of [S,], the M, -invariant subspace generated by S, or

even if it is a member of P!(u).

5.3.4. Absorption into the invariant subspace. We may assume that 6¢ is an integer by the
first remark following Proposition . We are also assuming that ¢t > 1, so that P*(u) is
reflexive, and in particular, any norm bounded sequence of functions in the space has a
subsequence converging weakly to an element of the space. The analyticity assumption on
P'(n) implies that any f € P*(u) is uniquely determined by f|D, and will otherwise not
play any role in the proofs.

According to the second remark following Proposition [5.1] it will suffice to show that
Sp/6t = w6t 1s cyclic in P*(p). To ease the notation, we divide all the appearing measures
and premeasures by the factor 6¢, and make the notational replacements v — v/6t, f. y —
fen/6t and f. — f./6t. Since 6t > 0, all our previous estimates are valid (such as the
ones in Lemma and Lemma with new constants comparable to the old ones. In

particular, after this notational replacement, we now have on T the pointwise estimate
(5.10) fon < R/t +0(T)/6t < Rft +1

(recall , the listed properties of g, right before the statement of Lemma , and
increase t slightly to make v(7")/6t < 1).

Set
(5.11) F.n(2) :=exp (/ ezjfevN(eit)dm(e“)» 2 eD.

0,2m) €% — 2

We note that, since the functions f.y are bounded, the sequence {F, n}y consists of
functions in H*, and so in particular F, y € P*(u). We have also the pointwise convergence
F.n(z) = F.(z) for z € D by the convergence f. y — fe in the sense of Lemma .

We establish now some estimates uniform in N. From Lemma and the estimate
we deduce
(5.12) IFLn(2)] < (A’(G)M>, 2 eD

’ 1 —|z])
where A’(e) is some large positive constant comparable to A(e). In the case p has form
for some a > 0, take a positive integer D = D(¢) so large that we have
h(1 —|z])
1 —|z)

In the case that p has the form for some v € (—1,0] (and so h is given by (L.4)), fix
a small § > 0 for which we have o — 2§ > —1, and let D = D(¢) > 0 be a positive integer

(5.13) |FLn(2)|P < exp ((a/Z) ) 2 eD.
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so large that

(5.14) |Fun(2)]P = exp <(A’(e)/D)%>

_( e >A'<s>/D
IS E

5
S( ‘ ), z e D.
1— 2]

The fact that S,F, is contained in the invariant subspace [S,] can be established by

using the above estimates and a standard technique of absorbing the function S, F. into

[S,] piece by piece.

Lemma 5.4. In the notation as above, we have that S,F''" is contained in [Sy] for each
integer k = 0,1,...,D. In particular, S, F, is contained in [S,]. Moreover, we have

limsup ||, Fe | < 0.

e—0

Proof. We first carry out the proof in the context of measures of the form , the other
case being similar and treated afterwards. The proof will proceed by induction on k, with
the base case k = 0, corresponding to S, € [S,], being trivial. Let us then assume that
k < D and that the claim holds for k. We will show that it holds also for k& + 1.

Using the inequalities |S,(2)| < |S,(2)|*/P, Cetk/D < a/2 (which holds for sufficiently
small €) and , we obtain, for z € D, the estimate

1S, (2)EFP ()|t < |8, (2)Fo(2)|*/P

< exp ((c th/ D)=
<o (L= D)

Combined with (5.13]), we conclude that for small € we have the bound

(5.15) S EMP ()P ()| Ganl2) < 1

which gives uniform norm boundedness of the sequence {SZ,FEk/ DF;{VD} N in LYGapdA).

The norm bound is independent of €, as long as € is sufficiently small. Let now C' = {z €

T : w(z) > 0} be the natural carrier set of w, and introduce the set

C:={G e P'(u): |G| <exp(R/Dt+ 1/D)m-a.e on C}.



38 BARTOSZ MALMAN

It is easy to see that C is convex. It is also closed in the norm topology of P!(u), since
if {G,}, is a sequence in C converging in norm to G, then a subsequence {G,, }; may be
extracted which converges pointwise to GG on a set of full m-measure in the carrier C. It
follows that C is weakly closed, by basic functional analysis. From the definition of F v
in (5.11) and the inequality we deduce that Felyj/\,D € C. Keeping in mind also that
R =log*(1/w), and that we have the estimate (5.13)), we deduce easily that {F;]/VD}N is
a norm bounded sequence in P?(u). Therefore P ec , since FMP s a pointwise limit
in D of {F:J/VD} ~, and any weakly convergent subsequence of {FE{]/VD} N must necessarily
converge to an element of C. On T we have |S,| = 1, and it follows from the membership

of F:,]/VD and F'/” in C that on the carrier set C' of w we have the pointwise inequalities
S, FEPENP 'w < e - exp(R(k + 1)/ D)w
S et<1+w—(k+1)/D>w

<e'(1+2w) € L (dm).
By combining the above estimate with ([5.15]), we obtain

(5.16) sup 1S, FFPEN P [ < o0

with the estimate being uniform also in € small enough. Since F:’]/VD € H, and by induction
hypothesis S, F2/” is contained in [S,], by weak compactness of P'(u) (recall ¢ > 1) we
obtain that S, F.*"™/? is also contained in [S,], with norm HSZ,FG(HI)/D
the supremum on the left-hand side in ([5.16|).

The proof in the case and a € (—1,0] is similar. By (5.9), and an argument similar

to the one given at the beginning of this proof, we obtain for € small enough the estimate

|| ..c not larger than

e
112

1S, (2) ER/P ()|t < ( )5, 2 eD.

Hence by ((5.14) it holds that
S, () FHP () FLY ()1 = 2)" <3+ (1 = [2)*7> € £1(dA),

where the last inclusion holds as a consequence of the inequality o — 26 > —1. Thus we
have also in this case the corresponding norm boundedness of {S,,Fek/ DFG%D ~ in LH(dA,).

The rest of the proof is the same as in the case of measures of the form (3.1J). U

According to the discussion in Section [5.3.3, we have now shown that consistency of
the linear program (5.4 implies the cyclicity of the singular inner function S, in P*(u).

Indeed, we conclude from that discussion and the above lemma that for small € > 0 the
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norm bounded family {S,F.}. of members of [S,] has the constant function 1 as a weak

cluster point. So 1 € [S,], and S, is cyclic.

5.4. Necessity of consistency for cyclicity. According to what was said in the last
paragraph of Section[5.2], in order to complete the proofs of Theorem [B]and Proposition[5.1],
we now need to show that if the linear program is inconsistent, then there exists an
associated set F for which v(F) > 0.

5.4.1. The Inconsistency Inequality. We start the necessity proof in the same way as Ko-
renblum started his proof in [Kor77] by deriving an inequality from the inconsistency of
the linear program.

Note that the first two inequalities in may be written as a single inequality in the

following way:

!
—VO([k’l) + sz S min ( — VO([k:,l) + M(A : h, R|[k,l)a € - h<|lk,l|)>
s=k
Only for a moment, let us denote the right-hand side of this inequality by b, and think of
ys = —o(Is) + x5 as the unknowns in a new linear program. Note that Zi\;l ys = 0 if and
only if Zivzl xs = 0, since 1y is normalized and additive. The proof of the following duality
lemma for linear programs appears in [HKZ00, Lemma 7.7], where Korenblum’s work on

cyclic vectors is presented. The lemma appears implicitly in the work of Korenblum in
[Kor77].

Lemma 5.5. Let N be a fized positive integer, and by, be real numbers, 1 < k <[ < N.

The system of inequalities
!

Zys < by,

s=k

subject to the constraint Ziv:l ys = 0 is solvable if and only if

m—1
§ :bkmkiﬂ*l >0
i=1

for every increasing sequence {k;}1, of integers, k; € [1,..., N]|, where ky = 1 and k,, =
N +1.

Note that the sequence {k;}!™, in the statement of the lemma partitions the set of

integers [1,..., N] into m — 1 "intervals” [k;, ki1 — 1]. Such partitions are called simple
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coverings in [HKZ00] and [Kor77]. A simple covering corresponds to a covering of the circle

T by a finite number of half-open intervals {.J; ;’;‘11 as in ([5.3]), where we use the notation

Ji = Ii, i

i+1— 1

Then by our above discussion and Lemma we see that inconsistency of the system (/5.4))
implies that there exists € > 0 such that to every choice of A there corresponds a covering

{J;}i of T consisting of half-open intervals, which satisfies

(5.17) > “min (= vy(J;) + M(A-h,R|J;), €- h(|.J;])) < 0.

Denoting by J! those intervals among .J; for which

and by J! the remaining ones, by rearranging (5.17)) we obtain our Inconsistency Inequality,

which reads

(5.18) S OMA-WRIT) 4> b)) <D wl( ).

We emphasize that € remains now fixed for the rest of the proof, and that the covering
{J;}; depends on the choice of A, but that we suppress this in our notation for now. Note
also that the left-hand side of the inequality is a positive quantity. In fact, this quantity

stays away from 0.

Lemma 5.6. Assume that R > 0 on a subset of positive Lebesque measure on T. Then we

have

. / 1
Jnf D M(A-hRIT) + Y e b)) > e

for some positive number cg.

Proof. Let us assume that by varying A it is possible to have the left-hand side above
converge to zero. We will show R vanishes almost everywhere with respect to the Lebesgue
measure dm.

By the definition in (2.2)), for each interval .J! there exists a choice of an open set U/ C J!
which is a union of a family of open intervals {¢; x } for which fJ{\U{ Rdm+3% ", A-h(|4;x])
is as close as we wish to M(A - h, R|J]). Let

L= vi=Jui
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and let {¢;}x be the union over ¢ of the families {/; ; }«, so that U} = J, fs. Since A > ¢,

by our assumption we may arrange our choices so that
(5.19) / Ram+ e (S h(6h) + S h()) = 0.
UK k i
Since € is fixed, we conclude that
> Alt) =0, Y h(f]) =0,
k i
and in particular we must have

UL <Yl =0, > T —o0.
k 7

Since T = (J4, \U,) u U, U ( Ui J{’), we see that the Lebesgue measures of J/ \ Uy must
grow to full m-measure in T. Since (5.19) implies that [ ACA
non-negative, we conclude that fT Rdm = 0. So R =0 almost everywhere with respect to
dm. U

Rdm — 0, and since R is

We mention again that the case R = log™ (1/w) = 0 is irrelevant for us, as it is equivalent
to w > 1 in which case fT log wdm > —o0, and so the space P*(u) has the simple structure
explained in Section [[.4, We may therefore assume that R # 0, and that the lower bound
in Lemma [5.6] holds.

5.4.2. Analysis of the inequality. We have seen that inconsistency of leads us to the
conclusion that there exist an € > 0 such that to each choice of A larger than €, there
correspond two families of disjoint half-open intervals {J/}; and {J/'};, which together
cover the unit circle T, and for which the inequality holds, with the left-hand side
being bounded away from 0.
Let E4 be the union of closures of the intervals .J;:
Ey = Uclos(Ji').
Since {J;}; is a finite family, the set £, is closed and differs from the union J; J; only by
finitely many points. Using the notation from the proof of Lemma [5.6] the inconsistency
inequality implies that there exist open sets U; = |J, ¢, contained in J; for which

0<) (/J{\U{ Rdm+Y A h(|£,,k|)> + e b < Do),

Ji
Since vy = v — v(T)dm < v, v is a non-negative measure, and {J/}; is a disjoint family of

intervals contained in E,, the right-most quantity above is dominated by v(F4). As in the
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proof of Lemma , let {¢;}x be the re-labelled union over i of the families {/; s }x, and
Uy = U;U]. Then, setting
Ey = Es\Uj,

we obtain that

(5.20) co < [E

The following observations are consequences of the second of the above inequalities.

Rdm+ Y " A-h(|ty]) + Ze h([JY) < v(BL).

’
A

e The measure v is non-negative, so v(E4) < v(T). As A — oo, we must therefore
have ), |¢x] — 0. Since U); = Uyly, we deduce that

(5.21) Ey=FE\+ U,
where |U/| — 0 as A — oo. In particular, it follows that
lim |E4| — |EY| = 0.
A—o0

e The family of complementary intervals to E,4 is {int(J/)},;, the interiors of the
intervals {J!'};, while the complementary intervals of £’ consists of the union of
the families {int(J/")}; and {¢x}r. From ([5.20) we deduce that

(5.22) sup (Z )+ h(|mt(J;')|)) < .

A:A>e 77

5.4.3. Compactness properties of the class BCj,. For a closed subset E of T and d > 0, let
E? be the usual open d-neighbourhood of FE, consisting of all points at distance less than
0 from F:

E° = {z € T:dist(z, E) < §}.

Lemma 5.7. Let {E,}, be a sequence of sets in BCp. Let {l,}r be the sequence of

mazimal open intervals in T complementary to E,, and assume that
(5.23) sup > h(|lnk]) < o0.
"ok
Assume further that for each n the sequences {ly }r are ordered such that the lengths of
the intervals are decreasing in k:
’gn,ly Z |€n,2‘ Z ey

Then there exists a set Eo, € BCp and a subsequence {Enj }; such that E,, = E in the

following sense:

(i) T, e | o | = |Exe],
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(i1) for every 6 > 0 we have that E,, C Enj and E,, C E%, for all sufficiently large j.
(111) If {{}r are the maximal open intervals complementary to E, ordered such that the
lengths of the intervals are decreasing in k, then we have that {,, ) converge to {y as

J — 00, 1n the sense that the endpoints of €, 1 converge to the endpoints of ly.

The lemma is a direct generalization to sets of positive Lebesgue measure of [Kor77,
Lemma 3.1.1]. See also [HKZ00, Lemma 7.6]. In [BM24] a similar compactness statement
appears in the context of unions of dyadic cubes. The proofs of these statements are all

similar. We provide one for completeness.

Proof of Lemma[5.7. By an initial passing to a subsequence, we may assume that we have
the convergence of Lebesgue measures of F,, which we may express as the convergence of

Lebesgue measures of the complements:

.24 li =L >0.
(5.24) ngrolo; [lng| =L >0
For k = 1,2,..., we successively attempt to pass to a subsequence of {E,}, to ensure

that (after relabeling) ¢, converges in the sense of (iii) above to some interval ¢; of
positive length. Our process stops for some finite K if lim,_, |f, x| = 0, and then we set
l, = @ for k > K. Else, the process goes on indefinitely. In the latter case, by the usual
diagonal subsequence argument we ensure that ¢, ; converges to {5 as n — oo, for all k.

We set in either case
Ew =T\ (Uﬁk)
k
with the appearing union being finite in the former case. Note that we have already ensured

(iii).

Since for each positive integer M it holds that

> Mll) = lim D h(Gal) < sup 3 Al

k<M k<M

by letting M — oo we conclude from ([5.23)) that F., € BCy,.
To establish that lim,, . |F,| = |Fx| we may equivalently establish that

(5.25) D 1G] = lim Y el = L.
k k

Fatou’s lemma immediately shows that the left-hand side in (5.25) is at most as large as
the right-hand side, which equals L by (5.24]). As the left-hand side is non-negative, we
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are done if L = 0. Else, we assume for the sake of contradiction that ), |¢x| = L — « for

some « > 0. Note that for every K, we have

(5.26) URIEDS hﬁ'i”j‘) o

E>K k>K

> |€nK| Z el

| ln, | > K

The last inequality follows from our ordering assumption on {|¢, x|} and the assumption
(R1) in Section stating that h(x)/x is decreasing in z. If our process terminated
at k = K, then lim, o [l x| = 0 and >, . |lx] = L — a. Since (R2) states that
lim, ,o h(z)/z = oo, the bound and the inequality in together imply that
> ksk [nk| = 0 as n — co. But then

L= nh—>r20 Z [n | + Z [ |

k<K E>K

= > |6l

k<K

=L—-—a<lL,

and we have reached a contradiction. If the process never terminated, the contradiction is

reached similarly. Now, for each K we have lim,_, |0, x| = |(x| > 0, and also
L= |t +JE€‘OZ 0]
k<K k>K

Since D,y [lk] < L — a, it follows from ([5.24)) that for every K we have
Y, > Vs 2 o
k>K

Letting n — oo in (5.26]) we deduce

Since |(x| — 0 as K — oo, we obtain again a contradiction, this time to (5.23)). We have
thus established (5.25), and so (i) holds.

For an open interval ¢ in T and § < |¢|/2, let £(6) be the closed interval with same
midpoint as ¢ but of length |¢| — 20. Note that £(0) degenerates to a point if § = [¢|/2. If
d > |£]/2, let £(0) be the empty set. With this notation, we have

T\ E2, = Ufk(CS)
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and

T\ E) = €ur(9).
k
Fix § > 0. To show that E,, C E’_ for large n, we may equivalently show that

U tur 2 (J 0 (0)

for all large n. Since [¢x] — 0 as k — oo, the sets (;(d) are non-empty for only finitely
many indices k. Since ¢4(J) is contained in the interior of ¢ and ¢, — {5 as n — oo,
we obtain easily that ¢4(5) C ¢, for all large n, and all k. This establishes the inclusion
E, C E?, for large n.

The other inclusion, namely E,, C E? for all large n, is equivalent to

Ut > Jnr(6).

The same argument works by virtue of

(5.27) lim lim |6, x| =0,

K—o00 n—oo

which holds since lim,,_, [0, x| = |¢k| for all K. By the ordering assumption on {|¢,, x|}
there exists K = K(J) > 0 for which ¢, ;(d) = @ for £ > K and all large n, and we finish

the proof as in the case of the other inclusion. O

5.4.4. Finishing the construction of the associated set. We return to our inequality ({5.20)).
Since (5.22)) holds, there exists a set Ey, € BCj, for which we have the convergence

ZZA — 1200

in the sense of Lemma , along some sequence of A — oco. In turn, by (5.22)) yet again,

we may pass to a subsequence once more to ensure also that
/ /
Ey,— E

as A — oo, in the same sense. Note that |E.| = |E. | by part (i) of Lemma [5.7] and what
was said in the first observation following (5.20)).

We shall show that E. is the desired set. Namely, it will be shown that E, €
AssocBCp(w) and v(Ey) > 0.

Lemma 5.8. With the notation as above, we have E!  C E. In particular, since the
Lebesgque measures of the two sets are equal, they differ at most by a set of Lebesque measure

ZET0.
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Proof. We prove the equivalent inclusion of complements, namely
T\E, DT\ Fw.

Let z € T\ Ew, and let £ be the maximal open interval complementary to E,, which contains
z. By part (iit) of Lemmalp.7] there exists a sequence of intervals {.J(A)}4 complementary
to E4 such that J(A) — ¢ in the sense of endpoint convergence. By construction, the
intervals J(A) are complementary to E’; also. Since the distance from z to the endpoints
of ¢ is positive, and the endpoints of J(A) converge to the endpoints of ¢, it follows that the
distance from z to F’; is bounded from below as A — oo. Hence z ¢ (E',)° for some fixed
& > 0 sufficiently small and all large A. By part (ii) of Lemmal5.7], we obtain z ¢ E/_, and
soze T\ EL. O

From ([5.20) and the non-negativity of v we deduce that

(5.28) lim sup/ Rdm < limsup v(E4) < v(T).
E

A—o0 A A—00

We will show that this implies the inequality

(5.29) / Rdm < v(T)

from which we will easily deduce that E € AssocBCy(w). If |E/_| = 0, then the above
inequality of course trivially holds, since the left-hand side is equal to 0. By Lemma [5.8
we have in that case |E,| = 0 also, and hence E., € AssocBCp(w). In the case that
|EL| > 0, by part (i) of Lemma[5.7] for any small 6 > 0 and all large enough A, we have
that |E’ | -6 < |E| and E', C (E’ )°. By fixing d, this implies for large A the inequalities

Bt =6 < |EL = [(Ey N EL)|+ By \ B
< Bl + 1 (EL) \ ELl.

Since |(EL,)° \ EL| — 0 as § — 0, the above inequalities imply that

|E'| = lim |E, N E.|.

A—o00

Therefore
(5.30) E, = (E4,NE,)Ur,
where |r’y| — 0. For any M > 0 we consequently have

/ min(R, M)dm — 0
s
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as A — 00, and since

min(R, M) dm = min(R,M)dm+/ min(R, M) dm
"A

B E/\NE!, !

<J.

min(R, M) dm < v(T).

B
Letting M — oo we arrive at (5.29)), which is equivalent to E._ € AssocBCp(w). It follows
that E, € AssocBCp(w), since [, Rdm = [, Rdm, owing to the fact that by Lemma

the sets F,, and E’_ differ only by a set of Lebesgue measure zero. Since E4 C E°, for all

/

Rdm+/ min(R, M) dm
TA

’
A

we obtain from ([5.28]) that

large A and any 0 > 0, the inequalities in (5.20) and the non-negativity of v show that
0 < co < limsupv(E,) < v(E2).
A—o0

Finally, by continuity of finite measures, we obtain

v(Es) = lim V(E%) > ¢y > 0.

We have thus shown that the inconsistency of ((5.4]) implies that v assigns positive mass to
the set E,, € AssocBCy(w). With this, our cyclicity proof is complete.

5.5. Proof of the corollary. Having completed the proof of Theorem [B] we give a proof

of the corollary stated in the Introduction. We repeat the statement for convenience.

Corollary. Let f = BS,U be the inner-outer factorization of a function f € H*™, where
B is a Blaschke product, S, is a singular inner function, and U is an outer function. Let
vV = Vp + V. be the decomposition of v in associated to the weight w and the gauge
function h in . If i has the form and [f] denotes the smallest closed M ,-invariant

subspace containing f in P'(u), then

(/1= [BSy,],
and every function h € [f] VH™ satisfies h/BS,, € H*.
Proof. 1t is clear that [f] C [BS,, ], since f/BS,, is bounded, and so f = (f/BS,,)BS,, €
[BS,,]. Conversely, if g € [BS,,], then there exists a sequence {p,}, of polynomials for

which BS, p, — g in P*(u). Since S,, and U are bounded functions, and both are cyclic
in P(p), the argument in the second remark following Proposition shows that S,U is
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cyclic in P*(u), and so there exists a sequence {q }x, of polynomials for which S, Ug, — 1
in P*(). Then

||fpnqk - g”u,t = ||BSVppn(Sl/chk - 1) + BSVppn - g”
< |[BSy,pnllool1Sv.Uge = lue + [ BSy,pn = gllus-

Fixing a large n we make the second term arbitrarily small. Next, after fixing n, we may
fix also a large k to make the first term arbitrarily small. It follows that g € [f], and so
we have the equality [f] = [BS,,]. The divisibility statement follows from Proposition 4.1}
Indeed, recall that v, is supported on a countable union {E,},, of sets in AssocBC(w), and
we may assume that the sets E), increase with n. If v, is the restriction of v, to E,, then
v, — U, in the sense of weak™-convergence of measures. For any function h € [f]NH> =
[BS,,| N H>* C [S,,] N H>* we have by Proposition and the (generalized) maximum
principle in H* that

17/ v llse = 1Al oo-

By weak*-convergence and formula (1.1]), we have that S, (z) — S,(z) for z € D. Let
n — oo to obtain that

17/ S, lloe = 1Al co-
Since certainly we have h/B € H*, we conclude finally that h/BS,, € H>. g

5.6. Nevanlinna class and cyclicity. As alluded to in the Introduction, the cyclicity
result has a simple extension from bounded functions to quotients of bounded functions,

i.e, to the Nevanlinna class:
f=d/e, dyce H™, ¢(z) #£0,z€D.

A function f of this form has many other representation as a quotient of bounded functions,

and a particularly useful one is

BS,.d,
5.31 = —,

(531 e
where d, and ¢, are bounded outer functions, B is a Blaschke product, and vy, 1, are
singular inner functions for which the corresponding measures v; and v, are mutually

singular. In other words, S,, and S,, have no common non-trivial singular inner factor.

Corollary 5.9. Let f have the form (5.31)), with B =1, so that f is non-vanishing in D.
If f € PY(u) and p has the form (1.2), then f is cyclic in P'(u) if and only if S, is cyclic
in P(u).
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Proof. If S, is not cyclic, then according to our main result there exists a set £ €
AssocBC(w) for which vy (F) > 0, and any bounded function in the invariant subspace
(S| has an inner factor divisible by S,,z. If f is cyclic, then for some sequence {p,},
of polynomials we have fp, — 1 in the norm of P*(x). Since multiplication by S,,¢, is a

bounded operation on P*(u), we obtain the norm convergence
Sledopn — SI/QCO7

and hence S,,¢, € [S,,g]. Since ¢y is outer, and 14 |E and 1, are mutually singular, the
function S,,c, has the inner factor S, which is not divisible by S, g, and so we reach a
contradiction. Thus .S,, not being cyclic implies that f is not cyclic either.

Conversely, assume that S, is cyclic. Then S, d, is also cyclic, and clearly S,,d, =
Su,cof € [f]. Hence

[f] 2 [Siido] = P (1),

and the proof is complete.

APPENDIX A. PREMEASURES

The use of premeasures in the context of cyclicity problems goes back to Korenblum’s
work in [Kor75], [Kor77], where they were used in Poisson-type representations of harmonic
functions which satisfy certain growth bounds in the unit disk . In the article, we study
only the cyclicity of bounded functions, and as a consequence, our use of premeasures is

not a necessity, but rather a convenience which allows for certain simplifications in proofs.

A.1. Basic properties.

Definition A.1. A normalized premeasure o is a set function mapping intervals in T
(closed, open or half-open, and the interval may reduce to a single point) into real numbers,

with the following properties:
(P1) o(T) =0 (normalization),
(P2) o(l; U1y) = o(ly) + o(1y) for disjoint intervals Iy, I, C T (additivity),
(P3) if {I,,},, is a nested sequence of intervals shrinking to the empty set, then o(I,) — 0
(continuity).
If the last two properties are satisfied but not the first, then we will simply say that o

is a premeasure.
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Korenblum in [Kor75] and [Kor77] postulates a number of properties of premeasures.
We will spend this section to argue for validity of those properties in a slightly increased
generality, which is necessary for the rest of the article.

To every normalized premeasure o we may associate its primitive function p, : (0, 27| —

R, defined by
(A1) po(t) =0o(l), I, =][1,e"), te(0,2n]

Here I; = [1,e") is the half-open interval of T starting at 1 (inclusive) and ending at e®
(exclusive). The characterizing properties of the primitive functions p = p, arising in this

way from normalized premeasures are the following.

Proposition A.2. Let 0 be a normalized premeasure. Then the primitive function in
(A.1)) satisfies the following properties:

(1) if ' — t € (0,27] from the left, then p(t') — p(t) (continuity from the left),
(II) if t' — t € [0,27) from the right, then p(t') converges to a limit p(t+) (limits from
the right),
(III) p(2m) = 0.
Conversely, every function p satisfying (I), (II) and (III) corresponds to a normalized

premeasure o, defined uniquely by the requirement that
(A.2) o(ly) = p(t), IL;=11e"),te(0,2m).

The lemma has a straightforward proof which we skip. Given p and the equation ,
one extends o to unions of any type of intervals using the continuity properties (I) and (IT)
and the requirement (P2). If (III) does not hold for p, then the corresponding construction
will produce a premeasure ¢ which is not normalized.

It will be convenient to set a notation for the size of the jump of p at a point ¢:

(A.3) Jo(t) = |p(t) — p(t+)| = |p(t) = lim p(t')|, ¢ € (0,2m).

Our definitions ensure that J, is large only at a finite number of points.

Lemma A.3. For every § > 0, there exist only a finite number of t € (0,27) for which we
have J,(t) > 9.

Proof. Were the lemma not true, then for some 6 > 0 a sequence {t,},, of distinct numbers
would exist which converges to some t* € [0, 27| and for which we have J(¢,) > ¢ for all n.
After passing to a subsequence, we may assume that the elements of the sequence {t,}, are

all either strictly larger or strictly smaller than ¢*, say the latter. By the definition of J,, for
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each n there exists a number t/, satisfying ¢, < ¢/, < t* for which we have |p(t,,) —p(t.)| > 0.
If we interweave the sequences {t,}, and {t,}, into a sequence {s,}, then s, — t from
the left, but p(s,) does not converge, breaking property (I) (were {t,}, all strictly larger

than ¢*, an analogous argument would break property (II) instead). O

A smooth function A may be integrated against a normalized premeasure by employing

the following definition:

(A4) /[0 RGOS /[0 N (%h(e”)) po(t) dt.

We note that, as a consequence of Lemma[A.3] the function p, has only a countable number
of discontinuities, and is therefore Riemann integrable. It follows that the right-hand side
in is well-defined in ordinary sense. If ¢ is a bona fide finite Borel measure satisfying
o(T) = 0, then both sides of make sense and are equal. We extend the definition
to not necessarily normalized premeasures in the natural way by decomposing a
premeasure do as a sum (do — o(T)dm) + o(T)dm of a normalized premeasure and a
constant multiple of the Lebesgue measure. The integral we then define as the sum of the

integrals corresponding to o — o(T)dm and dm, the second defined in the classical sense.

A.2. Sequential compactness. If a family of premeasures obeys a certain upper esti-

mate, then the family is sequentially compact in the following weak sense.

Lemma A.4 (Helly selection principle). If h : [0,1] — Ry is a continuous increasing
function, h(0) = 0, and {o,}, is a sequence of normalized premeasures which obey the
upper estimate
on(I) < h(|1])

for all intervals I on T, then there exists a subsequence {o,, }r, a real constant ¢, and a
normalized premeasure o satisfying o(I) < h(|I]) for all intervals I, such that
(A.5) limsup |p,,, (t) — po(t) —c| < J,(t), te€(0,2m).

k—o0
Moreover, in the above situation, we have

fim [ oo () = [ gleda(c)

k=00 J10,27) [0,27)

for all smooth functions g : T — C.

The principle is stated in a similar form and without proof in [Kor75| for the particular

choice of gauge function A in ([1.4)). The normalization assumption is necessary as evidenced
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by the sequence {—n - dm},, which obviously satisfies the upper estimate, but for which
the sequence {p,, }» converges pointwise to —oo on (0,27) as n — oco. The appearance
of the constant ¢ in (A.5) may be justified by considering a sequence {0}, for which we

have lim,,_, po, (t) = ¢ # 0 for all ¢ close to 2w. Take, for instance, the functions
t, t €[0,1],
Pon(t) =41, te(1,2r —1/n)
1—n(t—2r+1/n), te2n—1/n,2n|
Then it follows readily from that we have the upper estimate o,(I) < |I|. However,

note that if a subsequence of {p,, }, converges pointwise to a function p which satisfies (I),

then p must also satisfy p(27) = 1, breaking (III).

Proof of Lemma[A.4l By properties (P1) and (P2) of premeasures, and by our hypothesis,

we obtain for any interval I the inequality
—on(I) = on(T\ 1) < h(|T)).

Since 0,(I) < h(|I|) < h(|T|) also, we obtain the uniform bound |p,, ()] < h(|T|) for
t € [0,27). Hence the sets {p,, (t)}, are bounded in R, and so by the usual diagonal
process, we may pass to a subsequence and ensure that p,, (1) — ¢., n — oo, for every

rational r € (0,27]. Here ¢, is a real number of modulus at most h(|T|). For t € (0,27,

we define
(A.6) p(t) := }}E% Cr-
r<t

The limit does exist. Indeed, for rationals 7, ry satisfying r; < ry < ¢t and the half-open

interval I, ,, = [¢", e"2) between them, we have
Cry = €y = M pg, (12) = po, (r1) = lim 0y (1y, 1,) < h(r2 —11)
n—oo n—oo
If we let ro — t and r; — t from the left in such a way that

¢r, — limsupec,, ¢, — lim itnf Cy
r—r

7;2; r<t

then we obtain from the above inequality, and the hypothesis on h, that

lim sup ¢, — lim itnf ¢ < 0.

T—
<t r<t

Hence ({A.6) is well-defined.

We claim that p satisfies conditions (I) and (II) for being a primitive function of a

premeasure which appear in Proposition To verify (I), let {t,,}m be any sequence
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which converges to t € (0,27] from the left. Take rational r,, such that r,, < t,, r, — t,
and ¢,,, > p(t,,) —1/m. Then our definitions, and the already established existence of the

limit in (A.6), imply that

p(t) = lim ¢, > limsup p(t,).

m—00 m—o0

On the other hand, by there exists a short open interval I, with right endpoint ¢ such
that ¢, > p(t) — € for every rational r € I... If t,,, € I, then the definition (A.6)) shows that
p(tm) > p(t) — e. Hence liminf,, .., p(t,,) > p(t), and we have thus verified property (I).

We now show that (IT) holds. Assume that the limit does not exist, and so that there
exist two sequences {t,,}, and {t },, which both converge to ¢ € [0,27) from the right,
but such that lim,, o p(tm) > lim, o p(t,) + d for some § > 0. By our definition, this
corresponds to existence of two sequences {7, }m, {7}, }m of rational numbers converging
to t from the right, for which

lim ¢, —c. > 0.
m—0oQ0

We may assume that the sequences satisfy 7/ < r,, for all m. Note that

0 < — G = lim p,, (rm) = po, () = lim 0,(Ly), I = [e”in,e“”m).

Thus

§ < lim o,(L,) < h(r, —rm).

n—oo
Since 7!, — 1, — 0 as m — 00, we obtain a contradiction to our hypothesis on h. It follows
that (II) holds.
Let us now show that

(A.7) limsup |po, (t) — p(t)| < J,(t), t € (0,2m).

n—oo

Fix € > 0 and take rational r for which we have r < t, [t —r| < € and |¢, — p(t)| < €. Then

n—oo n—oo

= limsup py, (t) = po,(r) + €

n—oo
< h(e) +e.

Let € — 0 to conclude that

limsup p,, (t) < p(t), t€(0,2m).

n—oo
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Analogously, we may take . > ¢, [t —r | <€, |p(t+) — ¢, | <€, and estimate

liminf p(t+) — po, (t) < liminf ¢, — po, (1) + €

n—oo n—oo

= liminf p,, (1) — po, () +€

n—oo

< h(e) +¢€
which shows that
p(t+) <liminf p,, (t), t€ (0,27).
n—oo

Combining the two inequalities, we arrive at

p(t+) < liminf p,, (t) < limsup p,, (t) < p(t), t € (0,2m)
n—oo

n—co
which implies (A.7)).
Setting ¢ = p(2m) and
p(t) = p(t) —c, te(0,2n]
we force condition (III), without breaking (1) and (I7), and so we obtain a function p = p,

corresponding to a premeasure o as in Proposition We deduce from ((A.7) that (A.5))
now holds, and moreover, at any point ¢ € (0,27) at which J,(t) = 0, we have that

lim p,, (t) = po(t) +c.

n—oo
This implies the corresponding integral convergence. Indeed, let g be a smooth function
on T. By the definition in (A.4)), uniform boundedness of p,, and the fact that J,(¢) is
non-zero only at a countable number of points (recall Lemma |A.3)), we obtain from the

Dominated Convergence Theorem that

) ) d .
li Ndo,(e") = lim — —q(e™) ) po, (t) dt.
m [ oo = tim — [ (Gole)on 0

n—oo [0’271_) n—oo

d . d .
= — —q(e' pgtdt—c/ —qg(e™)dt
/{0 N (9 rslt) e

d it
= — —g e
foo Gt

= [ ote"ydae®)
[0,27)

We used that g(e®) is periodic between the second and third lines, which makes the second

po(t) dt

integral on the second line vanish.
Finally, we verify that o(I) < h(|I]) for all intervals. By property (I) and (II) of

premeasures, and continuity of h, it will suffice to show the bound for half-open intervals
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I = [e®, e with endpoints e, ¢ on which o carries no mass. Then the jumps J,(t),

J,(t') are equal to 0, and so from (A.5]) we obtain

o(I) = p(t) = p(t') = lim po, (t) = pg, (1) = lim o, (1) < A(|1]).

n—oo

[l

A.3. Poisson integral estimates. The Poisson integral bound (3.13) which we use in
Section [3| holds also for normalized premeasures. Namely, if we have the upper estimate
o(I) < h(|I]), then setting g(e) = P,(e") to be the Poisson kernel,

) 1— 2 it
(A.8) Pety = 220 e (e il Z)

o |€it _ z|2 eit —

the same proof as in the case of o being an ordinary Borel measure (see [HJ12, p. 297])
gives us a constant C' = C'(h) > 0 for which it holds that

(A.9) /[0 P < %_'J'ZD

See also [HKZ00) Exercise 4.9.1]. A similar estimate holds of course also for non-normalized

premeasures, but then the constant C' depends on the quantity o(T) also: C' = C'(h) exp(a(T)).
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