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Abstract

We give an abstract approach to approximations with a wide range
of regularity classes X in spaces of pseudocontinuable functions Kp

ϑ,
where ϑ is an inner function and p > 0. More precisely, we demon-
strate a general principle, attributed to A. B. Aleksandrov, which
asserts that if a certain linear manifold X is dense in the space of
pseudocontinuable functions Kp0

ϑ , for some p0 > 0, then X is in fact
dense in Kp

ϑ, for all p > 0. Moreover, for a rich class of Banach spaces
of analytic functions X, we describe the precise mechanism that de-
termines when X is dense in a certain space of pseudocontinuable
functions. As a consequence, we obtain an extension of Aleksandrov’s
density theorem to the class of analytic functions with uniformly con-
vergent Taylor series.

1 Introduction.

Let D be the unit disc in the complex plane C and Hp denote the classical
Hardy spaces for 0 < p < ∞, which consists of analytic functions on D
equipped with the (quasi)norm

‖f‖Hp := sup
0<r<1

(∫
T
|f(rζ)|pdm(ζ)

)min(1,1/p)

<∞,

where m is the normalized arc length measure on the unit circle T. We de-
note by H∞ the space of bounded analytic functions on D equipped with
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the supremum norm. As usual, we will identify functions in Hp with their
boundary functions belonging to a closed subspace of Lp(T,m). We shall as-
sume the readers familiarity with the usual facts regarding the Hardy spaces
Hp on D and the basic facts about the boundary behaviors of functions in
these space, for instance see [12]. Functions ϑ belonging to Hp and satisfy-
ing the property |ϑ(ζ)| = 1 for m-a.e ζ ∈ T are called inner functions and
enjoy the canonical factorization ϑ = BSµ, where B is the Blaschke product
containing the zeros of ϑ on D and Sµ denotes the singular inner function
associated to a finite positive singular Borel measure µ, defined by

Sµ(z) := exp
(
−
∫
T

ζ + z

ζ − z
dµ(ζ)

)
z ∈ D.

Let σ(ϑ) denote the boundary spectrum of an inner function ϑ, the union
of the support of the associated singular measure µ and the accumulation
points of the zeros of ϑ contained in the Blaschke factor B. Then ϑ extends
analytically across T \ σ(ϑ) and its bad boundary behavior of ϑ is contained
in σ(ϑ). Let Hp

0 denote the closed subspace of Hp with f(0) = 0 and for
0 < p ≤ ∞, we define the spaces of pseudocontinuable functions Kp

ϑ as the
set of Hp-functions f satisfying the conditions

(i) [ϑ-pseudocontinuable]

f ∈ Hp ∩ ϑHp
0 ,

(ii) [Analytic continuation]

f has an analytic continuation across T \ σ(ϑ).

We note that condition (i) refers to the boundary function and the des-
ignation ϑ-pseudocontinuable arises from the following fact. Any function
f(z) =

∑
n≥1 fnz

n belonging to Hp ∩ ϑHp
0 satisfies fϑ ∈ Hp

0 in the sense of
boundary values, which gives rise to an extension Fϑ(z) :=

∑
n≥1 fnz

−n of

fϑ to the exterior disk C∞ \D := {z ∈ C : |z| > 1}∪{∞}, which satisfies the
properties that Fϑ vanishes at∞, limr→1+ Fϑ(rζ) = limr→1− f(rζ)/ϑ(rζ), for
m-a.e ζ ∈ T, and Fϑ belongs to the Hardy space Hp on C∞ \ D, that is

sup
r>1

∫
T
|Fϑ(rζ)|pdm(ζ) <∞.

See [7] for details. For p ≥ 1, every ϑ-pseudocontinuable function actually
has an analytic continuation across T \ σ(ϑ), thus item (ii) is redundant in

this case and one has Kp
ϑ := Hp ∩ ϑHp

0 . However, for 0 < p < 1 this is no
longer true, since for any ζ ∈ T, the rational functions 1/(1 − ζz) belong
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to Hp ∩ ϑHp
0 . We remark that it is not immediately clear that (i) and (ii)

actually makeKp
ϑ into a closed subspace ofHp. For instance, this follows from

Proposition 6.2.1 in [7], a survey which treats the work of A. B. Aleksandrov
in [1] on backward shift invariant subspaces on Hp for 0 < p < 1.

We denote by X a linear manifold of analytic functions on D with the
property that functions in X enjoy some degree of regular extensions to the
boundary T, and we will loosely refer to them as regularity classes X. Our
main purpose in this manuscript is to investigate, for a wide range of regu-
larity classes X, satisfying some appropriate assumptions depending on the
specific context, when the linear manifolds X ∩Kp

ϑ are dense in Kp
ϑ. In the

case p =∞, this should be understood in the sense of the weak-star topology
on K∞ϑ , inherited from L∞(T,m). The most well-known result within this
category of approximation problems on spaces of pseudocontinuable func-
tions is Aleksandrov’s density theorem, which says that the disk algebra A,
consisting of analytic functions in H∞ with continuous boundary extensions
to T, is always dense in spaces of pseudocontinuable functions (see [2]). This
result was later generalized to the setting of de Branges-Rovnyak spaces in
[4]. For a wide range of regularity classes X, results for K2

ϑ were recently
treated in [15]. Other important works on topics relating regularity classes
X to spaces of pseudocontinuable functions has, for instance, appeared in
[10] by K. Dyakonov and D. Khavinson, in [11] by K. Dyakonov, and in [2]
by A. B. Aleksandrov. See also references therein.

1.1 Main results.

Let X be a linear manifold invariant under the backward shift and contained
in H∞. The later condition together with Smirnov’s maximum principle
ensures that the intersection ϑ∗(X) := X ∩ Kp

ϑ, is independent of p > 0.
Our first result treats a concept which originates back to the work of A.
B. Aleksandrov in [3]. There the author suggests that from the result that
ϑ∗(A) is dense in K2

ϑ, one can derive that ϑ∗(A) is dense in Kp
ϑ for all p 6= 2,

using results on invariant subspaces of Hp. Unfortunately, we have not been
able to locate a proof or further elaborations on this matter in the literature.
The main purpose of our first result is to demonstrate an abstract principle,
which captures the essence of this particular idea. The principle in question
essentially says that if a certain regularity class is dense in Kp0

ϑ , for some
p0 > 0, then it is automatically dense in Kp

ϑ, for all p > 0. As indicated,
this seems to be the intrinsic idea of A.B. Aleksandrov in [3], hence with this
perspective in mind, our efforts should be regarded as bringing these ideas
into light and generalizing them.
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Theorem 1.1. Let ϑ be an inner function and let X be a linear manifold
invariant under the backward shift and contained in H∞. If ϑ∗(X) is dense
in Kp0

ϑ , for some 0 < p0 ≤ ∞, then it is dense in Kp
ϑ, for any 0 < p ≤ ∞.

The proof of Theorem 1.1 relies on characterizations of backward shift in-
variant subspaces of Hp, which are crucial tools that we summarize in the
preliminary section. We shall now present an important corollary of Theo-
rem 1.1 on density of a wide range of regularity classesX. Recall the following
measure theoretical result (for instance, see Proposition 2.2 in [15]), which
allows us to decompose any positive finite singular Borel measure µ on T into
a unique sum of mutually singular measures

µ = µC + µK,

where µC is concentrated on a countable union of Beurling-Carleson sets,
that is, a countable union of closed sets E ⊂ T of Lebesgue measure zero,
satisfying the condition ∑

ν

m(Iν) logm(Iν) > −∞,

where {Iν} are the connected components of T\E, and µK vanishes on every
Beurling-Carleson set. Consequently, every inner function ϑ factorizes as

ϑ = BSCSK,

where B is the Blaschke factor of ϑ and SC, SK are singular inner functions
associated to the singular measures µC, µK, respectively. Let A∞ denote
the space of bounded analytic functions on D with smooth extensions to
the boundary T and let Λα

a denote the analytic Hölder classes, consisting
of analytic functions on D with Hölder continuous extensions to T of order
0 < α < 1. According to the main result in [15], we obtain the following
immediate corollary of Theorem 1.1.

Corollary 1.2. Let 0 < p ≤ ∞ and X be any backward shift invariant linear
space with A∞ ⊆ X ⊆ Λα

a , for some 0 < α < 1. Then ϑ∗(X) is dense in Kp
ϑ

if and only if ϑ = BSC.

We remark that the proof of Theorem 1.1 in [15] is partially based on a
constructive method using Toeplitz operators and smoothing out singularities
of singular inner functions concentrated on Beurling-Carleson sets. In fact,
similar methods actually provide a proof of Corollary 1.2 in the reflexive
range 1 < p < ∞. However, Toeplitz operators are no longer useful outside
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this range, due to the simple fact they are no longer bounded on Hp, hence
Theorem 1.1 actually extends the main result in [15].

In our next result, we shall investigate the precise mechanism that deter-
mines when a certain linear manifold X ∩ Kp

ϑ is dense in Kp
ϑ. With Theo-

rem 1.1 at hand, it suffices to determine this mechanism in the Hilbertian
setting K2

ϑ. This time, we shall let X be a Banach space of analytic functions
on D, which is contained in H2 and satisfies some natural properties speci-
fied in the preliminary section, so that X has a well-defined Cauchy dual X ′.
That is, a Banach space X ′ of analytic functions g on D, so that X ′ becomes
a dual space of X with respect to the Cauchy-pairing

lim
r→1−

∫
T
f(rζ)g(rζ)dm(ζ) f ∈ X, g ∈ X ′. (1)

Our investigations will encompass a wide range of Banach spaces X, a couple
of which we list below.

• The analytic continuously differentiable classes Ak with k = 0, 1, 2, . . . ,
given by {

f ∈ H∞ : ‖f‖Ak :=
k∑
j=0

∥∥f (j)
∥∥
∞ <∞

}
.

• The analytic Sobolev spaces Hs
a with s > 0, defined by{

f(z) =
∞∑
n=0

fnz
n : ‖f‖2Hs :=

∞∑
n=0

(n+ 1)s|fn|2 <∞

}
.

• The space Ua of analytic functions with uniformly convergent Taylor
series on D, defined by{

f(z) =
∞∑
n=0

fnz
n : ‖f‖U := sup

N≥0

∥∥∥∥∥
N∑
n=0

fnz
n

∥∥∥∥∥
∞

<∞

}
.

We remark thatH1
a is the classical Dirichlet space, thus functions inHs

a enjoy
weak regularity properties on T for 0 < s ≤ 1. However, if s > 1 then Hs

a

contains the so-called Wiener algebra Wa, consisting of analytic functions
on D with absolutely summable Taylor coefficients, and consequently it also
contains Ua and the analytic Hölder classes Λα

a , with α > 1/2. For even
larger values of s > 1, Hs

a consists entirely of analytic functions with a
certain number of continuous derivatives on T. Denote by [ϑ]X′ the weak-
star closure of analytic polynomial multiples of ϑ in X ′. For a Banach space
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X as above and an inner function ϑ, we say that the pair (X,ϑ) satisfies the
(P )-property if

[ϑ]X′ ∩H2 ⊆ ϑH2.

In other words, the pair (X,ϑ) satisfies the (P )-property, if the inner factor
ϑ is preserved under weak-star convergence in X ′. It turns out that this
property plays a decisive role in determining density of various regularity
classes.

Theorem 1.3. The pair (X,ϑ) satisfies the (P )-property if and only if X∩K2
ϑ

is dense in K2
ϑ.

A few remarks are now in order. If X is reflexive, then the weak and
weak-star topologies on X ′ agree and since [ϑ]X′ is a convex set, we can
rephrase the (P )-property of (X,ϑ), by replacing [ϑ]X′ with the norm-closure
of analytic polynomial multiples of ϑ in X ′. Furthermore, if the Cauchy dual
X ′ is equivalent to a Bergman space, which for instance happens for the
class of analytic Sobolev spaces X = Hs

a with s > 0, then (X,ϑ) satisfies
the (P )-property if and only if ϑ = BSC, where B is a Blaschke product and
SC is a singular inner function supported on a countable union of Beurling-
Carleson sets (see [16]). Connections between a wide range of regularity
classes X in Kϑ, having Bergman spaces as Cauchy duals, and between the
theorem of Korenblum and Roberts (see [14],[16]) on forward shift invariant
subspaces generated by inner functions on Bergman spaces, has previously
been employed in [10] and in [15].

In light of Theorem 1.3, it is natural to ask if there exists a practical
sufficient condition on X, which ensures the (P )-property of (X,ϑ), for all
ϑ. This is the content of our next main result.

Theorem 1.4. Assume that X ′ is continuously embedded in Hp, for some
p > 0. Then (X,ϑ) satisfies the (P )-property, for all inner functions ϑ.

We shall now turn to an application of Theorem 1.4, with the intention of
generalizing Aleksandrov’s density theorem to a slightly finer class than the
disk algebra A. To this end, recall be the space Ua of analytic functions in D
with uniformly convergent Taylor series on D, that is, if f(z) =

∑∞
n=0 fnz

n

is the Taylor series of an analytic function f with continuous restriction to
T, and PNf(z) =

∑
0≤n≤N fnz

n, then Ua consists of those f for which

lim
N→∞

‖PNf − f‖∞ = 0,

the norm ‖ · ‖∞ being computed on the circle T (or, equivalently, over D).
We equip Ua with the norm

‖f‖U := sup
N≥0
‖PNf‖∞,

6



which makes Ua into a Banach space, strictly contained in A, and for which
polynomials are dense. A deep theorem of Vinogradov proved in [17] asserts
that the Cauchy dual U ′a is continuously embedded in Hp for all p ∈ (0, 1).
As a direct consequence of our abstract approach and Vinogradov’s result,
we obtain the following strengthening of Aleksandrov’s famous density result
from [2].

Corollary 1.5. The linear manifold ϑ∗(Ua) is dense in Kp
ϑ, for any inner

function ϑ and 0 < p ≤ ∞.

We want to mention that the corollary can be extended by replacing K2
ϑ

with a space from the class of Hilbert spaces of analytic functions studied in
[5] on which the backward shift operator acts as a contraction. In particular,
it applies with K2

ϑ replaced by a de Branges-Rovnyak space. A proof of this,
which is admittedly rather technical, can be deduced from the arguments in
[5], in particular by replacing our (P )-property and Theorem 1.4 with Lemma
3.4 in [5].

We remark that one cannot strengthen Corollary 1.5 by replacing Ua
with the Wiener algebra Wa, which consists of analytic functions on D with
absolutely summable Taylor coefficients and equppied with the `1-norm. In
fact, there exists an inner function ϑ, such that Wa∩K2

ϑ = {0}, see [15]. The
problem of characterizing the inner functions ϑ for which (Wa, ϑ) satisfies
the (P )-property seems quite difficult and the main obstacle is that the `1-
norm poorly reflect the precise boundary behavior of functions in Wa. For
instance, see Kaufman in [13], illustrating pathological behaviors of zero sets
in Wa.

The manuscript is organized as follows. In the section of preliminary re-
sults, we collect the preparatory work which consists of justifying that the
Cauchy duals of a wide range of Banach spaces X are well defined, results
on invariant subspaces of the backward shift on Hp, for all p. The last sec-
tion is devoted to proofs of our main results, which include Theorem 1.1,
Theorem 1.3 and Theorem 1.4. Theorem 1.1 requires most of the work and
relies on the results about invariant subspaces of the backward shift, pre-
sented in the preliminary section. Meanwhile, the proofs of Theorem 1.3 and
Theorem 1.4 are essentially self-contained.

2 Preliminary results.

2.1 Cauchy duals of regularity classes X.

In this section, we shall introduce a couple of natural assumptions on our
regularity classes X of considerations and briefly justify that their Cauchy
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duals are well-defined. Unless indicated otherwise, we shall denote by X a
Banach space of analytic functions on D with the following properties:

(i) The set of analytic polynomials P are dense in X.

(ii) The norms of the monomials satisfy lim supn→∞‖zn‖
1/n
X ≤ 1.

(iii) X is continuously embedded in H2.

Let X∗ denote the Banach space dual of X and consider the (conjugate)
linear map L on X∗ into the space of analytic functions on D defined by

L(Λ)(z) :=
∞∑
n=0

Λ(ζn)zn Λ ∈ X∗, z ∈ D.

Property (ii) ensures that L maps into the space of analytic functions on D
and (i) implies that L is injective. Now denote by X ′ the image of L under
X∗, equipped with the norm

‖L(Λ)‖X′ := ‖Λ‖X∗ Λ ∈ X∗,

so that X ′ becomes a Banach space of analytic functions on D which is
isometrically isomorphic to X∗. The space X ′ is referred to as the Cauchy
dual of X, since for any Λ ∈ X∗ one has

Λ(f) = lim
r→1−

∫
T
f(ζ)L(Λ)(rζ)dm(ζ), f ∈ P .

We remark that in all Banach spaces X of our considerations contain the
dilations fr(z) := f(rz) by 0 < r < 1 of f ∈ X, and we actually have
‖f − fr‖X → 0 as r → 1−. In particular, this justifies the Cauchy dual
representation for all f ∈ X, stated in (1). The purpose of property (iii) is
to ensure that our regularity classes X have sufficiently behaved boundary
values, so that integral pairings with K2

ϑ-functions are well-defined and so
that the Cauchy dual X ′ contains H2. Property (i) is basically a convenient
way to ensure that X is a separable Banach space. We summarize this
section by briefly identifying the Cauchy duals to some previously mentioned
examples. The Cauchy dual of the disk algebra A is identified with Cauchy
integrals of M(T), the space of finite complex Borel measures on T. It is
equipped with the norm

‖f‖A′ := inf{‖µ‖ : f = P+(µ), µ ∈M(T)},
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where P+(µ)(z) :=
∫
T
dµ(ζ)

1−ζz denotes the Cauchy integral of µ and ‖µ‖ denotes

the total variation norm of µ. The Cauchy duals of the spaces Ak with k ≥ 1
essentially consists of Cauchy integrals of distributions up to order k on T,
but with regards to functional analysis, spaces of continuously differentiable
functions are more conveniently captured within the realm of Sobolev spaces.
The analytic Sobolev spaces Hs

a with s > 0 are Hilbert spaces of analytic
functions D, with Cauchy duals conveniently denoted by H−sa , due to the fact
that they consist of the analytic functions on D having finite norm

‖f‖2H−s :=
∞∑
n=0

(n+ 1)−s|fn|2.

One can show that the Cauchy dual of H−sa is again Hs
a, thus making these

spaces reflexive in the Cauchy dual pairing. Moreover, it is not difficult to
prove that H−sa is equivalent to the Bergman space L2,s−1

a , given by

‖f‖2L2,s−1 :=

∫
D
|f(z)|2(1− |z|)s−1dA(z)

where dA denotes the area-measure on D.

2.2 Backward shift invariant subspaces on Hp.

Here we collect some results on invariant subspaces of the backward shift
operator

f 7→ (f − f(0)) /z

on Hp. In the reflexive range 1 < p < ∞, Douglas, Shapiro and Shields
showed in [8] that any closed invariant subspace of the backward shift is a
space of pseudocontinuable functions Kp

ϑ, for some inner function ϑ. The
same results remains true for p = 1, but requires a more subtle proof. For
the sake of future reference, we state these results below and refer the reader
to the survey in [7] for detailed treatments.

Proposition 2.1. Let 1 ≤ p <∞. Then Mp is a closed invariant subspace
of the backward shift operator on Hp if and only there exists an inner function
ϑ such that Mp = Kp

ϑ.

We shall also need Aleksandrov’s description of the backward shift invariant
subspaces E of Hp for 0 < p < 1 in [1]. These are way more complicated and
cannot simply be captured by Kp

ϑ. In fact, to give a complete description
we need the following three parameters: an inner function ϑ, a closed set
σ(ϑ) ⊆ F ⊂ T determined by F := {ζ ∈ T : (1 − ζz)−1 ∈ E}, a integer-
valued function κ on F determined by κ(ζ) = max{n ∈ N : (1− ζz)−n ∈ E}.
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Proposition 2.2 (Aleksandrov, [1] ). Every closed invariant subspace of the
backward shift operator on Hp with 0 < p < 1 is of the form Ep(ϑ, F, κ), for
some parameters θ, F, κ as above, and the space is defined by the following
properties:

(i) f ∈ Hp ∩ ϑHp
0 .

(ii) f has analytic continuation across T \ F .

(iii) f has a pole of order no larger than κ(ζ) at ζ ∈ F0 \ σ(ϑ), where F0

denotes the isolated points of F .

The last piece of equipment in this section is a characterization of the
backward shift invariant subspaces of H∞. To this end, we shall need a result
on a Beurling-type theorem on the pre-dual of H∞, identified with respect
to the Cauchy dual pairing with the Banach space Ka := P+(L1), which
consists of Cauchy integrals of absolutely continuous finite Borel measures
on T, regarded as a subspace of Cauchy integrals of finite complex Borel
measures on T.

Proposition 2.3. Every weak-star closed backward shift invariant subspace
of H∞ is of the form K∞ϑ , for some inner function ϑ.

Proof. Note that since the forward shift is a continuous operator on Ka, its
Banach space adjoint, the backward shift, is a weak-star continuous operator
on H∞. Hence ifM is a weak-star closed backward shift invariant subspace
of H∞, then the pre-annihiliatorM⊥ ofM is a closed forward shift invariant
subspace of Ka. By Aleksandrov’s theorem [6, Theorem 11.2.3], there exists
an inner function ϑ, such that

M⊥ = ϑ(Ka) := {f ∈ Ka : f/ϑ ∈ Ka}.

It is straightforward to see that ϑ(Ka) is the norm-closure of polynomial
multiples of ϑ in P+(L1), thus using the fact thatM is weak-star closed, we
obtain

M = (M⊥)⊥ = (ϑ(Ka))⊥ = K∞ϑ .

3 Proofs of main results.

In this section, we shall first establish Theorem 1.1 by using results on back-
ward shift invariant subspaces on Hp. For this reason, our proof naturally
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splits into different cases, depending on the range of 0 < p ≤ ∞, so that each
case allows for an application of the appropriate tool. In the proof below, we
shall use the notion that an inner function ϑ divides another inner function
φ, if the quotient φ/ϑ again is an inner function.

Proof of Theorem 1.1. Recall that since X ⊂ H∞, it follows by Smirnov’s
maximum principle that the linear manifolds ϑ∗(X) := X ∩Kp

ϑ are indepen-
dent of p, thus for any 0 < p ≤ ∞ we have

ϑ∗(X) ⊂ Kp
ϑ. (2)

Throughout this proof, we shall denote by Mp the closure of ϑ∗(X) in Hp

for 0 < p < ∞ and let M∞ denote the weak-star closure of ϑ∗(X) in H∞.
Now suppose that ϑ∗(X) is dense in Kp0

ϑ , for some 0 < p0 ≤ ∞ and fix an
arbitrary 1 ≤ p ≤ ∞. Since X is assumed to be invariant under the backward
shift, we have that Mp is a closed backward shift invariant subspace of Hp,
contained in Kp

ϑ. If 1 ≤ p < ∞, then we can according to Proposition 2.1
find an inner function φ, such that Mp = Kp

φ ⊆ Kp
ϑ. If p = ∞, then we

instead apply Proposition 2.3 which yields M∞ = K∞φ ⊆ K∞ϑ . Thus, in any
case 1 ≤ p ≤ ∞, we conclude that φ divides ϑ. Next, we combine these
observations together with (2) to obtain

ϑ∗(X) = ϑ∗(X) ∩Kp
φ ⊆ φ∗(X) ⊂ Kp0

φ .

Using the assumption that ϑ∗(X) is dense in Kp0
ϑ , it follows that

Kp0
ϑ =Mp0 ⊆ Kp0

φ .

Consequently, the quotient between ϑ and φ is a unimodular constant, hence
Mp = Kp

ϑ. We have now established that ϑ∗(X) is dense in Kp
ϑ, for all

1 ≤ p ≤ ∞. In the proceeding part of the proof, we may now without loss
of generality, assume that ϑ∗(X) dense in K2

ϑ, and note that it remains to
prove that ϑ∗(X) is dense in Kp

ϑ, for 0 < p < 1.
Recall that Mp, the Hp-closure of ϑ∗(X) forms a backward shift in-

variant closed subspace on Hp. According to Proposition 2.2, there ex-
ists a triple (φ, F, κ) consisting of an inner function φ, a closed set F with
σ(φ) ⊆ F ⊂ T, and a non-negative integer-valued function κ on F , such that
Mp = Ep (φ, F, κ). From (2) it immediately follows that Ep(φ, F, κ) ⊆ Kp

ϑ,
which implies that φ divides ϑ and that functions in Ep(φ, F, κ) are analytic
across T \ σ(ϑ), thus σ(φ) ⊆ F ⊆ σ(ϑ). Note that since H2 is continuously
embedded in Hp, we have that Ep(φ, F, κ) ∩H2 is a closed subspace in H2.
This observation together with the assumption that ϑ∗(X) is dense in Kϑ,
now immediately gives

Kϑ =M2 ⊆ Ep(φ, F, κ) ∩H2.
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However, this implies that ϑ divides φ and consequently σ(ϑ) ⊆ σ(φ). Com-
bining, we conclude that ϑ is a unimodular constant multiple of φ, hence
F = σ(ϑ) and Ep(φ, F, κ) = Ep(ϑ, σ(ϑ), κ) ⊆ Kp

ϑ, which at its turn implies
that κ ≡ 0. This yields

Mp = Ep(φ, F, κ) = Kp
ϑ,

which is readily equivalent to the assertion that ϑ∗(X) is dense in Kp
ϑ.

The next proof in line is that of Theorem 1.3 and does not require any
preliminary results.

Proof of Theorem 1.3. The proof consists of a simple functional analytic ar-
gument. Note that the linear manifold X ∩K2

ϑ, regarded as a subset of X, is
easily seen to be the pre-annihilator under the Cauchy duality of the linear
manifold ϑP := {ϑq : q ∈ P}, where P is the set of analytic polynomials. In
other words, X ∩K2

ϑ = ϑP⊥. As a consequence, we get that the annihilator
of X ∩K2

ϑ agrees with the weak-star closure of ϑP , that is(
X ∩K2

ϑ

)⊥
= (ϑP⊥)⊥ = [ϑ]X′ . (3)

Suppose that the pair (X,ϑ) satisfies the (P )-property and let f ∈ K2
ϑ

with f ∈ (X ∩K2
ϑ)
⊥

. According to (3), we have f ∈ [ϑ]X′ ∩ H2 ⊆ ϑH2,
which readily implies that f ∈ K2

ϑ∩ϑH2 = {0}, thus X ∩K2
ϑ is dense in K2

ϑ.
Conversely, suppose that X ∩K2

ϑ is dense in K2
ϑ. For any g ∈ K2

ϑ, there
exists a sequence {gn}n ⊂ X ∩K2

ϑ, such that gn → g in H2. Now given an

arbitrary f ∈ (X ∩K2
ϑ)
⊥ ∩H2, we have∫

T
f(ζ)g(ζ)dm(ζ) = lim

n→∞

∫
T
f(ζ)gn(ζ)dm(ζ) = 0.

This shows that f ∈ (K2
ϑ)⊥ = ϑH2. Consequently, this observation together

with (3) implies the set inclusion

[ϑ]X′ ∩H2 =
(
X ∩K2

ϑ

)⊥ ∩H2 ⊆ ϑH2.

We have thus proved that the pair (X,ϑ) satisfies the (P )-property.

In order to establish Theorem 1.4, we shall first introduce a lemma. The
ideas behind this suggested approach appears implicitly in the work of [5].

Lemma 3.1. Let p > 0 and f ∈ Hp. There exists an outer function F : D→
D with positive real part which satisfies the following additional properties:
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(i) F (0) = (1 + ‖f‖p)−1,

(ii) |F 1/p(z)f(z)| ≤ 1, z ∈ D.

Proof. Since f ∈ Hp, it has a unique harmonic majorant u = uf on D, with
the properties u(0) = ‖f‖p and |f |p ≤ u on D. Let v be a harmonic conjugate
of u such that v(0) = 0 and set G = u + 1 + iv. Then on the disk we have
that

|f |p ≤ u ≤ u+ 1 ≤ |u+ 1 + iv| = |G|,

which implies that |f/G1/p| ≤ 1. Set F = G−1. Then F has positive real
part, F (0) = (‖f‖p + 1)−1, |F | ≤ 1 on D. Moreover, by the simple estimates
above, we have that |F 1/pf | ≤ 1 for on D. Since F and 1/F = G have
positive real parts, they are both contained in Hq for any q ∈ (0, 1) (see, for
instance, [6, Lemma 2.1.11]). It follows that F is an outer function.

With this lemma at hand, we are now ready to establish Theorem 1.4.

Proof of Theorem 1.4. Let ϑ be an arbitrary inner function and let N+ de-
note the Smirnov class of analytic functions on D. We shall first prove
that the set X ′ ∩ ϑN+ := {f ∈ X ′ : f/ϑ ∈ N+} is weak-star closed in
X ′. Note that since X is a separable Banach space and X ′ ∩ ϑN+ is con-
vex, it follows from the Krein-Smulian theorem (see [9]) that it suffices to
prove that X ′ ∩ ϑN+ is the weak-star sequential closed. To this end, let
{fn}n ⊂ X ′ ∩ ϑN+ be a sequence which converges in weak-star of X ′ to
some f ∈ X ′. Then by the principle of uniform boundedness, we have that
supn ‖fn‖X′ < ∞ . Since X ′ is continuously embedded in Hp, it follows
that supn ‖fn‖Hp < ∞ and that fn(z) → f(z) for each z ∈ D. To each
function fn we may apply Lemma 3.1 and let Fn denote the corresponding
outer function. Property (i) of Lemma 3.1 and the uniform boundedness
of {fn} in Hp-norm imply that the values Fn(0) are bounded away from 0,
and since |Fn| ≤ 1 on D, we may according to Montel’s theorem and by
means of passing to a subsequence, assume that the functions Fn converge
uniformly on compact subsets of D to a non-zero function F with positive
real part. The argument given in Lemma 3.1 shows that F is outer. By
property (ii), the functions F

1/p
n fn are uniformly bounded by 1 in modulus

on D. Since they converge pointwise to the function F 1/pf , we conclude that
the sequence {F 1/p

n fn}n converges weakly to F 1/pf in H2. By the assump-

tion that elements fn ∈ ϑN+, it follows that F
1/p
n fn ∈ ϑH2, hence the same

conclusion remains true for the weak limit: F 1/pf ∈ ϑH2. However, since
F is outer, we conclude that f/ϑ ∈ N+. Consequently, we have established
that X ′ ∩ ϑN+ is weak-star closed in X ′. Now since ϑp ∈ X ′ ∩ ϑN+ for
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any analytic polynomial p and X ′ ∩ ϑN+ is weak-star closed, we obtain the
inclusion [ϑ]X′ ⊆ X ′ ∩ ϑN+. Using Smirnov’s maximum principle, we get

[ϑ]X′ ∩H2 ⊆ X ′ ∩ ϑN+ ∩H2 ⊆ ϑH2,

thus the pair (X,ϑ) satisfies the (P )-property, for all inner functions ϑ.
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